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PEEFACE TO THE FIRST EDITION. 



This volume contains the first Six Books of Euclid's 
Elements, together with Appendices giving the most im- 
portant elementary developments of Euclidean Geometry. 

The text lias been carefully revised, and special atten- 
tion given to those points which experience has shewn to 
present difficulties to beginners. 

In the course of this revision the Enunciations have 
been altered as little as possible; and, except in Book Y., 
very few departures have been made from Euclid's proofs: 
in each case changes have been adopted only where the old 
text lias been generally found a cause of difficulty; and 
such changes are for the most part in favour of well-recog- 
nised alternatives. 
I For example, the ambiguity has been removed from tlie 
^Enunciations of Propositions 18 and 19 of Book 1.: tlie 
I feict that Propositions 8 and 2G establish the complete 
identical equality of the two triangles considered has been 
strongly urged; and thus the redundant step has been 
removed from Proposition 34. In Book IT. Simson's ar- 
■ rangement of Proposition 13 has been abawdow^^ ierc ^ 
well-known alternative proof. In Book 1Y\. "^yo^o^a^a^vv 
Is not given at length, and its place \^ takexv \^^ ^ 
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simple equivalent. Propositions 35 and 3G have been 
treated generally, and it has not been thought necessary 
to do more than call attention in a note to the special 
cases. Finally, in Book VI. we have adopted an alterna- 
tive proof of Proposition 7, a theorem wliich has l)een too 
much neglected, owing to the cumbrous form in wliich it 
has been usually given. 

These are the chief deviations from the ordinary text 
as regards method and arrangement of proof : they are 
points familiar as difficulties to most teachers, and to name 
them indicates sufficiently, without further enumeration, 
the general principles which have guided our revision. 

A few alternative proofs of difficult propositions are 
given for the convenience of those teachers who care to 
use them. 

With regard to Book V. we have established the princi- 
pal propositions, both from the algebraical and geometiieal 
definitions of ratio and proportion, and we have endeavoured 
to bring out clearly the distinction between these two modes 
of treatment. 

In compiling the geometrical section of Book V. we 
have followed the system first advocated by the late Pro- 
fessor De Morgan ; and here we derived very material 
assistance from the exposition of the subject given in the 
text-book of the Association for the Improvement of Geo 
metrical Teaching. To this source we are indebted for tli 
improved and more precise wording of definitions (as give 
on pages 28G, 288 to 291), as well as for the order anc 
:mbstance of most of the propositions which appear between] 
pages 297 and 306. But as we have not (except in th 
points above mentioned) adhered verbally to the text c 
the Association, we are anxious, while expressing in th 
fullest manner our obligation to t\\e\v vjotk, to eKeiui^t th 
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Association from all reKponsibilit}'' for our troatmeut of tho 
subject. 

One purpose of the book is to gradually faiiiiliarise the 
student with the use of legitimate symbols and abbrevia- 
tions; for a geometrical argument may thus be thrown into 
a form which is not only more readily seized by an advanced 
reader, but is useful as a guide to the way in which P^uclid's 
propositions may be handled in written work. r)ii the 
other hand, we think it very desirable to defer the intro- 
duction of symlx)ls until the beginner has learnt that they 
can only be properly used in Pure Geometry as abbrevia- 
tions for verbal argument: and we hope thus to prevent 
.' the slovenly and inaccurate habits which are very fipt to 
»: arise from their employment before this principle is fully 

recognised. 
[j Accordingly in Book I. we have used no contractions 

^f or symbols of any kind, though we have introduced verbal 
() alterations into the text wherever it appeared that con- 
:.ij ciseness or clearness would be gained. 

In Book II. abbreviated forms of constantly recurring 
-(. words are used, and the phrases therpfore and is equal fo 
o. are replaced by the usual symbols. 

f^t In the Third and following Books, and in additional 

^^j matter throughout the whole, we have employed all such 
oi signs and abbreviations as we believe to add to the dear- 
ie ness of the reasoning, care being taken that the symbols 
>j, chosen are compatible with a rigorous geometrical method, 
^(l and are recognised by the majority of teachers. 
=»n It must be understood that our use of symbols, and the 
\\^ removal of unnecessary verbiage and repetition, by no 
oi means implies a desire to secure brevity at all ha7.avd^. 
\\^. On the contrary, nothino* appears to us moxe wA^eVu^Now^ 
))i i^&n an abridgement whicii is attained \^y owv^^^vi^i, 
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steps, or condensing two or more steps into one. Such 
uses spring from the pressure of examinations ; but an 
examination- is not, or ought not to be, a mere race; and 
while we wish to indicate generally in the later books how 
a geometrical argument may be abbreviated for the pur- 
poses of written work, we have not thought well to reduce 
the propositions to the bare skeleton so often presented to 
an Examiner. Indeed it does not follow that the form most 
suitable for the page of a text-book is also best adapt^^d 
to examination purposes; for the object to be attained 
in each case is entirely different. The text-book should 
present the argument in the clearest possible manner to the 
mind of a reader to whom it is new : the written proposition 
need only convey to the Examiner the assurance that the 
proposition has been thoroughly grasped and remembered 
by the pupil. 

From first to last we have kept in mind the undoubted 
fact that a very small proportion of those who study Ele- 
mentary Geometry, and study it with profit, are destined 
to l^ecome matliematicians in any real sense; and tliat to 
a hivifo, majority of students, Euclid is intended to sor\e 
not so much as a first lesson in mathematical i"easonin<(, 
as the first, and sometimes the only, model of formal and 
ii,i(id argument presented in an elementary education. 

This consideration has determined not only the full 
treatment of the earlier Books, but the retention of the 
formal, if somewhat cumbrous, methods of Euclid in many 
places wliere proofs of greater brevity and mathematical. 
fOe^ance are available. 

We hope tliat the additional matter introduced intr 
tlie book will provide sufiicient exercise for pupils whos( 
study of Euclid is preliminary to a mathematical edu — 
cation. ■ 
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uestioiis distributed througli tlie text follow very 
ni the propositions to wliicli tliey are attached, 
uhink that teachers are likely to iind ia them 
; needed for an average pupil reading the subject 
st time. 

heorems and Examples at the end of each J look 
uestions of a slightly more difficult type : tliey 
very carefully classified and arranged, and brought 
connection with typical examples worked out 
tially or in full ; and it is hoped that tliis section 
ok, on which much thought has been expended, 
luething towards removing that extreme want of 
n sohing deductions that is so commonly found 
ng students who have a good knowledge of the 
iclid. 

3 course of our work we have made ourselves 
1 witli most modern English books on Euclidean 
: among these we have already expressed our 
le})tedness to the text-book recently publislied by 
iation for the Improvement of Geometrical Teach- 
,ve must also mention the Edition of Euclid's Ele- 
pared by Dr. J. S. Mackay, whose historical notes 
3nt references to original authorities liave ])een of 
t service to us. 

eatment of Maxima and Minima on page 239 is 
►n suggestions derived from a discussion of tlie 
hicli took place at the annual meeting of the 
;al Association in January 1 887. 
^ Riders and Deductions some are original ; but 
^r part have been drawn from that large store of 
laterial which has furnished Examination Papers 
st 30 years, and must necessan\y ioTTC\ W\e V»?vsC\^ 
ementary collection. Proofs \v\\\c\v \\a.vei \>ft^w 
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found in two or more books without acknowledffenient 
hiive been regarded as connnon propei-ty. 

As regards figures, in accordance with a usage not] 
uncommon in recent editions of Euclid, we have made aj 
distinction between given lines and lines of construction. 

Throughout the book we liave italicised those deduction 
on which we desired to lay special stress as being in thera-l 
selves important geometrical results : this arrangement we] 
think will be useful to teachers who have little time tal 
devote to riders, or who wisli to sketch out a suitable coui^J 
for revision. 

We have in conclusion to tender our thanks to many of 
our friends for the valuable criticism and advice which 
received from them as the book was passing through tl 
press, and especially to the Rev. H. C. Watson, of Clift( 
College, who added to these services much kind assistant 
in the revision of proof-sheets. 



H. 8. HALL, 
F. H. STEVENS. 



July, 1888. 



PREFACE TO THE SECOND EUITTO 



Tn the Second Edition the text of Books I — VL 
been revised ; and at the request of many teach e is we hi 
added the first twenty-one Propositions of Book XT. togetl 
with a collection of Theorems and Examples illustrating 
elements of Solid Geometry. 
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EUCLID'S ELEMENTS 



BOOK I. 

Definitions. 

r 

/ 1. A point is that which has position, but no mag- 

nitude. 

2. A line is that which has length without breadth. 

The extremities of a line are points, and the intersection of two 
lilies is a point. 

3. A straight line is that which lies evenly between 
its extreme points. 

Any portion cut off from a straight line is called a segment of it. 

4. A surface is that which has length and breadth, 
but no thickness. 

The boundaries of a surface are lines. 

5. A plane surface is one in whicli any two points 
being taken, the straight line between them lies wholly in 
that surface. 

A plane surface is frequently referred to simply as a plane. 

KoTB. Euclid regards a point merely as a mark of position^ and 
be therefore attaches to it no idea of size and shape. 
; ^ Similarly he considers that the properties of a line arise only from 
' its length send position^ without reference to that minute breadth which 
■ w«cy line must really have if actually drawn, even thovi^Vv \Jcift Taa*?}^ 
Ittwet instruments are used. 
' The de^miiOD of a surface is to be understood m a «\xq5\&t ^«>^. 
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2 EUCLID'S ELEMENTS. 

6. A plane angle is the inclination of two straight 
lines to one another, which meet together, but are not in 
the same straight line. 

The point at which the straight lines meet is called the vertex of 
the angle, and the straight lines themselves the arms of the angle. 

When several angles are at one point O, any one 
of them is expressed by three letters, of which the 
letter that refers to the vertex is put between the 
other two. Thus if the straight lines OA, OB, OC 
meet at the point O, the angle contained by the 
straight lines OA, OB is named the angle AOB or 
BOA ; and the angle contained by OA, 00 is named ^ 
the angle AOC or OOA. Similarly the angle con- 
tained by OB, 00 is referred to as the angle BOO 
or COB. But if there be only one angle at a point, 
it may be expressed by a single letter, as the angle 
at O, 

Of the two straight lines OB, OC shewn in the 
adjoining figure, we recognize that 00 is more in- 
clined than OB to the straight line OA : this we 
express by saying that the angle AOC is greater 
than the angle AOB. Thus an angle must be 
regarded as having magnitude. 

It should be observed that the angle AOC is the sum of tbo 
angles AOB and BOC; and that AOB is the difference of the augltf 
AOC and BOC. 

The beginner is cautioned against supposing that the size of adj 
angle is altered either by increasing or diminishing the length of 
arms. 

[Another view of an angle is recognized in many branches 
mathematics ; and though not employed by Euclid, it is here gi'^ 
because it furnishes more clearly than any other a conception of wl 
is meant by the magnitude of an angle. 

Suppose that the straight line OP in the figure 
is capable of revolution about the point O, like the 
hand of a watch, but in the opposite direction ; and 
suppose that in this way it has passed successively 
from the position OA to the positions occupied by 
OB and OC. 

Such a line must have undergone more turning ^ 
in passing from OA to OC, than in passing from OA to OB ; ; 
e^msequeniHy the angle AOC is said to be greater than the angle AO 
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7. When a straight line standing on 
oiother straight line makes the adjacent 
ingles equal to one another, each of the an- 
gles is called a right angle ; and the straight 
ine which stands on the other is called a 
perpendiculax to it. 

8. An obtuse angle is an angle which 
is greater than one right angle, but less 
thui two right angles. 

9. An acute angle is an angle which in 
less than a right angle. 



[In the adjoining figure the straight line 
OB may be supposed to have arriyed at 
its present position, from the position occu- 
pied by OA, by revolution about the point O 
in either of the two directions indicated by 
the arrows: thus two straight lines drawn 
from a point may be considered as forming 
two angles, (marked (i) and (ii) in the figure) 
of which the greater (ii) is said to be reflex. 

If the arms OA, OB are in the same 
(straight line, the angle formed by them 
on either side is called a straight angle.] 
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10. Any portion of a plane surface bounded by one 

or more lines, straight or curved, is called a plane figure. 

The sum of the bounding lines is called the perimeter of the figure. 
Two figiires are said to be equal in area, when they enclose equal 
portions of a plane surface. 

11. A circle is a plane figure contained 
by one line, which is called the circum- 
ference, and is such that all straight lines 
drawn from a certain point within the 
iigure to the circumference are equal to one 
another : this point is called the centre of 
the circle. 

A radius of a circle is a straight line drawn from the 
oentre to the circumference. 
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12. A diameter of a circle is a straight line dn 
through the centre, and terminated both ways by 
circumference. 

13. A semicircle is the figure bounded by a diam< 
of a circle and the part of the circumference cut off by 
diameter. 

14. A segment of a circle is the figure bounded 
a straight line and the part of the circumference whicl 
cuts off. 

15. Rectilineal figures are those which are boun 
by straight lines. 

16. A triangle is a plane figure bounded by t? 
straight lines. 

Any one of the angular points of a triangle may be regarded ai 
vertex; and the opposite side is then called the base. 

17. A quadrilateral is a plane figure bounded 

/our straight lines. 

The etraight line which joins opposite angular points in a qua 
.lateral is called a diagonal. 

18. A polygon is a plane figure bounded by ni 
than four straight lines. 
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19. An equilateral triangle is a triangle 
whose three sides are equal. 



20. An isosceles triangle is a triangle two ^ 
of whose sides are equal. 



21. A scalene triangle is a triangle vhich 
has three unequal sides. 
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22. A right-angled triangle is a triangle 
^hich has a right angle. 



The side opposite to the right angle in a right-angled triangle is 
died the hypotenuBe. 



23. An obtuse-angled triangle is a 
riangle which has an obtuse angle. 



24. An acute-angled triangle is a tnanglo 
"^hich has three acute angles. 





[It will be seen hereafter (Book I. Proposition 17) that every 
iangle must have at lea^t two acute angles. ] 

25. Parallel straight lines are such as, being in the 
Mne plane, do not meet, however far they are produced in 
ither direction. 



26. A ParaUelogram is a four-sided 
gure which has its opposite sides pa- 
3tllel. 



27. A rectangle is a parallelogram which 
as one of its angles a right angle. 

28. A square is a four-sided figure which 
as all its sides equal and all its angles right 
ngles. 

[It may easily be shewn that if a quadrilateral 
as all its sides equal and one angle a right angle, 
lien all its angles will be right angles.] 

29. A rhombus is a four-sided figure 
vhich has all its sides equal, but its 
u^les are not right angles. 

30. A trapezium is a four-sided figure 
^ch has Uoo of its sides parallel. 
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ON THE POSTULATES. 

In order to effect the coTistructions necessary to the study of 
geometiy, it must be supposed that certain instruments are 
available; but it has always been held that such instruments 
should be as few in number, and as simple in character as 
possible. 

For the purposes of the first Six Books a straight ruler and 
a pair of compasses are all that are needed ; and in the follow- 
ing Postulates, or requests, Euclid demands the use of such 
instruments, and assumes that they suffice, theoretically as well 
as practically, to carry out the processes mentioned below. 



Postulate^. 

Let it be granted, 

1. That a straight line may be drawn from any one 
point to any other point. 

When we draw a straight line from the point A to the point B, w< 
are said to join AB. 

2. That &, finite, that is to say, a terminated straighl 
line may be produced to any length in that straight line. . 

3. That a circle may be described from any centre, at 
any distance from that centre, that is, with a radius equal 
to any finite straight line drawn from the centre. 

It is important to notice that the Postulates include no means d 
direct measurement: hence the straight ruler is not supposed to be 
graduated ; and the compasses, in accordance with Euclid's use, are 
not to be employed for transferring distances from one part of a figure 
to another. 

ON THE AXIOMS. 

The science of Geometry is based upon certain simple state- 
ments, the truth of which is assumed at the outset to be self- 
evident. 

These self-evident truths, called by Euclid Common JVotion^ 
are now known as the Axioms, 



GENERAL AXIOMS. 7 

The necesscory characteristics of an Axiom are 

(i) That it should be self-evident; that is, that its truth 
: should be immediately acceptea without proof. 

(ii) That it should be fundamental; that is, that its truth 
should not be derivable from any other truth more simple than 
itself. 

(iii) That it should supply a basis for the establishment of 
further truths. 

These characteristics may be summed up in the following 
definition. 

Definition. An Axiom is a self-evident truth, which neither 
requires nor is capable of proof, but which serves as a founda- 
tion for future reasoning. 

Axioms are of two kinds, general and geometrical. 

General Axioms apply to magnitudes of all ki'nds. Geometri- 
cal Axioms refer exclusively to geometrical magnitudes, such as 
have been already indicated in the definitions. 

General Axioms. 

1. Things which are equal to the same thing are equal 
to one another. 

2. If equals be added to equals, tlie wlioles are equal. 

3. If equals be taken from equals, the remainders are 
equal. 

4. If equals be added to unequals, the wholes are un- 
equal, the greater sum being that which includes the greater 

' of the unequals. 

5. If equals be taken from unequals, the remainders 
are unequal, the greater remainder being that which is left 
from the greater of the unequals. 

6. Things which are double of the same thing, or 
of equal things, are equal to one another. 

7. Things which are halves of the same thing, or of 
^ equal things, are equal to one another. 

9.* The whole is greater than its part. 

,jf * To preeerve the claasiGcation of general and fteoTae\.x\c«\ «jx\avcv^, 
. "^thhYe placed EnoUd's ninth axiom before the eighth. 
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Geometrical Axioms. 

8. Magnitudes which can be made to coincide with 
another, are equal. 

This axiom affords the ultimate test of the equality of two gee 
trical magnitudes. It implies that any line, angle, or figure, ma 
supposed to be taken up from its position, and without chang 
size or form, laid down upon a second line, angle, or figurfe, foi 
purpose of comparison. 

This process is called eupexposltioxL, and the first magnituc 
said to be applied to the other. 

10. Two straight lines cannot enclose a space. 

11. All right angles are equal. 

[The statement that all right angles are equal, admits of p: 
and is therefore perhaps out of place as an Axiom.] 

12. If a straight line meet two straight lines so a 
make the interior angles on one side of it together 
than two right angles, these straight lines will meet if < 
tinually produced on the side on which are the angles wl 
are together less than two right angles. 

That is to say, if the two straight 
lines AB and CD are met by the straight 
line EH at F and G, in such a way that 
the angles BFG, DGF are together less 
than two right angles, it is asserted that 
AB and CD will meet if continually pro- 
duced in the direction of B and D. ^-^'^^ 



[Axiom 12 has been objected to on the double ground that it cai 
be considered self-evident, and that its truth may be deduced i 
simpler principles. It is employed for the first time in the 29th 
position of Book L, where a short discussion of tlie difficulty wi 
found. 

The converse of this Axiom is proved in Book I. Proposition 1' 
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INTRODUCTORY. 



Plane Geometry deals with the properties of all liiu^s and 
figures that may be drawn upon a plane surface. 

Euclid in his first Six Books confines himself to the properties 
of straight lines, rectilineal figures, and circles. 

The Definitions indicate the subject-matter of these books: 
the Postulates and Axioms lay down the fundamental principles 
which regulate all investigation and argument relating to this 
subject-matter. 

Euclid's method of exposition divides the subject into a 
number of separate discussions, called propositions; each pro- 
})Osition, though in one sense complete in itself, is derived from 

c results previously obtained, and itself leads up to subsequent 

I propofiitions. 

Propositions are of two kinds, Problems and Theorems. 

A Problem proposes to effisct some geometrical construction, 
such as to draw some particular line, or to construct some re- 
quired figure. 

B 

A Theorem proposes to demonstrate some geometrical truth. 

C A Proposition consists of the following parts : 

The General Enunciation, the Particular Enunciation, the 
Construction, and the Demonstration or Proof. 

(i) The General Enunciation is a preliminary statement, 
la describing in general terms the purpose of the proposition. 

DC 

j-o> In a problem the Enunciation states the construction which 
bt it is proposed to efiect: it therefore names first the Data, or 
things given, secondly the QusBSita, or things required. 

•1 In a theorem the Enunciation states the property which it 

is proposed to demonstrate : it names first, the H.Y^o\i\i!&'^\'ak^ «^ 
the conditions assumed; secondly, the GonclUAioiL^ ot ^iXve «.^^et- 



I 
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(ii) The Particular Enunciation repeats in special terms 
the statement already made, and refers it to a diagram, which 
enables the reader to follow the reasoning more easily. 

(iii) The Construction then directs the drawing of such 
straight lines and circles as may be required to effect the purpose 
of a problem, or to prove the truth of a theorem. 

(iv) Lastly, the Demonstration proves that the object pro- 
posed in a problem has been accomplished, or that the property 
stated in a theorem is true. 

Euclid's reasoning is said to be Deductive, because by a con- 
nected chain of argument it deduces new truths from truths 
already proved or admitted. 

The initial letters Q.E.F., placed at the end of a problem, 
stand for Quod erat Faciendum, which was to he done. 

The letters q.e.d. are appended to a theorem, and stand for 
Quod erat Demonstrandum, which was to he proved. 

A Corollary is a statement the truth of which follows readily 
from an established proposition ; it is therefore appended to the 
proposition as an inference or deduction, which usually reiquires 
no further proof. 

The following symbols and abbreviations may be employed 
in writing out the propositions of Book I., though their use is not 
recommended to beginners. 



.-. for 


therefore. 


par* (or 


) for parallel, 


'~ jj 


is, or are, equal t(i, 


par" 


„ parallelogram, 


^ 


angle, 


sq. 


„ square. 


rt. L „ 


right angle, 


rectil. 


„ rectilineal. 


A 


triangle. 


st. line 


„ straight line, 


perp. „ 


peri)endicular, 


pt. 


„ point ; 






and all obvious contractions of words, such as opp., adj., diag., 
&c., for opposite, adjacent, diagonal, &c. 
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SECTION I. 
PitoposiTiON 1. Problem. 

To describe an equilateral trianr/le on a (/iren finite 
straight line. 




Let AB be the given straiglit line. 
It is required to describe an equilateral triangle on AB. 

Constrtiction. From centre A, witli radius AB, describe 
the circle BCD. Post. 3. 

From centre B, with radius BA, describe the circle ACE. 

Post. 3. 

From the point C at which the circles cut one another, 

draw tlie straight lines CA and CB to the points A and B. 

Post. 1. 
Then shall ABC be an equilateral triangle. 

Proof, Because A is the centre of the circle BCD, 

therefore AC is equal to AB. Dpf. 1 1 . 

And'l>ecause B is the centre of the circle ACE, 

therefore BC is equal to BA. Def, ] 1 . 

But it has been shewn that AC is equal to AB ; 
therefore AC and BC are each equal to AB. 
But things which are equal to the same thing are equal 
^o. to one another. Ax^ 1 . 

Therefore AC is equal to BC. 
Therefore CA, AB, BC are equal to one anotliei*. 
Therefore the triangle ABC is equilateral ; 
and it is described on the given straight line AB. c>.y..y. 



/ 




Let A be tlie given point, and BC the given straight line. 
It is required to draw from tlie point A a straight line 
equal to BC. 

Construction. JoinAB; Post,}. 

and on AB describe an equilateral triangle DAB. i. 1. 
From centre B, with radius BC, describe the circle CGH. 

Post. 3. 
Produce DB to meet the circle CGH at G. Post. 2. 
From centre D, with radius DG, describe the circle GKF. 
Produce DA to meet the circle GKF at F. Post, 2. 
Then AF shall be equal to BC. 

Proof. Because B is the centre of the circle CGH, 

therefore BC is equal to BG. Bef. 11. 

And because D is the centre of the circle GKF, 

therefore DF is equal to DG ; Def. 11. 

and DA, DB, parts of them are equal; Def. 19, 

therefore the remainder AF is equal to the remainder BQ. 

JLX, o. 

And it has been shewn that BC is equal to BG ; 
therefore AF and BC are each equal to BG. 
But things which are equal to the same thing are equal 
to one another. -4 a;. 1. 

Therefore AF is equal to BC ; 
and it has been drawn from the given point A. q, e. f. 

[This Proposition is rendered necessary by the restriction, tacitly 

imposed by Euclid, that compasses shall not be used to transfer 

distances, 7 
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Proposition 2. Problem. j 

From a given point to draw a strair/ht line equal to a 
given straight line. 
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Proposition 3. Problem. 

Fram tJie greater of ttvo given straight lines to cut ojf a 
part eqtuil to the less. 




Let AB and C be the two given straight lines, of which 
AB is the greater. 

It is required to cut off from AB a part equal to C. 

Construction. From the point A draw tlie straight line 

AD equal to C ; i. 2. 

and from centre A, with radius AD, describe the circle DEF, 

meeting AB at E. Post. 3. 

Then AE shall be equal to C. 

Proof Because A is the centre of tlie circle DEF, 

therefore AE is equal to AD. Def. 11. 

But C is equal to AD. Constr. 

Therefore AE and C are each equal to AD. 
Therefore AE is equal to C ; 
and it has been cut off from the given straight line AB. 

Q.E.F 



KXKRCISES. 

1. On a given straight line describe an isosceles triangle having 
each of the equal sides equal to a given straight line. 

2. On a given base describe an isosceles triangle having each of 
the equal sides double of the base. 

8. In the figure of i. 2, if AB is equal to BC, aba^ >i\i«*\. ^^^^ 
vertex of the equilateraJ tdanglet 'will fall on the crccuioi'eiceuR.^ oi 'Ccw^ 
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Pkoposition 5. Theorem. 

live angles at the base of an isosceles triangle are 
to one another; and if tJie equal sides he produced^ 
angles on the oilier side of the base shall also be eqtuil to 
another. 




h 

Let ABC be an isosceles triangle, having the side 
equal to the side AC, and let the straight lines AB, AC 
produced to D and E : 

then shall the angle ABC be equal to the angle AC^ 
and the angle CBD to the angle BCE. 

Construction. In BD take any point F ; 
and from AE the greater cut off AG equal to AF the less, i 3.| 

Join FC, GB. 

Proof. Then in the triangles FAC, GAB, 

{FA is equal to GA, (7c 

and AC is equal to AB, 
also the contained angle at A is common toi 
two triangles ; 
therefore the triangle FAC is equal to the triangle Gi 
all respects ; 

that is, tlie base FC is equal to the base G B, 
and the angle ACF is equal to the angle ABG, * 
also the angle AFC is equal to the angle AQB. 

Again, because the whole AF is equal to the whole 
of which the parts AB, AC are equal, J 

therefore the remainder BF is equal to the remainder C(. 



i^'j 
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Then in the two triangles BFC, CGB, 
y C BF is equal to CQ, Proved. 

'^, Because i and FC is equal to QB, Proved. 

I also the contained angle BFC is equal to the 
[ contained angle CQ B, Proved, 

therefore the triangles BFC, CGB are equal in all respects; 
! so that the angle FBC is equal to the angle QCB, 

and the angle BCF to the angle CBG. i. 4. 

Now it has been shewn that the whole angle ABG is equal 

to the whole angle ACF, 
and that parts of these, namely the angles CBG, BCF, are 
I also equal ; 

I therefore the remaining angle ABC is equal to the remain- 
ing angle ACB ; 
k and these are the angles at the base of the triangle ABC. 

I Also it has been shewn that the angle FBC is equal to the 
F angle GCB ; 

and these are the angles on the other side of the base, q.e.u. 

Corollary. Hence if a triangle is equilateral it is 
also equiangular. 



EXERCISES. 

1. AB is a given strai^rht line and C a given point outside it : shew 
liow to find any points in AB such that their distance from C shall be 
equal to a given length L. Can such points always be found ? 



I.* 



2. If the vertex C and one extremity A of the base of an isosceles 
triangle are given, find the other extremity B, supposing it to lie on a 
given straight line PQ. 

8. Describe a rhombus having given two opposite angular points 
A and C, and the length of each side. 

4. AMNB is a straight line ; on AB describe a triangle ABC such 
that the side AC shall be equal to AN and the side BC to MB. 

5. In Prop. 2 the point A may be joined to cither extremity of BC. 
I^w the figure and prove the proposition in the case when A is joined 
toC. 

H. E. 1 
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The following proof is sometimes given as a substitute for tLe flnt 
part of Proposition 5 : 

Proposition 5. Alternative Proof. 





Let ABC be an isosceles triangle, having AB equal to AC : 
then shall the angle ABC be equal to the angle ACS. 

Suppose the triangle ABC to be taken up, turned over and laid dowi 
again in the position A'B'C, where A'B', A'C, B'C represent the 
new positions of AB, AC, BC. 

Then A'B' is equal to A'C ; and A'B' is AB in its new position, 

therefore AB is equal to A'C ; 

in the same way AC is equal to A'B' ; 

and the included angle BAC is equal to the included angle CA'B', for T , 

they are the same angle in different positions ; Ij 

therefore the triangle ABC is equal to the triangle A'CB' in all respects : 

so that the angle ABC is equal to the angle A'CB'. l 4. 

But the angle A'CB' is the angle ACB in its new position ; 

therefore the angle ABC is equal to the angle ACB. 

Q.B.D.II 

EXERCISES. 

Chiefly on Propositions 4 and 6. 

1. Two circles have the same centre O ; GAD and QBE are s 
lines drawn to cut the smaller circle in A and B and the larger 
in D and E : prove that 

(i) AD = BE. (ii) DB=:AE. 

(iii) The angle DAB is equal to the angle EBA. 
(iv) /rhe angle ADB is equal to the angle GEA. 

2. A BCD is a square, and L, M, and N arc the middle poinfl^ 
AB, BC, and CD : prove that 

(i) LM = MN. (ii) AM = DM. 

(iii) AN=AM. (iv) BN = DM. 

[Draw a separate figuie in. e«tc\i c^js^Y 
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8. O is tlio centre of a circle and OA, OB arc radii ; OM divides 
the angle AOB into two equal parts and cuts the line AB in M : provo 
that AM = BM. 

4. ABC, DBC are two isosceles triangles described on the same 
base BC but on opposite sides of it : prove that the angle ABD ia 
equal to the angle ACD. 

5. ABC, DBC are two isosceles triangles described on the same 
base BC, but on opposite sides of it : prove that if AD be joined, each 
of the angles BAC, BDC will be divided into two equal parts. 

6. PQR, SQR are two isosceles triangles described on the same 
base QR, and on the same side of it t shew that the angle PQS is 
equal to the angle PRS, and that the line PS divides the angle 
QPR into two equal parts. 

7. If in the figure of Exercise 5 the line AD meets BC in E, prove 
that BE = EC. 

8. ABCD is a rhombus and AC is joined : prove that the angle 
DA& is equal to the angle DCB. 

9. ABCD is a quadrilateral having the opposite sides BC, AD 
equal, and also the angle BCD equal to the angle ADC : prove that 
BD is equal to AC. 

' 10. AB, AC are the equal sides of an isosceles triangle ; L, M, N 
are tiie middle points of AB, BC, and CA respectively : prove that 
LM=:MN. 
. ' Prove also that the angle ALM is equal to the angle ANM. 

Definition. Each of two Theorems i& said to be the Con^ 
yeno of the other, when the hypothesis of each is the conclusion 
of the other. 

It will be seen, on comparing the hypotheses and conclusions of 
Props. 5 and 6, that each proposition is the converse of the other. 

KoTB. Proposition 6 furnishes the first instance of an indirect 
method of proofs frequently used by Euclid. It consists in shewing 
that an absurdity must result from supposing the theorem to be 
otherwise than true. This form of demonstration is known as the 
Sedvetio ad Absnrdum, and is most commonly employed in establish- 
ing the converse of some foregoing theorem. 

It must not be supposed that the converse of a true theorem is 
itself necessarily true : for instance, it will be seen from Prop. 8, Cor. 
that if two triangles have their sides equal, each to each, then their 
aii(^ will also be equal, each to each ; but it may eaaVVy >oft ^\c^\\\s^ 
mems of a figure that the converse of this Iheorttia \a \\o\. Tiaceaawt^ 
tnie. 
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Proposition 6. Theorem. 

If two angles of a triangle he equal to one anotJier^ then 
ths sides also which svhtend, or are opposite to^ tlie equaJi 
angles, shall he eqtial to one anot/ier. 




Let ABC be a triangle, having the angle ABC equal tc 
the angle ACS : 

then shall the side AC be equal to the side AB. 

Construction, For if AC be not equal to AB, 
one of them must be greater than the other. 
If possible, let AB be the greater ; 
and from it cut off BD equal to AC. i. 3. 

Join DC. 

Proof Then in the triangles DBC, ACB, 

!DB is equal to AC, Constr, 

and BC is common to both, 
also the contained angle DBC is equal to the 
contained angle ACB ; Hyp, 

therefore the triangle DBC is equal in area to the triangW 
ACB, 1. 4. 

the part equal to the whole ; which is absurd. Ax, 9. 

Therefore AB is not unequal to AC ; 

that is, AB is equal to AC. Q.E.D. 

Corollary. Hence \f a triangle is equiangular it 
also equilateral. 
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Proposition 7. Theorem. 

On the same base, and on the same side of it, tJiere 
cannot he ttoo triangles Jiaving their sides which are termi- 
"noted at one extretnity of the base equal to one another, and 
likewise those which are terminated at the other extretnity 
equal to one a/nother. 




If it be possible, on the same base AB, and on the same 
side of it, let there be two triangles ACB, ADB, having tlieir 
sides AC, AD, which are terminated at A, equal to one 
another, and likewise their sides BC, BD, which are termi- 
nated at B, equal to one another. 

Case I. When the vertex of each triangle is witliout 
the other triangle. 

Construction, Join CD. Post, 1. 

Proof, Then in the triangle ACD, 

because AC is equal to AD, ^yp- 

therefore the angle ACD is equal to tlie angle ADC. i. 5. 

But the whole angle ACD is greater than its part, the 

angle BCD, 
therefore also the angle ADC is greater than the angle BCD ; 
still more then is the angle BDC greater than the angle 
BCD. 

' Again, in the triangle BCD, 
because BC is equal to BD, ^^yp- 

therefore the angle BDC is equal to the aiv^lek ^0^\ \.^c> 
but it was shewn to he greater ; w\nc\\ \a ihv^o^^AA^.. 
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Case II. When one of tlie vertices, as D, is within 
tlie other triangle ACB. 




Construction. As before, join CD ; Post, 1. 

and produce AC, AD to E and F. Post. 2. 

Then in the triangle ACD, because AC is equal to AD, Hj/p. 

therefore the angles ECD, FDC, on tlie otiier side of the 

base, are equal to one another. I. 5. 

But the angle ECD is greater than its part, the angle BCD; 

therefore the angle FDC is also greater than the angle 

BCD: 
still more then is the angle BDC greater than the angle 
BCD. 

Again, in the triangle BCD, 
because BC is equal to BD, ^VP* 

tlierefore tlie angle BDC is equal to the angle BCD : i. 6. 
but it has been shewn to be greater ; which is impossible. 

The case in which the vertex of one triangle is on a 
side of the other needs no demonstration. 

Therefore AC cannot be equal to AD, and at tlie same 
time, BC equal to BD. Q.E.D. 

Note. The sides AC, AD are called conterminous sides ; similarly 
the sides BC, BD are conterminous. 

Proposition 8. Theorem. 

//' two triatigles have two sides of the one equal to Ueo . ; 
sides of the other, each to each, and have likewise their ha&^ ■ 
equal, then tlie angle which is contained by the two sides c, 
the one shall he equal to the angle which is contained I 
the two sides of the other. 
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Let ABC, DEF be two triangles, having the two sides 
BA, AC equal to the two sides ED, DF, each to each, namely 
BA to ED, and AC to DF, and also the base BC equal to the 
base EF: 

then shall the angle BAC be equal to the angle EDF. 

Proof, For if the triangle ABC be applied to the 
triangle DEF, so that the point B may be on E, and the 
straight line BC along EF ; 

then because BC is equal to EF, i^yp* 

therefore the point C must coincide with the point F. 

Then, BC coinciding with EF, 

it follows that BA and AC must coincide with ED and DF : 

for if not, they would have a different situation, as EG, GF: 

then, on the same base and on the same side of it there 

would be two triangles having their conterminoits sides 

equal. 

But this is impossible. i. 7. 

Therefore the sides BA, AC coincide with the sides ED, DF. 
That is, the angle BAC coincides with the angle EDF, and is 
therefore equal to it. Ax. 8. 

Q. £. D. 

KoTE. In this Proposition the three sides of one triangle are 
given equal respectively to the three sides of the other; and from 
this it is shewn that the two triangles may be made to coincide with 
one another^ 

Hence we are led to the following important Corollary. 

Corollary. If in two triangles the three sides of tk^ 
pm are eqtuil to the three sides of the otiicr, eacK to eac]\^, 
ihm the iriang^les are eqical in all respects. 
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The following proof of Prop. 8 is worthy of attention as it is i 
pendent of Prop. 7, which frequently presents difficulty to a begii 



Pkoposition 8. Alternative Pkoof. 





Let ABC and DEF be two triangles, which have the sides BA 
equal respectively to the sides ED, DF, and the base BC equal tc 
base EF : 

then shall the angle BAC be equal to the angle EDF. 
For apply the triangle ABC to the triangle DEF, so that B 
fall on E, and BC along EF, and so that the point A may be on 
side of EF remote from D, 

then C must fall on F, since BC is equal to EF. 
Let A'EF be the new position of the triangle ABC. 

If neither DF, FA' nor DE, EA' are in one straight line, 

join DA'. 

Case I. When DA' intersects EF. 

Then because ED is equal to EA', 
therefore the ai\gle EDA' is equal to the angle EA'D. 

Again because FD is equal to FA', 
therefore the angle FDA' is equal to the angle FA'D. 
Hence the whole angle EDF is equal to the whole angle EA'F ; 
that is, the angle EDF is equal to the angle BAC. 

Two cases remain which may be dealt with in a similar man 
namely, 

Casb II. When DA' meets EF produced. 

Case III. When one pair of sides, as DF, FA', are in one stn 
line. 
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Proposition 9. Problem. 

To bisect a given angle, that is, to divide it into tivo eqtial 
parts. 

A 




Let BAG be the given angle : 
it is required to bisect it. 

Construction, In AB take any point D; 

and from AC cut off AE equal to AD. i. 3. 

Join DE; 
and on DE, on the side remote from A, describe an equi- 
lateral triangle DEF. i. 1. 

Join AF. 
Then shall the straight line AF bisect the angle BAG. 

Proof, For in the two triangles DAF, EAF, 

!DA is equal to EA, Constr. 

and AF is common to both; 
and the third side DF is equal to the third side 
EF; Def. 19. 

therefore the angle DAF is equal to the angle EAF. i. 8. 
Therefore the given angle BAG is bisected by the straight 
line AF. Q.E.F. 

EXERCISES. 

1. If in the above figure the equilateral triangle DFE were de- 
scribed on the same side of DE as A, what different cases would arise? 
And under what circumstances would the construction fail? 

2. In the same figure, shew that AF also bisects tha ^Ti<^<& ^^^ 
d. l^mAe an angle into four equal parts. 
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Proposition 10. Problem. 

To bisect a given finite straight line, that is, to divide U 
into two equal parts. 




Let AB be the given straight line : 
it is required to divide it into two equal parts. 

Constr. On AB describe an equilateral triangle ABC, i. 1. 
and bisect the angle ACB by the straight line CD, meeting 
AB at D. I. 9. 

Then shall AB be bisected at the point D. 

Proof. For in the triangles ACD, BCD, 

r AC is equal to BC, Def, 19. 

T^ and CD is common to both: 

]also the contained angle ACD is equal to the con- 
tained angle BCD; Consir, 
Therefore the triangles are equal in all respects: 
so that the base AD is equal to the base BD. i. 4. 
Therefore the straight line AB is bisected at the point D. 

Q.E.F. 



EXERCISES. 



1. Shew that the straight line which bisects the vertical angle of 
an isosceles triangle, also bisects the base. 

2. On a given base describe an isosceles triangle such that the 
aam of its equal sides may be equal to a given straight line. 
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Proposition 11. Problem. 

To draw a straight line at right angles to a given straight 
lineyfroin a given poi^it in the same. 




A D 



Let AB be the given straight line, and C the given 
point in it. 

It is required to draw from the point C a straight line 
at right angles to AB. 

Construction, In AC take any point D, 

and from CB cut off CE equal to CD. i. 3. 

On DE describe the equilateral triangle DFE. i. 1. 

Join CF. 
Then shall the straight line CF be at right angles to AB. 

Proo/, For in the triangles DCF, ECF, 

DC is equal to EC, Constr. 

and CF is common to both ; 
and the third side DF is equal to the third side 
EF: Def, 19. 

Therefore the angle DCF is equal to the angle ECF: i. 8. 
and these are adjacent angles. 

But when a straight line, standing on another straight 

line, makes the adjacent angles equal to one another, each 

of these angles is called a right angle ; I)ef. 7. 

therefoi-e each of the angles DCF, ECF is a right angle. 

Therefore CF is at right angles to AB, 

i ^ and has been drawn from a point C in it. q.e.f. 

^ exercise. 

In the figure of the above proposition, shew W12X aiiij "^oVoJ^ m 
FC/or ¥C produced, is eqmdiatant from D and E. 



Because 



/ 
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Proposition 12. Problem. 

2^0 draw a straight line perpendicula/r to a given straigJu 
liite of unlifiiited lengthy from a given. point vrithout it, 

C 




Let AB be the given straight line, wliicli may be pro- 
duced in either direction, and let C be the given point with- 
out it. 

It is required to draw from the point C a straight line 
perpendicular to AB. 

Construction. On the side of AB remote from C take 
any point D; 
and from centre C, with radius CD, describe the circle FDG, 
meeting AB at F and G. Post. 3. 

Bisect FG at H ; 1. 10. 

and join CH. 
Then shall the straight line CH be perpendicular to AB. 

Join CF and CG. 
Proof. Then in the triangles FHC, GHC, 

( FH is equal to GH, Constr. 

^1 and HC is common to both; 

land the third side CF is equal to the third side 

, CG, being radii of the circle FDG ; Def, 11. 

therefore the angle CHF is equal to the angle CHG ; l S. 

and these are adjacent angles. 
But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of these angles is called a right angle, and the straight line 
which stands on the other is called a perpendicular to it. 

Therefore CH is a perpendicular drawn to the given 
straight line AB from the given point C without it. Q.B.r. . 

Note. The given straight line AB must be of unlimited lengtiif 
that is, it must be capable of production to an indefinite length in 
eithhr direction, to ensure its being intersected in two points by tbd 
cireJe FDG, 
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EXERCISES ON PROPOSITIONS 1 TO lli. 

1. Shew that the straight line which joins the vertex of an 
isosceles triangle to the middle point of the base is perpendicular 
to the base. 

2. Shew that the straight lines which join the extremities of the 
base of an isosceles triangle to the middle points of the opposite sides, 
are equal to one another. 

3. Two given points in the base of an isosceles triangle are equi- 
distant from the extremities of the base : shew that they are also equi- 
distant from the vertex. 

4. If the opposite sides of a quadrilateral are equal, shew that the 
opposite angles are also equal. 

5. Any two isosceles triangles XAB, YAB stand on the same base 
AB: shew that the angle XAY is equal to the angle XBY; and that 
the angle AXY is equal to the angle BXY. 

6. Shew that the opposite angles of a rhombus are bisected by the 
diagonal which joins them. 

7. Shew that the straight lines which bisect the base angles of an 
isosceles triangle form with the base a triangle which is also isosceles. 

8. ABC is an isosceles triangle having AB equal to AC ; and the 
angles at B and C are bisected by straight lines which meet at O : 
shew that OA bisects the angle BAC. 

9. Shew that the triangle formed by joining the middle points of 
the sides of an equilateral triangle is also equilateral. 

10. The equal sides BA, CA of an isosceles triangle BAC are pro- 
duced beyond the vertex A to the points E and F, so that AE is equal 
to AF; and FB, EC are joined : shew that FB is equal to EC. 

11. Shew that the diagonals of a rhombus bisect one another at 
right angles. 

12. In the equal sides AB, AC of an isosceles triangle ABC two 
points X and Y are taken, so that AX is equal to AY ; and CX and BY 
are drawn intersecting in O : shew that 

^i) the triangle BOC is isosceles ; 

(li^ AO bisects the vertical angle BAC ; 

(iii) AO, if produced, bisects BC at right angles. 

13. Describe an isosceles triangle, having given the base and the 
length of the perpendicular drawn from the vertex to the base. 

14. In a given straight line find a point that is equidl%t.Q>Ti.\> ixorcoL 
two given points. 

In what oaffe ia this impoBsihle ? 
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Proposition 13. Theorem. 

If oiie straight line stand upon another straight linej 
then the adjacent angles shall be either two right angles, or 
together equal to two right angles, 

A E A 




D B C 

Let the straight line AB stand upon the straight line DC: 
tlien the adjacent angles DBA, ABC shall be either two right 
angles, or together equal to two right angles. 

Case I. For if the angle DBA is equal to the angle ABC, 
each of them is a right angle. Def. 7. 

Case II. But if the angle DBA is not equal to the 
angle ABC, 

from B draw BE at right angles to CD. 1. 11. 

Proof. Now the angle DBA is made up of the two 
angles DBE, EBA; 

to each of these equals add the angle ABC; 
then the two angles DBA, ABC are together equal to the 
three angles DBE, EBA, ABC. Ax. 2. 

Again, the angle EBC is ma.de up of the two angles EBA,. 
ABC; 

to each of these equals add the angle DBE. 
Then the two angles DBE, EBC are together equal to the 
three angles DBE, EBA, ABC. -4a;. f 

But the two angles DBA, ABC have been shewn to be equ« 

to the same three angles ; 
therefore the angles DBA, ABC are together equal to th 

angles DBE, EBC. Ax, 1 

But the angles DBE, EBC are two right angles; Const 
therefore the angles DBA, ABC are together equal to t 
i-ight angles. q.e.1 
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Definitions. 

(i) The complement of an acute angle is its defect from 
a right angle, that is, the angle by which it falls short of a right 
angle. 

Thus two angles are complementary, when their sum is a 
right angle. 

(ii) The supplement of an angle is its defect frmn two right 
angles, that is, the angle hy which it falls short of two right 
angles. 

Thus two angles are supplementary, when their sum is two 
right angles. 

Corollary. Angles which are cmnpletnentary or supple- 
inentary to tJte same angle are equal to one another. 



EXERCISES. 

1. If the two exterior angles formed by producing a side of a tri- 
angle both ways are equal, shew that the triangle is isosceles. 

2. The bisectors of the adjacent angles which one straight line 
makes with another contain a light angle. 

Note. In the adjoining figure AOB 
is a given angle; and ene of its arms AO 
is produced to C: the adjacent angles 
AOB, BOC are bisected by OX, OY. 

Then OX and OY are called respect- 
ively the Internal and external bisectors 
of the angle AOB. C 

Hence Exercise 2 may be thus enunciated : 

Tlie internal and external bisectors of an angle are at right angles 
to one another, 

3. Shew that the angles AOX and COY are complementary. 

4. Shew that the angles BOX and COX are siippVenietiX.at'g \ «^xA 
ako tiis# tiie angles AOY and BOY are supplementaxy. 
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Proposition 14. Theorem. 

7/J at a point in a straight line, two other straight Hnes^ 
on opposite sides of it, make the adjacent a/ngles together 
equal to two right angles, then tliese two straight lines shaU 
be in one and the same straight liw£. 




At the point B in the straight line AB, let the two 
straight lines BC, BD, on the opposite sides of AB, make 
the adjacent angles ABC, ABD together equal to two right 
angles : 

then BD shall be in tlie same straight line with BC. 

Proof. For if BD be not in the same straight line with BC, 
if possible, let BE be in the same straight line with BC. 

Then because AB meets the straight line CBE, 
therefore the adjacent angles CBA, ABE are together equal 
to two right angles. i. 13. 

But the angles CBA, ABD are also together equal to two 
right angles. Hyp. 

Therefore the angles CBA, ABE are together equal to the 
angles CBA, ABD. Ax, 11. 

From each of these equals take the common angle CBA; 
then the remaining angle ABE is equal to the remaining angle 
ABD; the part equal to the whole; which is impossible. 
Therefore BE is not in the same straight line with BC. 
And in the same way it may be shewn that no other 
line but BD can be in the same straight line with BC. 
Therefore BD is in the same straight line with BC. Q.]S.a 

EXERCISE. 

A BCD is a rhombus; and the diagonal AC is bisected at O. If 
is joined to the angular points B and D; shew that OB and ODtfi 
In one straight line. 
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Obs. When two straight lines intersect at a point, four 
angles are formed; and any two of these angles which are not 
adfaoenty are said to be vertically opposite to one another. 



Proposition 15. Theorem. 

If two straight lines intei'sect otie anotJier^ then the verticallt/ 
opposite angles shall be equal. 




A 

Let the two straight lines AB, CD cut one another at 
the point E: 

then shall the angle A EC be equal to the angle DEB, 

and the angle CEB to the angle A ED 
Proof. Because AE makes with CD the adjacent angles 
CEA, AED, 

therefore these angles are together equal to two right 

angles. i. 13. 

Again, because DE makes with AB the adjacent angles AED, 

DEB, 
therefore these also are together equal to two right angles. 
Therefore the angles CEA, AED are together equal to the 
angles AED, DEB. 

From each of these equals take the common angle AED ; 
then the remaining angle CEA is equal to the remaining 
angle DEB. Ax. 3. 

In a similar way it may be shewn that tlie angle CEB 
is equal to the angle AED. q. e. d. 

Corollary 1. From this it is manifest that^ if two 
straight lines cut one another^ tlie a-iigles which they 'make 
at tlie point wJiere tlv&y cut^ are together equal to four right 
angles. 

Corollary 2. Consequently ^ tvhen any number of straight 
lines meet at a point, the sum of the aiiglts made b'jj cottv- 
secuHve lines is equal to four right angles. 
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Propositiox 16. Theorem. 

If one side of a triangle he 'produced^ then the exterior angU 
shall he greater than eitlier of the interior opposite angles. 




Let ABC be a triangle, and let one side BC be produced 
to D : then shall the exterior angle ACD be greater than 
either of the interior opposite angles CBA, BAC. 

Construction. Bisect AC at E : I. 10. 

Join BE ; and produce it to F, making EF equal to BE. l 3. 

Join FC. 

Proof. Tlien in the triangles AEB, CEF, 

j AE is equal to CE, Constr, 

j3 ^ and EB to EF ; Const^\ 

also the angle AEB is equal to the vertically 

, opposite angle CEF; 1.15. 

therefore the triangle AEB is equal to the triangle CEF in 

all respects : I. 4. 

so that the angle BAE is equal to the angle ECF. 

But the angle ECD is greater than its part, the angle ECF; 

therefore the angle ECD is greater than the angle BAE; 

that is, the angle ACD is greater than the angle BAC. 

In a similar way, if BC be bisected, and the side AG 
produced to G, it may be shewn that the angle BCQ is 
greater than the angle ABC. 

But the angle BCG is equal to the angle ACD: i. 15, 
therefore also the angle ACD is greater than the angle ABC. 

Q. E. D. 



book i. prop. 17. 33 

Proposition 17. Theorem. 

Any two angles of a triaiKjle are together hss than two 
right angles, 

A 




Let ABC be a triangle : then shall any two of its angles, as 
ABC, ACB, be together less than two right angles. 

Construction, Produce the side BC to D. 

Proof. Then because ACD is an exterior angle of the 

tiiangle ABC, 
therefore it is greater than the interior opposite angle 

ABC. I. 16. 

STo each of these add the angle ACB : 
, then the angles ACD, ACB are together greater than the 
angles ABC, ACB. Ax. 4. 

But the adjacent angles ACD, ACB are together equal to 
two right angles. i. 1 3. 

Tlierefore the angles ABC, ACB are together less than two 
right angles. 

Similarly it may be shewn that the angles BAC, ACB, as 
also the angles CAB, ABC, are together less than two right 
fingles. Q. E. D. 

Note. It follows from this Proposition that every triangle muat 
hanre at least two acute angles : for if one angle is obtuse, or a right 
angle, each of the other angles must be less than a right angle. 

EXERCISES. 

1. Enunciate this Proposition so as to shew that it is the converse 
of Axiom 12. 

2. K any side of a triangle is produced both ways, the exterior 
i angles so formed are together greater than two right angles. 

/ 3. Shew how a proof of Proposition 17 may be obtained by 

Joining each vertex in turn to any point in the opposite aide. 

H. E. *?> 
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Proposition 18. Theorem. 

If one side of a triangle be greater tlian another, 
the angle opposite to the greater side shall he greater 
the angle opposite to the less. 




Let ABC be a triangle, in which the side AC is gn 
than tlie side AB : 

then shall tlie angle ABC be greater than the angle / 

Construction. From AC, the greater, cut off a part AD e 
to AB. 

Join BD. 
. Proof. Then in the triangle ABD, 

because AB is equal to AD, 
tlierefore the angle ABD is equal to the angle ADB. 

But the exterior angle ADB of the triangle BD 
greater than the interior opposite angle DCB, tha 
greater than the angle ACB. i 

TJierefore also the angle ABD is greater than the angle > 

still more then is the angle ABC greater than the a 

ACB. Q.E. 



Euclid enunciated Proposition 18 as follows : 

The greater side of every triangle has the greater c 
opposite to it, 

[This form of enunciation is found to be a common source of 
calty witli beginners, who fail to distinguish what is assumed in ij 
what is to he proved.] 

[For Exercises see page 38.] 
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Proposition 10. Theorem. 

If <yiie angle of a triangle he greater than another^ then 
the side opposite to tlie greater angle shall he greater than 
the aide opposite to the less. 




B C 

Let ABC be a triangle in wliich the .angle ABC is greater 
than the angle ACB : 

then shall the side AC be greater than the side AB. 

Proof For if AC be not greater than AB, 

it must be either equal to, or less thap. AB. 

But AC is not equal to AB, 
for then the angle ABC would be equal to the angle ACB; i. 5. 

but it is not. I^yp^ 

Neither is AC less than AB ; 
for then the angle ABC would be less than the angle ACB ; i.l8. 

but it is not : I^yp* 

Therefore AC is neither equal to, nor less than AB. 
That is, AC is greater than AB. q.e.d. 

Note. The mode of demonstration used in this Proposition is 
known as the Proof liy Exbaustion. It is applicable to cases in which 
one of certain mutually exclusive suppositions must necessarily be 
true; -and it consists in shewing the falsity of each of these supposi- 
tions in turn with one exception: hence the truth of the remaining 
supposition is inferred. 

Euclid enunciated Proposition 1 9 as follows : 

Tli^e greater angle of every triangle is suhtended hy the 
greater side, or, lias tJie greater side ojyposlte to it. 

[For ExerciseB see page 38 .■\ 
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Proposition 20. Theorem. • 

Any two sides of a triangle are together greater ilia', 
third side. 




Let ABC be a triangle: 
then sliall any two of its sides be together greater tliai 
third side : 

namely, BA, AC, shall be greater than OB ; 

AC, CB greater than BA ; 

and CB, BA greater than AC. 

Construction. Produce BA to the point D, making AD € 
to AC. 

Join DC. 

Proof. Then in the triangle ADC, 

because AD is equ.al to AC, Co 

therefore the angle ACD is equal to the angle ADC. 
But the angle BCD is greater than the angle ACD ; A 
therefore also the angle BCD is greater than the angle i 

that is, than the angle BDC. 

And in the triangle BCD, 
because the angle BCD is greater than the angle BDC, 
therefore the side BD is greater than the side CB. i 

But BA and AC are together equal to BD ; 
therefore BA and AC are together greater than CB. 

Similarly it may be shewn 

that AC, CB are together greater than BA ; 
and CB, BA are together greater than AC. q. 

[For Exercises see page 38.] 
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■ 

Proposition 21. Theorem. 

If from the ends of a side of a triangle^ there be drawn 
ttvo straight lines to a point within the triangle, then these 
straight lines shall be less tlian the other ttvo sides of the 
triangle, but shall contain a greater angle, 

A 




B C 

Let ABC be a triangle, and from B, C, the ends of tlie 
side BC, let the two straight lines BD, CD be drawn to 
a point D within the triangle : 

then (i) BD and DC shall be together less than BA and AC ; 
(ii) the angle BDC shall be greater than the angle BAC. 

Construction. Produce BD to meet AC in E. 

Proof (i) In the triangle BAE, the two sides BA, AE are 
together greater than the third side BE : i. 20. 

to each of these add EC ; 
then BA, AC are together greater than BE, EC. Ax. 4. 

Again, in the triangle DEC, the two sides DE, EC are to- 
gether greater than DC ; i. 20. 

to each of these add BD ; 
then BE, EC are together greater than BD, DC. 

But it has been shewn that BA, AC are together greater 
than BE, EC : 

still more then are BA, AC greater than BD, DC. 

(ii) Again, the exterior angle BDC of the triangle DEC is 
greater than the interior opposite angle DEC ; i. 16. 

and the exterior angle DEC of the triangle BAE is greater 
than the interior opposite angle BAE, that is, than the 
angle BAC ; i. 16, 

still more then is the angle BDC greater tliaiv t\\ft aw^^^^KO. 
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exercises 

ON Propositions 18 and 10. 

1. The hypotenuse is the greatest side of a right-angled triangle. 

2. If two angles of a triangle are equal to one another, the sides 
ulso, which subtend the equal angles, are equal to one another. Prop. 6. 
Prove this indirectly by using the result of Prop. 18. 

3. BC, the base of an isosceles triangle ABC, is produced to any 
point D ; shew that AD is greater than either of the equal sides. 

4. If in a quadrilateral the greatest and least sides are opposite to 
one another, then each of the angles adjacent to the least side is 
greater than its opposite angle. 

5. In a triangle ABC, if AC is not greater than AB, shew that 
any straight line drawn through the vertex A and terminated by the 
base BC, is less than AB. 

6. ABC is a triangle, in which OB, DC bisect the angles ABC, 
ACB respectively: shew that, if A B is greater than AC, then OB is 
greater than OC. 

ON Proposition 20. 

7. The difference of any two sides of a triangle is less than 
the third side. 

8. In a quadrilateral, if two opposite sides which are not parallel 
are produced to meet one another; shew that the perimeter of the 
greater of the two triangles so formed is greater than the perimeter of 
the quadrilateral. 

9. The sum of the distances of any point from the three angulai 
points of a triangle is greater than half its perimeter. 

10. The perimeter of a quadrilateral is greater than the sum of its 
diagonals. 

11. Obtain a proof of Proposition 20 by bisecting an angle by a 
straight line which meets the opposite side. 

ON Proposition 21. 

12. In Proposition 21 shew that the angle BDC is greater than 
the angle BAC by joining AD, and producing it towards the base. 

13. The sum of the distances of any point within a triangle from 
its angular points is less than the perimeter of the triangle. 
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Pkoposition 22. Problem. 

To describe a triaiigle lidviyiy its sides eqiuU to Uinta 
given straight lines, any ttvo of which are together greater 
tJian the third. 




B 



Let A, B, C be tlie three given straight lines, of vvliich 
any two are together greater than the third. 

It is required to describe a triangle of which the sides 
shall be equal to A, B, C. 

Construction, Take a straight line DE terminated iit tlie 

point D, but unlimited towards E. 
Make DF equal to A, FG equal to B, and GH equal to C. i. 3. 

From centre F, with radius FD, describe the circle DLK. 
From centre G with radius GH, describe the circle MHK, 
cutting the former circle at K. 

Join FK, GK. 
Then shall the triangle KFG have its sides equal to the 
three straight lines A, B, C. 

Proof. Because F is the centre of tlie circle DLK, 

therefore FK is equal to FD : Dcf. 1 1. 

but FD is equal to A ; Constr. 

therefore also FK is equal to A. Ax. 1. 

Again, because G is the centre of the circle MHK, 

therefore GK is equal to GH : JJef. 11. 

but G H is equal to C ; Co)\sir. 

therefore also GK is equal to C. Ax. 1. 

And FG is equal to B. Constr. 

Therefore the triangle KFG has its sides. KV,)rGi,^VvViv5^<^ 

mspectively to the threo given lines A, B, C ct.^»^« 
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EXERCISE. 

On a given base describe a triangle, whose remaining sides shall be 
equal to two given straight lines. Point out liow the consimction 
I'ails, if any one of the three given lines is greater than the sum of 
the other two. 



Puo POSITION 23. Problem. 

At a yicen point in a f/iven straight linCj to make an 
angle eqtuil to a given angle. 





Let AB be tlie given straight line, and A the given point 
iu it ; and let DCE be the given angle. 

It is required to draw from A a straight line making 
with AB an angle equal to the given angle DCE. 

Construction. In CD, CE take any points D and E ; 

and join DE. 

From AB cut off AF equal to CD. i. 3. 

On AF describe the triangle FAG, having the remaining 
sides AG, GF equal respectively to CE, ED. i. 22. 

Then shall the angle FAG be equal to the angle DCE. 

Proof. For in the triangles FAG, DCE, 

I FA is equal to DC, Conatr. 

Because < and AG is equal to CE ; Conatr. 

(and the base FG is equal to the base DE : Constr. 

therefore the angle FAG is equal to the angle DCE. i. 8. 

That is, AG makes with AB, at the given point A, an angle 

ecjufil to the ^iven angle DCE. Q.E.F. 
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Proposition 24. 

Jf two triangles liave two aides of the one equal to two 
sides of tlie otiiei*, each to each, hut the angle contained by 
the two sides of one greater tJian the angle contained by 
the corresponding sides of the other ; tJien the base of that 
which luis the greater angle sJiall be greater than the base of the 
oilier, 

D 




Let ABC, DEF be two triangles, in which the two sides 
BA, AC are equal to the two sides ED, DF, each to each, 
but the angle BAC greater than the angle EDF : 

then shall the base BC be greater than the base EF. 

* Of the two sides DE, DF, let DE be that which is not 
greater than DF. 

CoTistruction, At the point D, in the straight line ED, 
and on the same side of it as DF, make the angle EDG 
equal to the angle BAC. i. 23. 

Make DG equal to DF or AC; i. 3. 

and join EG, GF. 

Proof Then in the triangles BAC, EDG, 

BA is equal to ED, iiyp- 

and AC is equal to DG, Constr, 

also the contained angle BAC is equal to the 

contained angle EDG ; Constr. 

Tlierefore tlie triangle BAC is equal to tlie triangle EDG in 

all respects : i. 4. 

so that the base BC is equal to the base E.O. 

* See note on the next page. 



Because 
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Again, in the triangle FDG, 
because DG is equal to DF, 
therefore the angle DFG is equal to the angle DGF, 
but the angle DGF is greater than the angle EGF j 
ilierefore also the angle DFG is greater than the angle E 
still more then is the angle EFG greater than the angle E 

And in the triangle EFG, 

because the angle EFG is greater than the angle EGF 

therefore the side EG is greater than the side EF ; i. 

but EG was shewn to be equal to BC ; 

therefore BC is greater than EF. q.e.: 

* This condition was inserted by Simson to ensure that, ir 
complete construction, the point F should fall beloio EG. Wit 
this condition it would be necessary to consider three cases: i 
might fall above, or upon, or below EG ; and each figure would re< 
separate proof. 

We are however scarcely at liberty to employ Simson' s cond 
without proving that it fulfils the object for which it was introduc 

This may be done as follows: 

Let EG, DF, produced if necessary, intersect at K. 
Then, since DE is not greater than DF, 
that is, since DE is not greater than DG, 
therefore the angle DGE is not greater than the angle DEG. 

But the exterior angle DKG is greater than the angle DEK : 
therefore the angle DKG is greater than the angle DGK. 

Hence DG is greater than DK. ] 

But DG is equal to DF ; 

therefore DF is greater than DK. 

So that the point F must fall below EG. 
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Or the foUowmg method may be adopted. 

Proposition 24. [Alternative Proof.] 

In the triangles ABC, DEF, 
let BA be equal to ED, 
and AC equal to DF, 
but let the angle BAC be greater than 

the angle ED F: 
then shall the base BC be greater than 
the base EF. 

For apply the triangle DEF to the 
triangle ABC, so that D may fall on A, 3" 
and DE along AB: 

then because DE is equal to AB, 

therefore E must fall on B. 
And because the angle EDF is less than the angle BAC, i^yP' 

therefore DF must fall between AB and AC. 
Let DF occupy the position AG. 





Case I. If G falls on BC : 

Then G must be between B and C: 
therefore BC is greater than BG. 

But BG is equal to EF : 
therefore BC is greater than EF. 




Case II. If G does not fall on BC. 
Bisect the angle CAG by the straight line AK 
which meets BC in K. i. 9. 

Join GK. 

Then in the triangles GAK, CAK, 

/ GA is equal to CA, liyp- 

Because •< *^^ AK is common to both; 

jand the angle GAK is equal to the 
' angle CAK; Constr, 

therefore GK is equal to CK. i. 4. "^ 

But in the triangle BKG, 
the two sides BK, KG are together greater than the third side BG, i. 20. 
that is, BK, KC are together greater than BG ; 

therefore BC is greater than BG, 01 EF. q.^.'\>. 
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Proposition 25. Theorem. 

// two triangles have two sides of tlie one equal 
sides of the otJier, each to each, but the base of one i 
than tlve base of the other ; then tlie angle contained 
sides of tJiat which lias tJie greater ba^e, sitall be greate 
the angle contained by the corresponding sides of the oi 




Let ABC, DEF be two triangles which have the tw< 
BA, AC equal to the two sides ED, DF, each to each, Ij 
base BC greater than the base EF : 
then shall the angle BAG be greater than the angle I 

Proof For if the angle BAC be not greater th^ 
angle EDF, it must be either equal to, or less tha 
angle EDF. 

But the angle BAC is not equal to the angle EDF, 
for then the base BC would be equal to the base EF 

but it is not. 
Neither is the angle BAC less than the angle EDI 
for then the base BC would be less than the base EF • 

but it is not. 

Therefore the angle BAC is neither equal to, nor les 

the angle EDF ; 
that is, the angle BAC is greater than the angle EDF. 

EXERCISE. 

In a triangle ABC, the vertex A is joined to X, the 
point of the base BC; shew that the angle AXB is obtuse oi 
sKfoording as AB ia greater or less than ^O. 
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Proposition 26. Theorem. 

If two triangles have ttoo angles of the one equal to two 
angles of the other, each to each, and a side of one equal 
to a side of the other, these sides being either adjacent to the 
eqital angles, or opposite to equal angles in each ; then sJiall 
the triangles he equal in all respects. 

Case I. When the equal sides are adjacent to the equal 
angles in the two triangles. 

A 




Let ABC, DEF be two triangles, which have the angles 
ABC, ACB, equal to the two angles DEF, DFE, each to each ; 
and the side BC equal to the side EF : 

then shall the triangle ABC be equal to tlie triangle DEF 
in all respects ; 

that is, AB shall be equal to DE, and AC to DF, 
and the angle BAC shall be equal to the angle EOF. 
For if AB be not equal to DE, one must be greater tlian 
the other. If possible, let AB be greater than DE. 

Constrtoction, From BA cut off BG equal to ED, i. 3. 

and join GC. 

Proof Then in the two triangles GBC, DEF, 

IGB is equal to DE, CJonstr. 

and BC to EF, J^yp- 

also the contained angle GBC is equal to the 
contained angle DEF ; ^J^yp- 

therefore the triangles are equal in all respects ; i. 4. 
so that the angle GCB is equ<il to the angle DFE. 
But the angle ACB is equal to the angle DFE ; Hyih 
therefore also the angle GCB is equal to the angVe kO^ \ Ax.\ 
the part equal to the whole, whicli is impo&siXiV^.. 
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Because 



Therefore AB is not unequal to DE, 
that is, AB is equal to DE. 

Hence in the triangles ABC, DEF, 

AB is equal to DE, Pro\ 

and BC is equal to EF ; h 

also the contained angle ABC is equal to 

contained angle DEF ; ' li 

therefore the triangles are equal in all respects : i 

so that the side AC is equal to the side DF ; 

and the angle BAC to the angle EDF. Q E.r 



Case II. When the equal sides are opposite to eq 
angles in the two triangles. 




Let ABC, DEF be two triangles w^hich have the an| 
ABC, ACB equal to the angles DEF, DFE, each to ej 
and the side AB equal to the side DE : 
then shall the triangles ABC, DEF be equal in all respec 
that is, BC shall be equal to EF, and AC to DF, 
and the angle BAC shall be equal to the angle EDF. 
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For if BC be not equal to EF, one must be s^reater than 
the other. If possible, let BC be greater than EF. 

ConstTuction, From BC cut off BH equal to EF, i. 3. 

and join AH. 

Proof. Then in the triangles ABH, DEF, 

{AB is equal to DE, ^^VP- 

and BH to EF, Constr, 

also the contained angle ABH is equal to the 
contained angle DEF ; ^^yp- 

therefore the triangles are equal in all respects, i. 4. 
so that the angle AHB is equal to the angle DFE. 

But the angle DFE is equal to the angle ACB ; Jff/P- 

therefore the angle AHB is equal to the angle ACB ; A.r, 1. 

tliat is, an exterior angle of the triangle ACH is equal to 

an interior opposite angle ; which is impossible. i. 1 0. 

Therefore BC is not unequal to EF, 

that is, BC is equal to EF. 

Hence in the triangles ABC, DEF, 

{AB is equal to DE, -^^yP- 

and BC is equal to EF : Proved. 

also the contained angle ABC is equal to the 
contained angle DEF ; ^^yP' 

therefore the triangles are equal in all respects ; i. 4. 
so that tHe'side AC is equal to the side DF, 
and the angle BAC to the angle EDF. 

Q.K.D. 

Corollary. In both cases of this Proposition it is seen 
tJiai the triangles may he made to coincide with one another; 
and they are therefore equal in area. 
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ON THE IDENTICAL EQUALITY OP TRIANGLES. 

At the close of the first section of Book I., it is worth ^ 
to call special attention to those Propositions (viz.. Props. 4, 8 
which deal with the identical equality of two triangles. 

The results of these Propositions may be summarized thi 

Two triangles are equal to one another in all respects, v 
the following parts in each are equal, each to each. 

1. Two sides, and the included angle. iVoj 

2. The three sides. Prop. 8, 

3. (a) Two angles, and the adjacent side. \ 

(h) Two angles, and the side opposite one of >• Prop 
them. J 

From this the beginner will perhaps surmise that two 
angles may be shewn to be equal in all respects, when they 1 
ihi^ee parts equal, each to each ; but to this statement two obv: 
exceptions must be made. 

(i) When in two triangles the three angles of one are e( 
to the three angles of the other, each to each, it does 
necessarily follow that the triangles are equal in all respects. 

(ii) When in two triangles two sides of the one are c( 
to two sides of the other, each to each, and one angle equa 
one angle, these not being the angles included by the equal si( 
the triangles are not necessarily equal in all respects. 

In these cases a further condition must be added to 
hyix)thesis, before we can assert the identical equality of 
two triangles. 

[See Theorems and Exercises on Book I., Ex. 13, Pago 92 

We observe that in each of the three cases already ])rc 
of identical equality in two triangles, namely in Proposition 
8, 26, it is shewn that the triangles may be made to coim 
with one another; so that they are equal in area, as in 
other respects. Euclid however restricted himself to the us 
Prop. 4, when he required to deduce the equality in area of 
triangles from the equality of certain of their parts. 

This restriction has been' abandoned in the present text-lx 
[See note to Prop. 34.] 
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EXERCISES ON PROPOSITIONS 12 — 26. 

1. If BX and CY, the bisectors of the angles at the base BC uf an 
isosceles trianfirle ABC, meet the opposite sides in X and Y , shew that 
the triangles YBC, XCB are equal in all respects. 

2. Shew that the perpendiculars drawn from the extremities of 
the base of an isosceles triangle to the opposite sides are equal. 

3. Any point on the bisector of an angle is equidistant from the 
artns of tlie angle, 

4. Through O, the middle point of a straight line AB, any straight 
line is drawn, and perpendiculars AX and BY are dropped upon it from 
A and B : shew that AX is equal to BY. 

5. If the bisector of the vertical angle of a trianglu is at right 
angles to the bas^, the triangle is isosceles. 

6. The perpendicular is the slwrtest straight line that can he 
drawn from a given point to a given straight line; and of others, jhat 
which is nearer to the perpendicular is less than the more renwte; and 
two, and only two equal straight lines can he drawn from the given 
point to the given straight line, one on each side of the peipendicular, 

7. From two given points on the same side of a given straight line, 
draw two straight lines, which shall meet in the given straight line 
and make equal angles with it. 

Let AB be the given straight line, 
and P, Q the given points. 

It is required to draw from P and Q 

to a point in AB, two straight lines p^ k'^ 'h B 

that shall be equally inclined to AB. " ' 

Cimstruction, From P draw PH 
perpendicular to AB: produce PH to 
P', making HP* equal to PH. Draw QP', meeting AB in K. Join 
PK. 

Then PK, QK shall be the required lines. [Supply the proof.] 

8. In a given straight line find a point which is equidistant from 
two given intersecting straight lines. In what case is this impossible? 

9. Through a given point draw a straight line such thAA> t\v<&^t- 
pendioulars drawn to it from two given points may "be ei^^xxaX. 

In wimt ease is this impossible ? 
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SECTION 11. 

PARALLEL STRAIGHT LINES AND PARALLELOGRAMS. 

Definition. Parallel straight lines are sucli as, be 
in the same plane, do not meet however far they are j 
duced in both directions. 

When two straight lines A B, CD are met by a third strai 
line EF, eight angles are formed, to which 
for the sake of distinction particular 
names are given. 

Thus in the adjoining figure, 

1, 2, 7, 8 are called exterior angles, 

3, 4, 5, 6 arc called interior angles, 

4 and 6 are said to be alternate angles ; 

so .also the angles 3 and 5 are alternate to 

one another. /F 

Of the angles 2 and 6, 2 is referred to as the exterior an^ 
and 6 as the interior opposite angle on the same side of EF. 

2 and 6 are sometimes called corresponding angles. 

So also, 1 and 5, 7 and 3, 8 and 4 are corresi)onding angles 

Euclid's treatment of parallel straight lines is based upon 
twelfth Axiom, which we here repeat. 

• 

Axiom 12. If a straight line cut two straight lines 
as to make the two interior angles on the sjime side 
it togctlier less than two right angles, these straight lin 
being continually produced, will at length meet on tl 
side on which are the angles which are together less th 
two right angles. 

Thus in the figure given above, if the two angles 3 and 6 i 
together less than two right angles, it is asserted that AB a 
CD will meet towards B and D. 

This Axiom is used to establish i. 20 : some remarks upoD 
will be found in a note on that Propo^itiou. 
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Proposition 27. Theorem. 

If a straigM line^ falling on two otiter straight lines, make 
the alternate angles equal to one a^wtJier^ then the straight 
lines shall he parallel. 




Jiet the straight line EF cut the two straight linos AB, 
CD at G and H, so as to make the alternate angles AGH, 
GHD equal to one another: 

then shall AB and CD be parallel. 

ProoJ. For if AB and CD be not parallel, 

they will meet, if produced, either towards B and D, or to- 
wards A and C. 

If possible, let AB and CD, when produced, meet towards B 
and D, at the point K. 

Then KGH is a triangle, of which one side KG is produced 
to A: 

therefore the exterior angle AG H is greater than the interior 
opposite angle GHK. 1. 16. 

But the angle AG H is equal to the angle GHK: Hyp. 
hence the angles AG H and GHK are both equal and unequal ; 

which is impossible. 
Therefore AB and CD cannot meet when produced towards 

B and D. 
Bimilarly it may be shewn that they cannot meet towards 
1 A and C : 
I therefore they are parallel. q. e. d. 



} 
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Proposition 28. Theorem. 

If a straight line, falling on two other straight lines, 
make an exterior angle equal to tits interior opposite angle 
on the same side of the liiie; m* if it make tlie irUeriof 
angles on the same side together equal to two rigid angles, 
then the two straight lines shall he parallel. 




Let the straight line EF cut the two straight lines AB, 
CD in G and H : and 

First, let the exterior angle EG B be equal to the interior 
opposite angle G H D : 

then shall AB and CD be parallel. 

Proof. Because the angle EGB is equal to the angle GHD; 
and bcjcause the angle EG B is also equal to the vertically op- 
posite angle AGH; ' I. 15. 
therefore the angle AGH is equal to the angle QHD; 
but these are alternate angles; 
therefore AB and CD are parallel. i. 27. 

Q. E. D. 

Secoyidly, let the two interior angles BGH, GHD be to- 
gether equal to two right angles : 

then shall AB and CD be parallel. 

Proof Because the angles BGH, GHD are together equal 

to two right angles; Uyp^ 

and because the adjacent angles BGH, AGH are also together 

equal to two right angles ; I. 13. 

therefore the angles BGH, AGH are together equal to the 

two angles BGH, GHD. 

From these equals take the connnon angle BG H : 
then the remaining angle AGH is equal to the remainiiig ! 

angle GHD: and these are alternate angles; 

therefore AB and CD are parallel. i. 27. J 

Q.E.D. I 
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Proposition 29. Theorem. 

If a straight liiiefaU on two parallel straight lines, then it 
shall make the alternate angles equal to one another , and the 
exterior angle equal to the interior opposite angle on the 
same side; and also the two interior angles on the same 
side equal to two right angles. 




F 

Let the straight line EF fall on the parallel straiglit 
lines AB, CD: 

then (i) the alternate angles AGH, GHD shall be equal to 
one another; 

(ii) the exterior angle EG B shall be equal to the interior 
opposite angle GHD; 

(iii) the two interior angles BGH, GHD shall be together 
equal to two riglit angles. 

Proof, (i) For if the angle AGH be not equal to the angle 

GHD, one of them must be greater than tlie other. 
If possible, let the angle AGH be greater tlian the angle 
GHD; 

add to each the angle BG H : 
then the angles AGH, BGH .ire together greater than the 

angles BGH, GHD. 
But the adjacent angles AGH, BGH are together e(i[ual to 
two right angles ; i. 1 3. 

therefore the angles BGH, GHD are togetlier less tlian two 
right angles; 

therefore AB and CD meet towards B and D. Ax, 12. 
But they never meet, since they are parallel. Hyp- 

Therefore the angle AG H is not unequal to the angle GHD: 
that is, the alternate angles AGH, GHD are equal. 
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(ii) Again, because the angle AGH is equal to the ver 
cally opposite angle EGB; 1. 1 

and because the angle AGH is equal to the angle GHD; 

Provt 

therefore the exterior angle EG B is equal to the interior c 
posite angle GHD. 

(iii) Lastly, the angle EGB is equal to the angle GHD; 

Provi 
add to each the angle BG H ; 
then the angles EGB, BGH are together equal to the ang 

BGH, GHD. 
But the adjacent angles EGB, BGH are together equal 
two right angles: ' i. ] 

therefore also the two interior angles BGH, GHD are 
gether equal to two right angles. Q.E.D. 



EXEBCISES ON PROPOSITIONS 27, 28, 29. 

1. Two straight lines AB, CD bisect one another at O : shew tl 
the straight lines joining AC and BD are parallel. [i, 2 

2. Straight lines which are •perpendicular to the same straight I 
are parallel to one another, [i. 27 or i. 2 

3. If a straight line meet two or more parallel straight lines, am 
perpendicular to one of them, it is also perpendicular to all the othen 

[1.2 

4. If two straight lines are parallel to two other straight lines, ei 
to each, then the angles contained by the first pair are equal respectiv 

foMc angles contained ly the second j^air, ^\. ^ 
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Note ox the Twelfth Axiom. 

It must be admitted that Euclid's twelfth Axiom is lui- 
satisfactory as the basis of a theory of parallel straight lines. 
It cannot be regarded as either simple or self-evident, and it 
therefore falls short of the essential characteristics of an axiom : 
nor is the difficulty entirely removed by considering it as a cor- 
rollary to Proposition 17, of which it is the converse. 

Many substitutes have been proposed ; but we need only notice 
here the system which has met with most general approval. 

This system rests on the following hypothesis, which is put 
forward as a fundamental Axiom. 

Axiom. Two intersecting straight lines cannot he both parallel 
to a third straight line. 

This statement is known as Playfair's Axiom ; and though 
it is not altogether free from objection, it is recommended as 
both simpler and more fundamental than that employed by 
Euclid, and more readily admitted without proof. 

Propositions 27 and 28 having been proved in the usual way, 
the first ^art of Proposition 29 is then given thus. 

Proposition 29. [Alternative Proop.J 

If a straight line fall on two parallel straight lines, then it 
shall make tJie alternate angles equal. 

Let the straight line EF meet the two 
parallel straight lines AB, CD, at G 
and H: 
then shall the alternate angles AGH, 

G H D be equal. 
For if the angle AG H is not equal to the 

angle GHD: 
at G in the straight line HG make the 
angle HGP equal to the angle GHD, 
and alternate to it. i. 23. 

Then PG and CD are parallel, i. 27. 
But AB and CD are parallel: Hyp. 
therefore the two intersecting straight lines AG, PG are both parallel 
toCD: 

which is impossible. Playfair^s Axiovi. 

Therefore the angle AG H is not unequal to the angle GHD, 
that is, the alternate angles AGH, GHD are equal, q.k.d. 

The second and third parts of the Proposition may ^i^vewXife ^ei\wQ.^\ 
as in the text; and Euclid's Axiom 12 follows aa a CoxoWax^. 
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Proposition 30. Theorem. 

Straight lines which are parallel to tlie same straight 
are parallel to one another, 

-B 




C ^ D 

P ^ Q 



Let the straight lines AB, CD be each parallel to 
straight line PQ : 

then shall AB and CD be parallel to one another. 

Construction, Draw any straight line EF cutting AB, 
and PQ in the points G, H, and K. 

Proof, Then because AB and PQ are parallel, and 
meets them, 

therefore the angle AG K is equal to the alternate angle G 

I. 

And because CD and PQ are parallel, and EF meets the 

therefore the exterior angle GHD is equal to the inte 

opposite angle HKQ. L 

Therefore the angle AGH is equal to the angle GHD; 
and these are alternate angles; 
tlierefore AB and CD are parallel. i. 

Q.E.I 

Note. If PQ lies between AB and CD, the Proposition ma; 
established in a similar manner, though in this case it scarcely n 
proof; for it is inconceivable that two straight lines, which do 
meet an intermediate straight line, should meet one another. 

The truth of this Proposition may be readily deduced f 
Playfair's Axiom, of which it is the converse. 

For if AB and CD were not parallel, they would meet when 
duced. Then there would be two intersecting straight lines 1 
parallel to a third straight line : which is impossible. 

Therefore AB and CD never meet; that is, they are parallel. 
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Propositiox 31. Problem. 

To draw a straight liivt through a given jioint paralld 
to €t given straight line. 



B< 



Jjeit A l)o tlift given point, and BC tlio given straiglit lino. 
Tt is required to draw through A a straight lino parallel to 
BC. 

Construction. In BC take any point D; and- join AD. 
At the point A in DA, make tlie angle DAE equal to the 
angle ADC, and alternate to it T. 23. 

and produce EA to F. 
Then shall EF be parallel to BC. 

Proof, Because the straight line AD, meeting the two 
straight lines EF, BC, makes the alternate angles EAD, ADC 
equal; Constr. 

therefore EF is parallel to BC; i. 27. 

and it lias been drawn through the given point A. 

Q. E. V. 

EXERCISES. 

1. Any straight line drawn parallel to the base of an isoscelos 
triangle makes equal angles with the sides. 

2. If from any point in the bisector of an angle a straight lino is 
drawn parallel to either arm of the angle, the triangle thus formed is 
isosceles. 

3. From a given point draw a straight line that shall make with 
a given straight line an angle equal to a given angle. 

4. From X, a point in the base BC of an isosceles triangle ABC, a 
straight line is drawn at right angles to the base, cutting AB in Y, and 
CA prodnoed in Z : shew the triangle AYZ is isosceles. 

5. If the straight line which bisects an exteriox aTV^\ft ol ^ \.\\».W9\^ 
i8paralJ£?J to the base, shew that the triangle ia iaoRceVe?., 



> 
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Proposition 32. Theorem. 

If a Hide of a triangle he jyrodiLced, then the exter 
angle sli/dl he equal to the sum of tlie two interior oppo, 
anf/len: also the three interior angles of a triangle are toget 
equfd to two right angles. 




Let ABC 1)0 a triangle, and let one of its sides BC 
produced to D : 

then (i) tlie exterior angle ACD shall be equal to the s 
of the two interior opposite angles CAB, AB' 

(ii) tlie three interior angles ABC, BCA, CAB si 
1)0 together equal to two right angles. 

Construction, Through C draw CE parallel to BA. i. 

Proof, (i) Then because BA and CE are parallel, and 

meets them, 
tlierefore tlio angle ACE is equal to the alternate an 

CAB. I. 

Again, >)ecauso BA and CE are parallel, and BD meets the 
therefore the exterior angle ECD is equal to the intei 
opposite angle ABC. i. 

Therefore the whole exterior angle ACD is equal to 
sum of the two interior opposite angles CAB, ABC. 

(ii) Again, since the angle ACD is equal to the sum 
the angles CAB, ABC; Proi 

to each of these equals add the angle BCA : 
then the angles BCA, ACD are together equal to tho th 

angles BCA, CAB, ABC. 
But the adjacent angles BCA, ACD are together equal 
two right angles; i. 

* for» ' les BpA, CAB, ABC are together eq 

Q. E. D 
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From this Proposition wo draw tlio following important 
inferences. 

1. If two triangles have two a tiff Jen of the one equal to two antjleA of 
the oiheTy each to each, then the third aiujle of the one U equal to the 
third angle of tfie other. 

2. In any right-angled triangle tJie two acute angles are com- 
plementary. 

3. In a right-angled isosceles triangle each of the equal angles 
is half a right angle. 

4. If one angle of a triangle is equal to the sum of the other two, 
the triangle is right-angled. 

5. The snm of the angles of any quadrilateral figure is equal to 
four right angles, 

6. Each angle of an equilateral triangle is two-thirds of a right 
angle. 



EXERCISES ON PROPOSITION 32 

1. Prove that the three angles of a triangle arc together equal to 
two right angles, 

(i) bj drawing through the vertex a straight line parallel 
to the base ; 

(ii) by joining the vertex to any point in the base. 

2. If the base of any triangle is produced both ways, shew that 
the sum of the two exterior angles diminished by the vertical angle is 
equal to two right angles. 

3. If two straight lines are perpendicular to two other straight 
lines, each to each, tlie acute angle between the firnt pair is equal 
to the acute anglebetween the second pair, 

4. Every right-angled triangle is divided into two isosceles tri- 
angles by a straight line drawn from the right angle to the middle point 
of the hypotenuse. 

Hence the joining line is equal to lialfthe hypotenuse. 

5. Draw a straight line at right angles to a given ^finite straight 
line from one of its extremities, without producing the given straight 
tine. 

[Let AB be the given straight line. On AB describe qai'^ \^o<8«^^<&'^ 
triaiigle ACB. Produce BC to D, making CD ec^uaV \>o ^C ^OkVtx 
AD. 22wn aluUJ AD be |)crpendicular to AB.) 
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11. Trisect a right angle. 

7. The angle contained by the bisectors of the angles at tihA base 
of nn isosceles triangle is equal to an exterior angle formed liy pro- 
ducing the base. 

8. The angle contained by the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of the remaining angles. 



The followinfjj theorems were added as corollaries to 
Proposition 32 hy Rol)ert Simson. 

CoROLixA.RY 1. All the interior angles of any rectilineal 
/if/nre, vnth four i^fht amjles, are together eqvul to twice as 
7iimit/ right (ingles as th/i figure Ims sides. 




Let ABODE 1)0 any rectilineal figure. 

Take F, any point within it, 

and join F to each of tire angular points of the figure. 

Then tlio figui'o is divided into as many triangles as it has 

sides. 
And tlio throe angles of ea(;li triangle are together equal 

to two right angles. i. 32. 

ITonce all the angles of all the triangles are together equ.al 
to twice as many right angles as the iigure has sides. 

]»ut all the angles of all the tiiangles make up the in- 
terior angles of the figure, together with the anglcMi 
at F; 

and the angles at F are togetlier equal to four right 
angles: x.^ i. 1.5, Cor. 

Therefore all tluVinterior angles of the figure, with four 
right angles, anN together equal to t\vic<j as many right 
angles as the figure has sides, q. K D, 
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Corollary 2. If ilie sides of a rectilineal Ji(/ure, which 
Juis no re-entrant angle^ are produced in order, then all the ex- 
terior .angles so formed are together equal to four right angles. 




For at each angular point of the figure, the interior angle 
and the exterior angle are together equal to two right 
angles. L 13. 

Therefore all the interior angles, with all tlie exterior 
angles, are together equal to twice as many right angles 
as the figure has sides. 

But all the interior angles, with four right angles, are to- 
gether equal to twice as many right angles as the figure 
has sides. i. 32, Cor, 1. 

Therefore all the interior angles, with all the exterior 
angles, are together equal to all the interior angles, witli 
four right angles. 

Therefore the exterior angles are together equal to four 
right angles. Q. E. d. 

EXERCISKS ON SIMSONS COROLLARIES. 

. [A polygon is said to be reg^ular when it has all its sides and all its 
angles equal.] 

1. Express in terms of a right angle the magnitude of each angle 
of (i) a regular hexagon, (ii) a regular octagon. 

2. If one side of a regular hexagon is produced, shew that the ex- 
terior angle is equal to the angle of an equilateral triangle. 

3. Prove Simson's first Corollary by joining one vertex of the 
rectilineal figure to each of the other vertices. 

4. Find the magnitude of each angle of a regular polygon of 
n sides. " 

5. If the alternate sides of any polygon be produced to meet,, the 
sum of the included angles, together with ei^ht right angles, will 
be equal to twice as many right angles as the figure ha.& sidK^^. 
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Proposition 33. Theorem. 

The straight liiies ivhich join tite extremities of two equa 
a)id parallel straight lines toioards tlie same parts are t/iem 
selves equal and parallel. 




Let AB and CD Ije equal and parallel straiglit lines; 
and let them be joined towards the same parts by the 
straight lines AC and BD : 

then shall AC and BD be equal and parallel. 

Construction, Join BC. 

Proof. Tlien because AB and CD are parallel, and BC 
meets them, 

therefore the alternate angles ABC, BCD are equal, i. -9. 

Now in the triangles ABC, DCB, 

1AB is equal to DC, II yp- 

and BC is common to both; 
also the angle ABC is equal to the angle 
DCB; Proved. 

therefore the triangles are equal in all respects; i. 4. 
so that tlie base AC is equal to the base DB, 
and the angle ACB equal to the angle DBC; 
but these are alternate angles ; 
therefore AC and BD are parallel: i. 27. 

and it has been shewn that they are also equal. 

Q.E.D. 

Definition. A Paralielograin is a four-sided figure 
whose opposite sides are parallel. 
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Proposition 34. Theorem. 

oppoaite sides and angles of a jjarallelogram aire 
one another, and each diagonal bisects the jmrallelo- 




ACDB be a parallelogram, of wliich BC is a diagonal: 
lall the opposite sides and angles of the figure be 
o one another; and the diagonal BC shall bisect it. 

*o/. Because AB and CD are parallel, and BC meets 

fore the alternate angles ABC, DCB are equal, i. 29. 
iin, because AC and BD are parallel, and BC meets 

jfore the alternate angles ACB, DBC arc equal, i. 29. 

Hence in the triangles ABC, DCB, 
tJie angle ABC is equal to the angle DCB, 
and the angle ACB is equal to the angle DBC; 
[also the side BC, which is adjacent to the equal 
angles, is common to both, 
re the two triangles ABC, DCB are equal in all 
jcts; I. 26. 

so that AB is equal to DC, and AC to DB; 
and tlie angle BAC is equal to the angle CDB. 

, because the angle ABC is ecjual to the angle DCB, 

and tJie angle CBD equal to the angle BCA, 
re the whole angle ABD is equal to the whole angle 

• 

nee it has been sliewn that the triangles ABC, DCB 

jqual in all respects, 

ore the diagonal BC bisects the parallelogram ACDB. 

[See note on next page.'\ 
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NoT£. To the proof which is here given Euclid added an ; 
tion of Proposition 4, with a view to shewing that the triangle 
DCB are equal in area^ and that therefore the diagonal BC bis 
parallelogram. This equality of area is however sufficiently esti 
by the step which depends upon x. 26. [See page 48.] 



EXERCISES. 

1. If one angle of a parallelogram is a right angle, all its ah 
right angles. 

2. If the opposite sides of a quadrilateral are equals the Jig 
parallelogram, 

3. If the opposite angles of a quadrilateral are equal, thcj 
a parallelogram, 

4i. If a quadrilateral has all its sides equal and one 
right angle, all its angles are right angles; that is, all the ai 
a square are right angles. 

6. The diagonals of a parallelogram bisect each otlier. 

6. If tJie diagonals of a quadrilateral bisect each other, th 
is a parallelogram. 

7. If two opposite angles of a parallelogram are bisected 
diagonal which joins them, the figure is equilateral. 

8. If the diagonals of a parallelogram arc equal, all its auj 
right angles. 

9. In a parallelogram which is not rectangular the diagoi 
unequal. 

10. Any straight line drawn through the middle point of a d 
of a parallelogram and terminated by a pair of opposite fc 
bisected at that point. 

11. If two parallelograms liave two adjacent sides of one c 
tico adjacent sides of the other, each to each, and one angle of oi 
to one angle of the other, the parallelograms are equal in all res} 

12. Two rectangles are equal if two adjacent sides of . 
equal to two adjacent sides of the other, each to each. 

13. In a parallelogram the perpendiculars drawn from one 
opposite angles to the diagonal which joins the other pair are c 

14. If ABCD is a parallelogram, and X, Y respectively the 
points of the sides AD, BC ; shew that the figure AYCX is a pc 
gram. 
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MISCELLANEOUS EXERCISES ON SECTIONS I. AND II. 

1. Shew that the construction in Proposition 2 may generally be 
erformed in eight different ways. Point out the exceptional case. 

2. The bisectors of two vertically opposite angles are in the same 
braight line. 

3. In the figure of Proposition 16, if AF is joined, shew 

(i) that AF is equal to BC ; 

(ii) that the triangle ABC is equal to tho triangle CFA in all 
respects. 

4. ABC is a triangle right- angled at B, and BC is produced to D : 
shew that the angle ACD is obtuse. 

5. Shew that in any regular polygon of n sides each angle contains 

2(n-2) . 

— i right angles. 

6. The angle contained by the bisectors of tho angles at the base 
of any triangle is equal to the vertical angle together with half the 
sum of the base angles. 

7. The angle contained by the bisectors of two exterior angles of 
any triangle is equal to half the sum of the two corresponding interior 
angles. 

8. If perpendiculars are drawn to two intersecting straight lines 
from any point between them, shew that the bisector of the angle 
between the perpendiculars is parallel to (or coincident vdih) the 
bisector of the angle between the given straight lines. 

9. If two points P, Q be taken in the equal sides of an isosceles 
triangle ABC, so that BP is equal to CGI, shew that PQ is parallel to 
BC. 

10. ABC and DEF are two triangles, such that AB, BC are equal 
and parallel to DE, EF, each to each; shew that AC is equal and 
parallel to DF. 

11. Prove the second Corollary to Prop. 32 by drawing through 
any angular point lines parallel to all the sides. 

12. If two sides of a quadrilateral are parallel, and the remaining 
two sides equal but not parallel, shew that the opposite ^lDl^^'* ^'^^ 
supplementary; also that the diagonals are equal. 



SECTION III. 



THE AREAS OP PAKALLELOGKAMS AND TRIANGLES. 



Hitherto when two ligm-es have been said to be equal, it has 
been implied that they are identically equal, that is, equal in all 
resiHJcts. 

In Section III. of Euchd's first Book, we have to consider 
the equality in area of ijarallelograms and triangles which are 
not necessarily equal in all respects. 

[The ultimate test of equality, as we have already seen, is afforded 
by Axiom 8, which asserts that magnitudes which may be made U 
coincide with one another are equal. Now figures which are not identi 
cally equal, cannot be made to coincide without first undergoing sonw 
change of form : hence the method of direct superposition is unsuite( 
to the purposes of the i^resent section. 

We shall see however from Euclid's proof of Proposition 35, tha 
two figures which are not identically equal, may nevertheless be s( 
related to a third figure, that it is possible to infer the equality o 
their areas.] 

Definitions. 

1. The Altitude of a parallelogram with reference to i 
given side as base, is the perpendicular distance betweei 
the base and tlie opposite side. 

2. The Altitude of a triangle with reference to a giver 
side as base, is the perpendicular distance of the oppositt 

vertex from the base. 
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Proposition 35. Tueoreai. 

ParaUelogranhs on the same haae^ and between the aa/ue 
P<^allehf, are equal in area, 

F A DE F A E p F 





Let the parallelograms A BCD, EBCF be on the same 
base BC, and between the same parallels BC, AF : 

then shall the parallelogram A BCD be equal in area to 
tJie parallelogram EBCF. 

Case I. If the sides of the given parallelograms, oppo- 
site to the common base BC, are terminated at the same 
[)oint D: 

;hen because eacli of the parallelograms is double of the 

triangle BDC; i. 34. 

therefore they are equal to one another. Ax. 6. 

Case II. But if the sides AD, EF, opposite to the base 
3C, are not terminated at the same point : 

then because A BCD is a parallelogram, 
therefore AD is equal to the opposite side BC; i. 34. 
and for a similar reason, EF is equal to BC ; 

therefore AD is equal to EF. Ax. 1. 

Sence the whole, or remainder, EA is equal to the whole, 
or remainder, FD. 

Then in the triangles FDC, EAB, 

{FD is equal to EA, Proved, 

and DC is equal to the opposite side AB, i. 34. 
also the exterior angle FDC is equal to the interior 
opposite angle EAB, I. 39. 

herefore the triangle FDC is equal to the triangle EAB. i. 4. 
From the whole figure ABCF take the triangle FDC; 
,nd from the same figure take the equal triangle EAB ; 

then the remainders are equal ; Ax, 3. 

hat is, the parallelogram A BCD is ec{aa\ \ss ^^^f^nR^ ^^T^i^<^^- 
gram EBCF, ^:%.:^^ 
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Proposition 36. Theorem. 

Paralleloyrartis on equal bases, and bettveen tJie san 
parallels, are equal in area. 




Let A BCD, EFGH be parallelograms on equal bases BC 
FG, and between the same parallels AH, BG : 
then shall the parallelogram A BCD be equal to the para 
lelogram EFGH. 

Construction. Join BE, CH. 

Proof. Then because BC is equal to FG ; Ht/p 

and FG is equal to the opposite side EH ; i. 34 

therefore BC is equal to EH : Aon. 1 

and they are also parallel; Hi/]) 

therefore BE and CH, which join them towards the sam( 

parts, are also equal and parallel. i. 33 

Therefore EBCH is a parallelogram. Def. 26 

Now the parallelogram A BCD is equal to EBCH ; 

:^or they are on the same base BC, and between the sann 

parallels BC, AH. i. 35 

Also the parallelogram EFGH is equal to EBCH; 
for they are on the same base EH, and between the sam 
parallels EH, BG. i. 3f 

Therefore the parallelogram A BCD is equal to the para 
lelogram EFGH. Ax, 1 

Q. E. D. 

From the last two Propositions we infer that : 

(i) A parallelogram is equal in area to a rectaiigle of equo 
ha^e and equal altitvde. 

(ii) Parallelograms on equal bases and of equal altitudes aa 
eqttal in area. 
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(i i i ) Of two parallelograms of equal altitudes^ that is tJie greater 
whicfi has the greater base ; and of two parallelogranis 
on ejiuil bases, that is the greater which has the greater 
altitmic. 



Proposition 37. Theorem. 

Trianghs on the sam^e hase^ and between the same paral- 
lels, are eqtial in area. 




Let the triangles ABC, DBC be upon the same base BC, 
and between the same parallels BC, AD. 
Then shall the triangle ABC be equal to the triangle DBC. 

Construction. Through B draw BE parallel to CA, to 

meet DA produced in E; i. 31. 

tlirough C draw CF parallel to BD, to meet AD produced in F. 

Proof. Then, by construction, each of the figures EBCA, 
DBCF is a parallelogram. J)ef. 2G. 

And EBCA is equal to DBCF; 
for they are on the same base BC, and between the same 
parallels BC, EF. i. 35. 

And the triangle ABC is half of the parallelogram EBCA, 
for the diagonal AB bisects it. i. 3 k 

Also the triangle DBC is half of the parallelogram DBCF, 
for the diagonal DC bisects it. i. 34. 

But the halves of equal things are equal ; Ax. 7. 
therefore the triangle ABC is equal to the triangle DBC. 

Q.K.D. 

[For Exercises see page T^\ 
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Proposition 38. Theorem. 



IWunujlfn 071 equal basps, artd hptwp.p.n the. same pa/ralhds^ 

are e<pia.l hi a/rra. 




Let the triangles ABC, DEF be on equal bases BC, EF, 
and between the same parallels BF, AD : 
then shall the triangle ABC be equal to the triangle DEF. 

Construction. Through B draw BG parallel to CA, to 
meet DA produced in G ; i. 31. 

through F draw FH parallel to ED, to meet AD produced in H. 

Proof. Then, by construction, each of the figures GBOA, 
DEFH is a parallelogram. Def. 26. j 

And GBCA is equal to DEFH ; 
for they are on equal bases BC, EF, and between the same 
parallels BF, GH. I. 36. 

And the triangle ABC is half of the parallelogram GBCA, 

for the diagonal AB bisects it. i. 34. 

Also the triangle DEF is half the parallelogram DEFH, 

for the diagonal DF bisects it. i. 34. 

But the halves of equal things are equal: Ax, 7. 
therefore the triangle ABC is equal to the triangle DEF. 

Q.E.D. 

From this Proposition 'we infer that : 

(i) Triangles on equal ha^es awl of equal, altitude are equal 
in area. 

(ii) Of two triangles of tJw same altitude, that is iJie greater 
which has the greater base : and of two triangles on the same base^ 
or on equal bases, tlicU is the greater which has the greater altitude* 

[For Exercises see page 73.] 
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Proposition 39. Theorem. 

IHquaZ triangles on t/ie same basfi, and on the ^am^^. side. 
^ it^ are hetv^^en the 8at}ie parallels. 




Let the triangles ABC, DBC which stand on tlie same 
ase BC, and on the same side of it, be equal in area : 
then shall they be between the same parallels ; 
that is, if AD be joined, AD shall be parallel to BC. 

Construction. For if AD be not parallel to BC, 

if possible, through A draw AE parallel to BC, i. 31. 
meeting BD, or BD produced, in E. 
Join EC. 

^)^oo/. Now the triangle ABC is equal to the triangle EBC, 
3£ they are on the same base BC, and between the same 
parallels BC, AE. i. 37. 

But the triangle ABC is equal to tlie triangle DBC; Hi/p. 
herefore also the triangle DBC is equal to the triangle EBC; 
the whole equal to the part ; whicli is impossible. 

Therefore AE is not parallel to BC. 
Similarly it can be shewn that no other straigl)t line 
through A, except AD, is parallel to BC. 

Therefore AD is parallel to BC. 

g.K.n. 

From this Proposition it follows tliat : 

Eqiial triangles on the same base liave equal altitiide^. 

[For Exercises see page 7j^.'\ 
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Proposition 40. .Theorem. 



Equal triangles^ on equal bases in the same straigJU lin^ 
and on the same side of it^ are between the sam^e parallels. 




Let the triangles ABC, DEF wliich stand on equal bases 
BC, EF, in the same straiglit line BF, and on the same side 
of it, be equal in area : 

then shall they be between the same parallels; 
that is, if AD be joined, AD shall be parallel to BF. 

Construction. For if AD be not parallel to BF, 

if possible, through A draw AG parallel to BF, i. 31. 
meeting ED, or ED produced, in G. 
Join GF. 

Proof, Now the triangle ABC is equal to the triangle GEF, 
for they are on equal bases BO, EF, and between tho 
same parallels BF, AG. i. 38. 

But the triangle ABO is equal to the triangle DEF : Hyp^ 
therefore also the triangle DEF is equal to the triangle GEF: 
the whole equal to the part ; which is impossible. 
Therefore AG is not parallel to BF. 

Similarly it can be shewn that no other straight line 
through A, except AD, is parallel to BF. 

Therefore AD is parallel to BF. 

Q.E.D. 

From this Proposition it follows that : 

(i) Equal triangles on equal bases have equal altitudes, 
in) Eqiial triangles of eqiud altitudes Jmve equal bases. 



\ 
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EXERCISES ON PROPOSITIONS 37 40. 

Definition. Each of tlie three straight lines which join 
the angular points of a triangle to the middle points of the 
opposite sides is called a Median of the triangle. 

ON Prop. 37. 

1. If, in the figure of Prop. 37, AC and B D intersect in K, shew that 

(i) the triangles A KB, DKC are equal in area, 
(ii) the quadrilaterals EBKA, FCKD are equal. 

2. In the figure of i. 16, shew that the triangles ABC, FBC are 
equal in area. 

3. On the base of a given triangle construct a second triangle, 
equal in area to the first, and having its vertex in a given straight 

line. 

4. Describe an isosceles triangle equal in area to a given triangle 
and standing on the same base. 

ON Prop. 38. 

5. A triangle is divided by each of its viedianH into tivo parts of 
eqml area. 

6. A parallelogram is divided by its diagonals into four triangles 
of equal area. 

7. ABC is a triangle, and its base BC is bisected at X ; if Y 
^ any point- in^the median AX, shew that the triangles ABY, ACY are 
equal in area. 

8. In AC, a diagonal of the parallelogram A BCD, any point X is 
taken, and XB, XD are drawn: shew that the triangle BAX is equal 
to the triangle DAX. 

9. If two triangles have two sides of one respectively equal to two 
sides of the other, and the angles contained by those sides snppleinent- 
an/, the triangles are equal in area. 

ON Prop. 39. 

10. The straight line which joins the jniddle points of two sides of 
0' triangle is parallel to the third side. 

11. If two straight lines AB, CD intersect in O, so that the triangle 
AOC is equal to the triangle DOB, sheiv that AD and CB are parallel. 

ON Prop. 40. 

12. Deduce Prop. 40 from Prop. 39 by joining AE, AF in the 
figure of page 72. 
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Proposition 41. Theorem. 

If a parcdlelogram and a triangle he on Urn sams ham 
and betwepu the same paralleh, the paraUelograin n/iall ha 
donhle of the triangle. 




T^et tho parallelogram ABCD, and tlio triangle EBC be 
upon tho same base BC, and l)etween the same parallels 
BC, AE : 

then shall the parallelogram ABCD be double of the triangle 
EBC. 

Construction. Join AC. 

Proof. Then the triangle ABC is equal to tho triangle EBC, 

for tliey are on the same base BC, and between the same 

parallels BC, AE. I. 37. 

But the parallelogram ABCD is double of the triangle ABC, 
for the diagonal AC bisects the parallelogram. 1.34. 

Therefore tho parallelogram ABCD is also double of the 
trianoflo EBC. Q.E.D. 






I 



EXERCISES. 

1. ABCD is a jjavallelograra, and X, Y arc the middle i)oint8 ol 
the sides AD, BC; if Z is any point in XY, or XY produced, ahflW 
that tlie triangle AZ B is one quarter of tlie parallelogram ABCD. 

2. Describe a right-angled isosceles triangle equal to a given squAXB* 

3. If ABCD is a parallelogram, and XY any points in DC and AD 
respectively: shew tliat the triangles AXB, BYC are equal in 



M 



4. ABCD is a parallelogram, and P is any point within it; Bbfli 
that the sum of the triangles PAB, PCD is equal to half the put! 
Jelogzam. 



BOOR I. PROP. 45*. 



Proposition 42. Prorlkm. 



To descrif}^' a parallelogram that aJiall he equal to a given 
ia/t%gl€, and have one of its anglei^ equal to a given angle. 




Xiet ABC be the given triangle, and D the given angle. 
fc is required to describe a parallelogram equal to ABC, and 
aving one of its angles equal to D. 

Constt^v^tion. Bisect BC at E. i. 10. 

At E in CE, make th:> angle CEF equal to D ; i. 23. 
through A draw AFG parallel to EC ; i. 31. 

and through C draw CG parallel to EF. 
Then FECG shall be the parallelogram required. 

Join AE. 

Proof, Now the triangles ABE, A EC are equal, 
for they are on equal bases BE, EC, and between the same 
parallels; i. 38. 

therefore the triangle ABC is double of the triangle A EC. 
But FECG is a parallelogram by construction ; Def. 20. 
and it is double of the triangle AEC, 
for they are on the same base EC, and between the same 
parallels EC and AG. i. 41. 

Therefore the parallelogram FECG is equal to the triangle 

ABC; 
and it has one of its angles CEF equal to the given angle D. 

Q. E. F. 

EXERCISES. 

1. Describe a parallelogram equal to a given square standing on 
the same base, and having an angle equal to half a right angle. 

2. Describe a rhombus equal to a given paxaWeVo^ioro. ^^xi^ ^\axA- 
ing on the same base. When does the construction iaW'i 
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Definition. Tf in the diagonal of a parallelogram anj 
point is taken, and straight lines are drawn through ft 
parallel to the sides of the parallelogram; then of the four 
parallelograms into which the whole ligure is divided, tlw 
two through which the diagonal passes are called PBial- 
lelograms about that diagonal, and the other two, which 
with these make up tlie whole figure, are called the 
complemeiits of the parallelograms about the diagonal. 

Thus in the figure p:iven below, AEKH, KGCF are parallelograms 
about the diagonal AC; and HKFD, EBGK are the complements of 
tliose parallelograms. 

Note. A parallelogram is often named by two letters only, these 
bein*; placed at opposite angular points. 



Proposition 43. Theorem. 

The coinplemerits of tite jMrallelograms about the diagonal 
of any parnUelogram, are equal to one another. 







Let A BCD he a parallelogram, and KD, KB the comple- 
ments of the parallelograms EH, GF about the diagonal AC: 
then shall tlie complement BK be equal to the comple- 
ment KD. 
Proof, Because EH is a paiallelogram, and AK its diagonal, 
therefore the triangle AEK is equal to the triangle AHK. i. 3^. 
For a similar reason the triangle KGC is equal to tlie 

triangle KFC. 
Hence the triangles AEK, KGC are together equal to the f. 
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But the whole triangle ABC is equal to the whole triangle 
ADC, for AC bisects the parallelogram ABCD ; I. 34. 

ihereforethe remainder, the complement BK, is equal to the 
remainder, the complement KD. q.£.d. 

EXERCISES. 

In the figure of Prop. 43, prove that 

(i) The parallelogram ED is equal to the parallelogram BH. 

(ii) If KB, KD are joined, the triangle AKB is equal to the 
triangle AKD. 

Proposition 44. Problem. 

To a given straight line to apply a jmrallelogram which 
sJiall he equal to a given triangle^ and have one of its angles 
equal to a given angle. 



F E 




Let AB be the given straight line, C the given triangle, 
and D the given angle. 

It is required to apply to the straight line AB a paral- 
lelogram equal to the triangle C, and having an angle equal 
to the angle D. 

Constructimi. On AB produced describe a parallelogram 
BEFG equal to the triangle C, and having the angle EBG 
equal to the angle D; i. 22 and i. 42*. 

through A draw AH parallel to BG or EF, to meet FG pro- 
duced in H. I. 31. 

Join HB. 

* This step of the construction is effected by first describing on AB 
produced a triangle whose sides are respectively equal to those of the. 
triangle C (i. 22) ; and by then making a paiaHeVo^WbTo. Q;n^<a\ \a ^'i 
triiuiiile so drawn, And having an angle equal to O ^i. 42^. 
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Then because AH and EF are parallel, and HF meets ther 

therefore the angles AHF, HFE are together equal to t 

right angles : i. ; 

hence the angles BHF, HFE are together less than t 

right angles; 
therefore HB and FE Mill meet 7f produced towards 
and E. ► Ax. ] 

Produce them to meet at K. 

Through K draw KL parallel to EA or FH ; i. t 
and produce HA, GB to meet KL in the points L and M. 
Then shall BL be the parallelogram required. 

Praqf. Now FHLK is a parallelogram, Conis< 

and LB, BF are the complements of the parallelograi 
about the diagonal HK: 

therefore LB is equal to BF. i. ^ 

But the triangle C is equal to BF; C(yns 

therefore LB is equal to the triangle C. 

And because the angle GBE is equal to the vertically op] 
site angle ABM, i, '. 

and is likewise equal to the angle D ; Com 
therefore the angle ABM is equal to the angle D. 

Therefore the parallelogram LB, which is applied to i 
straight line AB, is equal to the triangle C, and has i 
angle ABM equal to the angle D. Q.E.F, 
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PiiorosiTioN 45. Problem . 

To describe a paraUeloyraui, equal to a yicetb rectilineal 
Jiyure, and having an angle equal to a given angle. 




\ 
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Let A BCD be the given rectilineal ligure, and E the 
given angle. 

It is required to describe a parallelogram equal to A BCD, 
and having an angle equal to E. 

Suppose the given rectilineal figui-e to be a quadiilatoral. 

Construction, Join BD. 

Describe the parallelogram FH equal to the triangle ABD, 

and having the angle FKH equal to the angle E. i. 42. 

To QH apply the parallelogram GM, equal to the triangle 

DBC, and having the angle GHM equal to E. i. 44. 

Then shall FKML be the parallelogram required. 

Proof. Because each of the angles GHM, FKH is equal to E, 
therefore the angle FKH is equal to the angle GHM. 
To each of these equals add the angle G H K ; 
then the angles FKH, GHK are together equal to the angles 
GHM, GHK. 
But since FK, GH are parallel, and KH meets them, 
therefore the angles FKH, GHK are together equal to two 
right angles : i. 29. 

therefore also the angles GHM, GHK are together equal to 
two right angles : 

therefore KH, HM are in the same straight line. i. 14. 
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-Vij.iiii, Ixjcause KM, FG arc parallel, and HG meets them, 
theieforo tlic alternate angles MHG, HGF are equal : i. 29 

to each of these equals add the angle HGL ; 
then the angles MHG, HGL are together equal to the angles 
HGF, HGL. 

]^iit because HM, GL are parallel, and HG meets tliem, 
tlierefore the angles MHG, HGL are together equal to 
two riglit angles: " I. 29. 

therefore also the angles HGF, HGL are together equal to 
two riglit angles : 

therefore FG, GL are in the same straight line. i. 14. 

And because KF and ML are each parallel to HG, Go^istr. 
tlierefore KF is parallel to ML; I. 30. 

and KM, FL are parallel ; Consir. 

therefore FKML is a parallelogram. De/. 26. 
And l:)ecause the parallelogram FH is equal to the triauglf 
ABD, Comir 

and the parallelogram GM to the triangle DBC ; Comti 
tlierefore the whole parallelogram FKML is equal to tl: 
whole figure ABCD ; 

and it has the angle FKM equal to the angle E. 

By a series of similar steps, a parallelogram may 
constructed equal to a rectilineal figure of more than £< 
sides. Q.E.F 
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Proposition 46. Problem. 

To describe a square on a given straight line, 

C 



B 

Let AB be the given straight line : 
it is required to describe a square on AB. 

Constr. From A draw AC at right angles to AB ; i. 11. 

and make AD equal to AB. i. 3. 

Through D draw DE parallel to AB; i. 31. 

and through B draw BE parallel to AD, meeting DE in E. 

Then shall A DEB be a square. 

Proof, For, by construction, A DEB is a parallelogram : 
therefore AB is equal to DE, and AD to BE. i. 34. 
But AD is equal to AB ; Conntr. 

therefore tlie four straight lines AB, AD, DE, EB are equal 
to one another; 

that is, the figure ADEB is equilateral. 
Again, since AB, DE are parallel, and AD meets them, 
therefore the angles BAD, ADE are together equal to two 
right angles ; i. 29. 

but the angle BAD is a right angle ; Constr. 

therefore also the angle ADE is a right angle. 
And the opposite angles of a parallelogram are equal ; i. 34. 
therefore each of the angles DEB, EBA is a right angle : 
that is the figure ADEB is rectangular. 
Hence it is a square, and it is described on AB. 

OoROLLABT. If 0716 angle of a parallelograia %» a T^gKt 
<5^4 a^^ emgles are right anglss. 
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Proposition" 47. Theorem. 

In a ri(/ht-angled triangle the square described on i 
hypotenuse is equal to (he sum of the squares descrnbed < 
the other two sides. 




Let ABC be a right-angled triangle, having the ang 
BAG a right angle : 

tlien shall the square described on the hypotenuse BC 1 
equal to the sum of the squares described on BA, AC. 

Construction. On BC describe the square BDEC; i. 4' 
and on BA, AC describe the squares BAGF, ACKH. 
Througli A draw AL parallel to BD or CE ; i. 3 
and join AD, FC. 

Proof. Then because each of tiie angles BAG, BAG is 
right angle, 

therefore GA and AG are in the same straight line. i. 1' 

Now the angle GBD is equal to the angle FBA, 
for each of them is a right angle. 
Add to each the angle ABC : 
then the whole angle ABD ia eqvia\ to tVv^ ^\vcA^ aia^le FBC 
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Then in tlie triangles ABD, FBC, 

[ AB is equal to FB, 

Because -! and BD is equal to BC, 

[also the angle ABD is equal to the angle FBC ; 
therefore the triangle ABD is equal to the triangle FBC. 1.4. 

Now the parallelogram BL is double of the triangle ABD, 
for they are on the same biise BD, and between the same 
parallels BD, AL. i. 41. 

And the square QB is double of the triangles FBC, 
for they are on the same base FB, and between th(^ same 
parallels FB, GC. i. 41. 

But doubles of equals a!'e equal : Ax. G. 

therefore the parallelogram BL is equal to the scjuare GB. 

In a similar way, by joining AE, BK, it can bo shewn 
that the parallelogram CL is equal to the scjuare CH. 

Therefore the whole square BE is equal to the sum of the 
squares GB, HC : 

that is, the square descril)ed on the hypotenuse BC is equal 
to the sum of the squares descril)0(l on the two sides 
BA, AC. Q.E.I). 

• 

Note. It is not necessary to the proof of this Proposition that 
the three squares should be described external to the triangle ABC; 
and since each square may be drawn either towariU or away from the 
triangle, it may be shewn that there are 2x2x2, or eighty possible 
constructions. 




EXERCISES. 

,1. In the figure of this Proposition, shew that 

(i) If BG, CH are joined, these straight lines are parallel; 

(ii) The points F, A, K are in one straight line; 

(iii) FC and AD are at right angles to one another; 

(iv) If GH, KE, FD are joined, the triangle GAH is equal 
to the given triangle in all respectti*, an^ \\\^ \.t\»."^siN^"^ 
FBD, KCE are eR^ equal in area to t\iO \,TvaTi.\^e K^C 
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2. On the sides AB, AC of any triangle ABC, squa: 
ACKH are described both toward the triangle, or both c 
remote from it : shew that the straight lines BH and CG a 

3. On the sides of any triangle ABC, equilateral triai 
CAY, ABZ are described, all externally, or all towards tb 
shew that AX, BY, CZ are all equal. 

4. The square described on the diagonal of a (jicen 
double of the given square. 

5. ABC is an equilateral triangle, and AX- is the pe 
drawn from ^ to BC: »hew that the square on AX is thre 
square on BX. 

6. Describe a square equal to the sum of two given sqi 

7. From the vertex A of a triangle ABC, AX is drawi 
cular to the base : shew that the difference of the squares c 
AB and AC, is equal to the difference of the squares on B 
the segments of the base. 

8. If from any point O within a triangle ABC, per] 
OX, OY, OZ are drawn to the sides BC, CA, AB respecti 
that the sum of the squares on the segments AZ, BX, CY 
the sum of the squares on the segments AY, CX, 3Z. 



Proposition 47. Alternative Proof. 
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Let CAB be a right-angled triangle, having the anglo { 
angle : 

then shall the square on the hypotenuse BC be equal to 
the squares on BA, AC. 
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• 

On AB describe the square ABFG. i. 46. 

From FQ and QA cut off respectively FD and GK, eacli equal 

to AC. I. 8. 

On GK describe the square GK EH : i. 46. 

then HG and GF are in the same straight line. 1. 14. 

Join CE, ED, DB. 

It will first be shewn that the figure CEDB is the square on CB. 

Now CA is equal to KG ; add to each AK: 

therefore CK is equal to AG. 

Similarly DH is equal to GF: 

lience the four lines BA, CK, DH, BF are all equal. 

Then in the triangles BAC, CKE, 

V BA is equal to CK, Proved, 

Because -I and AC is equal to KE; Comtr, 

I also the contained angle BAC is equal to the contained 

' angle CKE, being right angles ; 

therefore the triangles BAC, CKE are equal in all respects, i. 4. 

Similarly the four triangles BAC, CKE, DHE, BFD may be shewn 

to be equal in all respects. 
Therefore the four straight lines BC, CE, ED, DB are all equal; 
that is, the figure CEDB is equilateral. 

Again the angle CBA is equal to the angle DBF ; F roved. 
add to each the angle ABD : 
then the angle CBD is equal to the angle A^F : 

therefore the angle CBD is a right angle. 
Hence the figure CEDB is the square on BC. l)ej\ 28. 

And EHGK is equal to the square on AC. Constr. 

Kow the square on CEDB is made up of the two triangles BAC, CKE, 

and the rectilineal figure AKEDB ; 
therefore the square CEDB is equal to the triangles EHD, DFB 

together with the same rectilineal figure ; 

but these make up the squares EHGK, AGFB: 
lience the square CEDB is equal to the sum of the squares EHGK, 

AGFB: 
that is, the square on the hypotenuse BC is equal to the sum of the 

squares on the two sides CA, AB. q. e. i>. 



Obs, The following properties of a square, though not 
formally enunciated by Euclid, are employed in subsequent 
proofs. [See i. 48.] 

(i) T/ie squares on equal straiyht lines are eqitaL 
(ii) Equal squares stand U2)o)b equal straxylit liai^js. 



Euclid's elemicinxo. 



Proposition 48. Theorem. 



If the square described on one side of a triwngle be eqtial 
the smn of the squares described on the otiter tioo sides, ilien 
te aiigle contained by these two sides shall be a right angle. 




L«t ABC l)e a triangle ; .-lud let the squai-e described on 
BC be equal to the sum of the squares described on BA, AC: 
then shall the angle BAC be a right angle. 

Construction. From A draw AD at right angles to AC; 1. 11. 

and make AD equal to AB. I. 3. 

Join DC. 

Proof. Then, because AD is equal to AB, Constr. 
tliereforethe square on AD is equal to the square on AB. 
To each of these add the square on CA; 
then the sum of the squares on CA, AD is equal to the sui 
of the squares on CA, AB. 

But, l^ecause the angle DAC is a i-ight angle. Const 
therefore the square on DC is equal to the sum of t 
squares on CA, AD. I. ' 

And, by liypothesis, the square on BC is equal to the s 
of the squares on CA, AB; 

therefore the square on DC is equal to the square on B 
therefore also the side DC is equal to the side BC. 
Then in the triangles DAC, BAC, 

!DA is equal to BA, Cc 

and AC is connnon to both ; 
also the third side DC is equal to the thirc 
. BC; r 

therefore the .ingle DAC is (iqual to the angle BAC 
But DAC is a right angle ; ( 

therefore also BAC is a right an^h*. g. 
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INTRODUCTORY. 

HINTS TOWARDS THE SOLUTION OF GEOMETRICAL EXERCISES. 

ANALYSIS. SYNTHESIS. 

It is commonlj found that exercises in Pure Geometry present 
to a beginner far more difficulty than examples in any other 
branch of Elementary Mathematics. This seems to be due to 
the following causes. 

(i) The main Propositions in the text of Euclid must be not 
merely understood, but thoroughly digested, before the exercises 
depending upon them can be successfully attempted. 

(ii) The variety of such exercises is practically unlimited ; 
and it is impossible to lay down for their treatment any definite 
methods, such as the student has been accustomed to find in the 
rules of Elementary Arithmetic and Algebra. 

(iii) The arrangement of Euclid's Propositions, though i>er- 
haps the most convincing of all forms of argument, affords in 
most cases little clue as to the way in which the proof or con- 
struction was discovered. 

Euclid's proix)sitions are arranged synthetically : that is 
to say, they start from the hyix)thesis or data ; they next pro- 
ceed to a construction in accordance with postulates, and i^ro- 
blems already solved ; then by successive steps based on known 
theorems, they finally establish the result indicated by the enun- 
ciation. 

Thus Geometrical Synthesis is a building up of known results, 
in order to obtain a ne^o result. 

But as this is not the way in which constructions or proofs 
are usually discovered, we draw the attention of the student to 
the following hints. 

Begin by assuming the result it is desired to establish ; then 
by working backwai-ds, trace the consequences of the assumption, 
and try to ascertain it.s dependence on some simpler theorem 
which is already known to be true, or on some condition which 
suggests the necessary construction. If this attempt is suc- 
cessful, the steps of the argument may in general be re-arranged 
in reverse order, and the construction and proof presented in a 
synthetic form. 
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This uuravelling of thfe conditions of a proposition ii 
to trace it back to some earlier principle on which it d 
is called geometrical analysis : it is the natural way of 
ing most exercises of a more difficult type, and it is es] 
adapted to the solution of problems. 

These directions are so general that they cannot be 
amount to a method: all that can be claimed for Geon 
Analysis is that it furnishes a mode of searchuu/ 
suggestion^ and its success will necessarily depend on tl 
ana ingenuity with which it is employed : these may be e: 
to come with experience, but a thorough grasp of the chi 
positions of Euclid is essential to attaining them. 

The practical application of these hints is illustrated 
following examples. 

1. Construct an isosceles triangle having given the base, 
sum of one of the equal sides and tlie jperpendicular drawu j 
vertex to the ba^e. 




K 



Let AB be the given base, and K the sum of one side 
perpendicular drawn from the vertex to the base. 

Analysis. Suppose ABC to be the required triangle. 

From C draw CX perpendicular to AB : 

then AB is bisected at X. 

Now if we produce XC to H, making XH equal to K, 

it follows that CH =CA ; 

and if AH is joined, 

we notice that the angle CAH = the angle CHA. 

Now the straight lines XH and AH can be drawn before the j 
of C is known ; 

Hence we have the following construction, which we , 
8;yntbeticaJly, 
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Synthesis. Bisect AB at X : 

from X draw XH perpendicular to AB, making XH equal to K. 

Join AH. 
At the point A in HA, make the angle HAC equal to the angle 
AHX ; and join CB. 

Then ACB shall be the triangle required. 

First the triangle is isosceles, for AC = BC. i. 1. 

Again, since the angle HAC = tiie angle AHC, Constr. 

.-. HC = AC. 1. 0. 

To each add CX ; 
then the sum of AC, CX = the sum of HC, CX 

= HX. 
That is, the sum of AC, CX = K. g. k. f. 

2. To divide a given straight line so that the square on one part 
niay he double of the square on the other. 



AC 



B 



Let AB be the given straight line. 



Analysis. Suppose AB to be divided as required at X : that is, 
suppose the square on AX to be double of the square on XB. 

Now we remember that in an isosceles right-angled triangle, the 
square on the hypotenuse is double of the square on either of the 
equal sides. 

This suggests to us to draw BC perpendicular to AB, and to make 
BC equal to BX. 

Join XC. 

Then the square on XC is double of the square on XB, i. 47. 

.-. XC = AX. 
And when we join AC, we notice that 

the angle XAC = the angle XCA. i. 5. 

Hence the exterior angle CXB is double of the angle XAC. i. 32. 

But the angle CXB is half of a right angle : i. 32. 

.*. the angle XAC is one-fourth of a right angle. 

This supplies the clue to the following conatixicWoTV. — 
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Synthesis. From B draw BD perpendicular to AB ; 
and from A draw AC, making BAG one-fourth of a right an 
From C, the intersection of AC and BD, draw CX, making th( 
ACX equal to the angle BAC. 

Then AB shall be divided as required at X. 

For since the angle XCA = the angle XAC, 
.-. XA=XC. 

And because the angle BXC = the sum of the angles BAC, ACX, 

.'. the angle BXC is half a right angle; 

and the angle at B is a right angle ; 

therefore the angle BCX is half a right angle ; 

therefore the angle BXC = the angle BCX ; 

.-. BX = BC. 

Hence the square on XC is double of the square on XB : 

that is, the square on AX is double of the square on XB. q. 



J. ON THE IDENTICAL EQUALITI' OF THLVNGLES. 

See Propositions 4, 8, 26. 

1. If in a triangle the perpendicular from the vertex on tl 
bisects the base, then the triangle is isosceles. 

2. If the bisector of the vertical angle of a triangle is ah 
pendicular to the base, the triangle is isosceles. 

3. If the bisector of the vertical angle of a triangle also 
the base, the triangle is isosceles. 

[Produce the bisector, and complete the construction aft 
manner of i. 16.] 

4. If in a triangle a pair of straight lines drawn from t 
tremities of the base, making equal angles with the sides, are eqi 
triangle is isosceles. 

5. If in a triangle the perpendiculars drawn from the extr( 
of the base to the opposite sides are equal, the triangle is isc 

C. Two triangles ABC, ABD on the same base AB, and on o] 
sides of it, ai'esuch that AC is equal to AD, and BC is equal t 
shew that the line joining the points C and D is perpendicular i 

7. If from the extremities of the base of an isosceles triang 
pendiculars are drawn to the opposite sides, shew that the si 
line joining the vertex to the intersection of these perpendiculars 
the vertic^ angle. 
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8. ABC is a triangle in which the vertical angle BAG is bisected 
y the straight line AX : from B draw BD perpendicular to AX, and 
reduce it to meet AC, or AC produced, in E; then shew that BD is 
q[ual to OE. 

9. In a quadrilateral A BCD, AB is equal to AD, and BC is equal 
DC : shew that the diagonal AC bisects each of the angles which it 
3ins. 

10. In a quadrilateral A BCD the opposite sides AD, BC are equal, 
md also the diagonals AC, BD are equal : if AC and BD intersect at 
<, shew that each of the triangles A KB, DKC is isosceles. 

11. If one angle of a triangle be equal to the sum of the other two, 
ihe greatest side is double of the distance of its middle point from the 
apposite angle. 

12. Two right-angled triangles which have their hypoteiinaes equal, 
mid one side of one equal to one side of the otiier, are identically equal. 





Let ABC, DEF be two a " right-angled at B and E, having AC 
equal to DF, and AB equal to DE : 

then shall the a '^ be identically equal. 

For apply the A ABC to the a DEF, so that A may fall on D, 
andAB along DE; and so that C may fall on the side of DE remote 
from F. 

Let C be the point on which C falls. 

Then since AB = DE, 

.*. B must fall on E ; 

so that DEC represents the A ABC in its new position. 

Now each of the z s dEF, DEC is a rt. l ; Hgp. 

.'. EF and EC are in one st. line. i. 14, 

Then in the a CDF, 
because DF=DC, 
.-. the Z DFC=the z DCF. i. r>. 

Hence in the two a^ DEF, DEC, 
( the Z DEF = the z DEC, being rt. l«; 
Because] and the Z DFE=:the Z DCE; Proved. 

( also the side DE is common to both ; 

.•. the A» DEF, DEC are' equal in all respects; i. 26. 

that is, the a** OEF, ABC are equal in all respects. q.k.d. 
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13. If two triangks have two sides of the one equal to tico sida tf 
the other, each to each, ami have likeicise the angles opposite to onupedt 
of equal sides equals the)i t/ie anql^'i o'ftpositc to the other pair of eqiiiA 
i>idrii are eithrr equal or siiiyplcmeiUat^y and in the foniier com (U 
triamjlc's are equal in all respects. 




liut ABC, DEF be two triangles, haviDg the side AB equal to the 
side DE, the side AC equal to the side DF, and the*Z_ ABC eqnal to 
the /_ DEF ; then shall the Z_* ACB, DFE be either equal or supple- 
mentary, and in the former case the triangles shall be equal in all 
respects. 

If theZ-BAC = thoz_EDF, 
then the triangles are equal in all respects. i. 4 

But if the z_ BAC be not equal to the £^ EDF, one of them must 1 

the greater. 
Let the L. EDF be greater than the U BAC. 
At D in ED make the Z- EDF' equal to the u BAC. 
Then the A* BAC, EDF' are equal in all respects. i. 5 

.-. AC = DP; 
butAC = DF; H 

:. DF = DF', 
/. the z_"DFF' = the'L. DF'F. i 

But the LJ DF'F, DF'E are supplementary, L 

.'. the L.* DFF', DF'E are supplementary : 
that is, the LJ DFE, ACB are supplementary. 

Q.E. 

Three cases of this theorem deserve special attention. 

It has been proved that if tho angles ACB, DFE are not 
they are supple^nciitary : 

And we know that of angles which are supplementary and u 
ouc must be acute and Iho other obtwsv^. 
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CoBOLLARiES. HcDce, in addition to the hypothesis of this 
heorem, 

(i) If the angles ACB, DFE, opposite to the two equal sides 
AB, DE are both acute, both obtuse, or if oner of them 
is a right angle, 

it follows that these angles are equal, 
and therefore that the triangles are equal in all respects. 

(ii) If the two given angles Jire right angles or obtuse angles, 
it follows that the angles ACB, DFE must lu; both 
acute, and therefore equal, by (i) : 
so that the triangles are equal in all respects. 

(iii) If in each triangle the side opposite the given angle is not 
less than the other given side ; that is, if AC and DF 
are not less than AB and DE respectively, then 
the angles ACB, DFE cannot be greater than the angles 
ABC, DEF respectively ; 

therefore the angles ACB, DFE, are both acute ; 
hence, as above, they are equal ; 
and the triangles ABC, DEF are equal in all respects. 



IT. ox INEQUALITIKS. 

See Propositions 16, 17, 18, 19, 20, 21, 24, 25. 

1. In a triangle ABC, if AC is not greater than AB, shew that 
.ny straight line drawn through the vertex A, and terminated by the 
>aBe BC, is less than AB. 

2. ABC is a triangle^ and the vertical angle BAC is bisected hy a 
straight line which meets the base BC in X ; sJiew that BA is greater 
than BX, and CA greater than CX. Hence obtain a 'proof of i. 20. 

3. The perpendicular is the shortest straight line that can be 
Aravon from a given point to a given straight line ; and of others ^ that 
vhich is nearer to the perpendicular is less than the more remote ; and 
tipo, and only two equal straight lines can be drawn from the given 
point to the given straight line, one on each side of the perpendicular. 

4. The sum of the distances of any point from the three angular 
■ points of a triangle is greater than half its perimeter. 

5. The sum of the distances of any point "witViiti a \,Tva.Tv\jL'ft Vtcrcsv 
M angular points is Jess than the perimeter of the triaiL^Q. 



( 
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i). The periiiiotor of n quadrilati'ral ia ^[I'eator than the sum of iii] 

diagonals. 



"n* 



7. The sum of the diagonals of a qaadrHateral is less than 
R\ini of the four straight lines drawn from tlic angular points to anj 
t^ivtn point. Prove this, and pci:it out the exceptional case. 

8. Ill a triangle any two sides are together greater than twice tkiti 
median which bisects the remaining side, [See Def. p. 78.] 

[Produce the median, and complete the construction after the ■{ 
manner of i. 10.] 

0. In any triangle the sum of the medians is less than the peri- 
meter. 

10. In a triangle an angle is acute, obtuse, or a right angle, 
according as the median drawn from it is greater than, less than, or 
equal to half the opposite side. [See Ex. 4, p. 59.J 

11. The diagonals of a rhombus are unequal. 

12. //' tlie vertical angle of a triangle is contained Irg unequal 
sideSf and if from the vertex the median and the bisector of the aiUfle 
are drawn, then the median lies within the angle contained hy the 
bii<ect(}r and the longer side. 

Lot ABC be a A, in whicli AB is greater 
than AC ; let AX be the modian drawn from 
A, and AP the bisector of tlio vertical 
ZBAC: 

then shall AX lie between AP and AB. 

Produce AX to K, making XK ecpial to 
AX. Join KC. 

Then the a" BXA, CXK may be shewn 
to be equal in all respects; i. 1. 

hence BA = CK, and the Z BAX = the z CKX. 

But since BA is greater than AC, Hyp. 
.'. CK is greater than AC; 

.'. the z CAK is greater than the z CKA: 
that is, the z CAX is greater than the z BAX : 
.-. tlie Z CAX must bo more than half the vert, z BAG ; 

hence AX lies within the angle BAP. q.k.d. 

13. /;' two sides of a triangle are unequal j and if from their point 
of intersection three straight lines are drawn, namely the bisector of the 
vertical angle, the median, and the perpendicular to the base, the JxtbI 
is intermediate in position and magnitude to the other two. 
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HI. ON PARALLELS. 

See Propositions 27 — 31. 

1. If a straight line meets two parallel straight lines, and the 
two interior angles on the same side are bisected; shew that the 
Disectors meet at right angles, [i. 29, i. 32.] 

2. The straight lines drawn from any point in the bisector of 
\n angle parallel to the arms of the angle, and terminated by them, 
ure equal ; and the resulting figure is a rhombus. 

3. AB and CD are two straight lines intersecting at D, and the 
uljacent angles so formed are bisected : if through any point X iu 
DC a straight line YXZ be drawn parallel to AB and meeting the 
bisectors in Y and Z, shew that XY is equal to XZ. 

4. If two straight lines are parallel to two other straight lines, 
3ach to each; and if the angles contained by each pair are bisected; 
shew that the bisecting lines are parallel. 

5. The middle point of any straight line which meets two parallel 
straight lines, and is terminated by them, is equidistant from the 
parallels. 

6. A straight line drawn between two parallels and terminated by 
them, is bisected ; shew that any other straight line passing through 
the middle point and terminated by the parallels, is also bisected at 
that point. 

7. If through a point equidistant from two parallel straight Unes, 
two straight lines are drawn cutting the parallels, the portions of the 
latter thus intercepted are equal. 

Problems. 

8. AB and CD are two given straight linesj and X is a given 
point in AB : find a point Y in AB such that YX may be equal to the 
perpendicular distance of Y from CD. 

9. ABC is an isosceles triangle; required to draw a straight 
line DE parallel to the base BC, and meeting the equal sides in D and 
E, so that BD, DE, EC may be all equal. 

10. ABC is any triangle; required to draw a straight line DE 
parallel to the base BC, and meeting the other sides in D and E, so 
that DE may be equal to the sum of BD and CE. 

11. ABC is any triangle ; required to draw a straig^Viti IVxi!^ "^^x^^ 
to the base BC, and meeting the other sides in D audi E., ^c> \Ni^\.^^ 
jnapr be equal to the difference of BD and CE. 
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IV. ON PARALLELOGRAMB. 

See Propositions 33, 34, and the deductions from these Frop 
given on page 64. 

1. The straight line drawn, through the middle point of a side oft 
iriauffle parallel to the base, bisects the remaining side. 

Let ABC be a A , and Z the middle point 
of tlie side AB. Through 2, ZY is drawn par' 
to BC ; then shall Y be the middle point of AC. 

Through 2 draw ZX par' to AC. i.31. 

Then in the A^ AZY, ZBX, 
because ZY and BC are par', 
.-.the z AZY = the z ZBX; i. 29 
and because ZX and AC are par', 
.-. the z ZAY = the z BZX; i. 29. 
also AZ = Z B : Hyp. 

.-. AY = ZX. 1.26. 

But ZXCY is a par^ by construction ; 

.-. ZX = YC. 1.34. 

Hence AY = YC; 
that is, AC is bisected at Y. q.e.d. 

2. The straight line which joins the middle points of tiro sides of a 
triangle, is parallel to the third side. 

Let ABC be a A , and Z, Y the middle 
points of the sides AB, AC: 

then shall ZY be par' to BC. 
Produce ZY to V, making YV equal to 
ZY. 

Join CV. 
Then in the a«AYZ,CYV, 




r AY = CY, Hyp. x 

! andYZ=YV, Constr, ^ 




Because { and Y Z = Y V , 

( and the z AYZ = the vert. opp. z CYV ; 

.*. AZ = CV 
and the z ZAY = the'z VCY; 

hence CV is par' to AZ. i. 21 

But CV is equal to AZ, that is, to BZ : Hyi 

.'. CV is equal and par' to BZ : 
.*. ZV is equal and par^ to BC : i. 32 

that is, ZY is par to BC. q.e.d. 

[A ftecond proof of this proposition raay "be ansme^ Itcvrcv \,^%,^ 
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8. The itraight line which joins the middle points of two sides of a 
triangle is equal to half the third side, 

4, Shew that the three straight lines xohich join tlifi middle points 
of the tides of a triangle, divide it into four triangles which are idcnti- 
eally equal. 

6. Any straight line drawn from tJie vertex of a triangle to the 
base is bisected by the straight line which joins the middle point a of tlie 
other sides of the triangle, 

6. Given the three middle points of the sides of a triangle, con- 
stract the triangle. 

7. AB, AC are two given straight lines, and P is a given point 
between them; required to draw through P a straight line termi- 
nated by AB, AC, and bisected by P. 

8. A BCD is a parallelogram, and X, Y are the middle points of 
the opposite sides AD, BC: shew that BX and DY trisect the dia- 
gonal AC. 

9. If the middle points of adjacent sides of any quadrilateral be 
joined, the figure thus formed is a parallelogram. 

10. Shew that the straight lines which join the middle points of 
opposite sides of a quadrilateral, bisect one another. 

11. The straight line which joins the middle points of the oblique 
sides of a trapezium, is parallel to the two parallel sides, and passes 
throngh the middle points of the diagonals. 

12. The straight line which joins tlie middle points of the oblique 
sides of a trapezium is equal to half the sum of the parallel sides ; and 
the portion intercepted between the diagonals is equal to half the 
difEerence of tlie parallel sides. 

Definition. If from the extremities of one straight line per- 
pendiculars are drawn to another, the portion of the latter 
intercepted between the perpendiculars is said to be the Ortho- 
gonal Projection of the hrst line upon the second. 



P X 



Y Q 




Thnfl m the adjoining figures, if from the extremitveft ol \;^e ^'w:^\^\» 
toe AB the perpendicuJarfl: AX, BY are drawn to PQi, tYvexv XN \?^ \\Na 
^^i^l^Qgtmdlprqfection of AB on PGi 
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13. A (liven straight line AB is bisected at C; shew ikat tlu pnh 

jectio7i8 o/ AC, CB on any other straight line are equal. 




i 

X v^ 


Y 


P >^ 


Q 



H 



K 



Let X2, ZY be the projections of AC, CB on any straight line PQ: 
then X2 and ZY shall be equal. 

Through A draw a straight line parallel to PQ, meeting CZ, BY 
or these lines produced, in H, K. i. 31. 

Now AX, CZ, BY are parallel, for they are perp. to PQ; i. 2a 
.-. the figures XH, HY are par"'; 
.-. AH = XZ, and HK=ZY. i. 34. 

But through C, the middle point of AB, a side of the a ASK, 
CH has been drawn parallel to the side BK ; 

.-. CH bisects AK: Ex. 1, pt 90. 

that is, AH = HK; 

.*. XZ = ZY. Q.F..i>. 



11. If three parallel straight lines make equal intercepts on n 
fovrih. straight line which meets them, they icill also make equal inter- 
cepts on any other straight line which meets tJiem. 



15. Equal and parallel straight lines have equal projections on any 

other straight line. 

10. AB is a given straight lino bisected at O ; and AX, BY arc 
perpundiculars drawn from A and B on any other straight line: shew 
that OX is equal to OY. 

17. AB is a given straight line bisected at O : and AX, BY andOZ 
(ire jyerpendiculars drawn to any straight line PQ, which does iwt jiw/*» 
between A and B: shew that OZ is equal to half the sum of AX, BY. 

[OZ is said to be the Arithmetic Mean between AX and BY.] 

18. AB is a given straight line bisected at O; and through A, B 
and O parallel straight lines are drawn to meet a given straight linf 
PQ in X, Y, Z : shew that OZ is equal to half the sum, or half the 

fli/T'^rence of AX and BY, according as A and B lie on the same sid0 
or on opposite sidea of PQ. I 
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^19. To divide a given finite straight line into any number of equal 

[ [For example, required to divide the straight 
AB into five equal parts. 

From A draw AC, a straight line of un- 
f limited length, making any angle with AB. 

In AC take any point P, and mark off 
gnecessiYe parts PQ, QR, RS, ST each equal 
toAP. 

Join BT; and through P, Q, R, S draw 
jxirallels to BT. 

It may be shewn by Ex. 14, p. 98, that these 
parallels divide AB into five equal parts.] 



20. If through an angle of a parallelogram any straight Vine 
is drawn, tJie perpendicular drawn to it from the opposite angle 
is equal to the sum or difference of the perpeiidiculars drawn to it 
from tlie two remaining angles, according as the given straight line 
falls without the parallelogram, or intersects it. 

[Through the opposite angle draw a straight line parallel to the 
given straight line, so as to meet the perpendicular from one of the 
remaining angles, produced if nccesKary: then apply i. 34, i. 20. Or 
proceed as in the following example.] 

21. From the angular points of a parallelogram perpendiculars 
are drawn to any straight line which is without the parallelogram: 
shew that the sum of the peipendiculars drawn from one pair of 
opposite angles is equal to the sum of those drawn from the other pair. 

[Draw the diagonals, and from their point of intersection let fall a. 
perpendicular upon the given straight line. See Ex. 17, p. 98.] 

22. The sum of the perpendiculars drawn from any point in the 
baee of an isosceles triangle to the equal sides is equal to the perpendi- 
cular drawn from either extremity of the base to the opposite side. 

[It follows that the sum of the distances of any point in the base 
of an isosceles triangle from the equal sides is constant, that is, 
the same whatever point in the base is taken.] 

23. In the base produced of an isosceles triangle any point is 
taken : shew that the difference of its distances from the equal sides is 
coTistant. 

24. The sum of the perpendiculars drawn from any point '^it.V^xsL 
an equilateral triangle to the three sides is equal to t\i^ -^t^^ti^vs^q^^ 
drawn from anjr one of the angular points to the oppo«v\A wk!^^> ^x^^-Na 
therefore oonatant. 
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Problems. 
[Problems marked (*) admit of more than one solntion.] 

*25. Draw a straight line through a given point, so that the put of 
it intercepted between two given parallel straight lines may be of given 

length. 

26. Draw a straight line parallel to a given straight line, iso thai 
the part intercepted between two other given straight lines may be of 
given length. 

27. Draw a straight line equally inclined to two given straight 
lines that meet, so that tlie part intercepted between them may be of 
given length. 

28. AB, AC are two given straight lines, and P is a given point 
without the angle contained by them. It is required to draw through 
P a straight line to meet the given lines, so that the part intercepted 
between them may be equal to the part between P and the nearer line. 



V. MISCELLANEOUS THEOREMS AND EXAMPLES. 

Chiefly on L 32. 

1. A in the vertex of an isosceles triangle ABC, and BA is produced 
to D, so that AD is equal to BA ; if DC is drawn^ sheto tluit BCD is a 
right angle, 

2. The straight line joining the middle point of tlie hypotenuse of a 
right-angled triangle to the right angle is equal to Jialfthe hypotenuse, 

3. From the extremities of the base of a triangle perpendiculars 
are drawn to the opposite sides (produced if necessary) ; shew that the 
straight lines which join the middle point of the base to the feet of 
the perpendiculars are equal. 

4. In a triangle ABC, AD is drawn perpendicular to BC ; and 
X, Y, 2 are tfie middle points of the sides BC, CA, AB respectively; 
shew that each of the angles ZXY, ZDY is equal to the angle BAC. 

5. In a right-angled triangle, if a perpendicular he drawn from 
the right angle to the hypotenuse, the two triangles thus formed are 
equiangular to one another, 

6. In a right-angled triangle two straight lines are drawn from 
the right angle, one bisecting tJie hypotenuse, the other perpendieuUf 
to it: shew that they contain a7i angle equal to the difference of the UN 

acut^ angles of the triangle, [See above, Eitl. ^ ^ndL^TL. ^."Y 
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7. J» a triangle if a perpendicular he drawn from one extremity 
of the base to tlie bisector of the vertical amjUy (i) it will make with 
either qf the sides containing the vertical angle an angle equal to half 
the sum of tlie angles at the haxe : (ii) it will make with the banc an 
angle equal to lialf tlie difference of the angles at the bane. 

Let ABC be the given a , and AH tbo bi- 
Bcotor of the vertical z BAC. 

Let CLK meet AH at right angles. 

(i) Then shaU each of the z« AKC, ACK 
be equal to half the sum of the z " ABC, 
ACB. 

In the A"AKL, ACL, 
( the z KAL = the z CAL, 

Because -I also the z ALK=the z ALC, being rt. 
( and AL is common to both a"; 

.-. the z AKL = the z ACL i. 26. 

Again, the z AKC = the sum of the Z ■ KBC, KCB ; i. 32. 

that is, the Z ACK = the sum of the Z " KBC, KCB. 

To each add the z ACK, 

then twice the z ACK = the sum of the z " ABC, ACB, 

.'. the z ACK=half the sum of the z " ABC, ACB. 

(ii) The z KCB shall bo equal to half the difference of the 
Z ** ACB, ABC. 

As before, the z ACK = the sum of the z " KBC, KCB, 

To each of these add the z KCB : 

then the Z ACB = the Z KBC together with twice the z KCB. 

.'. twice the z KCB = the difference of the z"ACB, KBC, 

that is, the Z KCB=half the difference of the z' ACB, ABC. 

GoROLLABT. If X be the middle point of the bane, ami XL be joined, 
it may be shewn by Ex. 3, p. 97, that XL is half BK; that is, that 
XL is half the difference of the sides AB, AC. 

8. In any triangle the angle contained by the bisector of the 
vertical angle and the perpendicular from the vertex to the base is equal 
to half the difference of the angles at tlie base. [See Ex. 3, p. 51).] 

9. Li a triangle ABC the side AC is produced to D, and the 
angles BAC, BCD are bisected by straight lines which meet at F; 
shew that they contain an angle equal to half the angle at B. 

10. If in a right-angled triangle one of the acute angles is double 
of the other, shew that the hypotenuse is double of the shorter side. 

11. If in a diagonal of a parallelogram any two points ec\uldl«»ta.\i.\» 
from ita extremities be joined to the opposite ongV^^^ ^^^ ^^"^^ '"^^'^^'^ 
farmed will he also a parallelogram. 
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12. ABC is a given equilateral triangle, and in the sides BC, 
AB the points X, Y, Z are taken respectively, so that BX, CY ancl 
are all equal. AX, BY, CZ are now drawn, intersecting in P, CI 
shew that the triangle PQR is equilateral. 

13. If in the sides AB, BC, CD, DA of a parallelogram Al 
four points P, Q, R, S be taken in order, one in each side, so that 
BQ, CR, DS are aU equal; shew that the figure PQRS is a paral 
gram. 

14. In the figure of i. 1, if the circles intersect at F, ai 
CA and CB are produced to meet the circles in P and Q respecti^ 
shew that the points P, F, Q are in the same straight line; 
shew also that the triangle CPGt is equilateral. 

[Problems marked (*) admit of more than one solution.] 

15. Through two given points draw two straight lines fori 
with a straight line given in position, an equilateral triangle. 

*16. From a given point it is required to draw to two pai 
straight lines two equal straight lines at right angles to one anotl 

*17. Three given straight lines meet at a point; draw anc 
straight line so that the two portions of it intercepted between 
given lines may be equal to one another. 

18. From a given point draw three straight lines of given len{ 
so that their extremities may be in the same straight line, and ii 
cept equal distances on that line. [See Fig. to i. 

19. Use the properties of the equilateral triangle to trisect a g 
finite straight line. 

20. In a given triangle inscribe a rhombus, having one oi 
angles coinciding with an angle of the triangle. 



VI. ON THE CONCURRENCE OF STRAIGHT LINES IN A TRIAN( 

Definitions, (i) Three or more straight lines are saic 
be concurrent when they meet in one point. 

(ii) Three or more points are said to Ix) collinear when t 
lie upon one straight line. 

We here give some propositions relating to the concurs 
of certain groiii)s of straight lines drawn in a triangle : the 
portance of these theorems will be more fully appreciated w 
the student ia jfomiliar with. EookB iii. axi!^ i\. 



THEOREMS AND EXAMPLES OX BOOK I. 



103 




■:. 



Because < 



1. The perpendiculars drawn, to tJie sides of a triangle Jrom their 
middle points are concurrent. 

Let ABC be a A, and X, Y, Z the ^ 

fniAa\tk points of its sides : 

l^eu shall the perp" drawn to the 
sides from X, Y, Z be concurrent. Z/' / yy 

From Z and Y draw perps to AB, AC ; 
these l>erp*, since they cannot be parallel , 
will meet at point C. Ax. 12. ^^^-^^ 10 

Join OX. 

It is required to prove that OX isperp. to BC. 

Join OA, OB, CO. 

Inthe A«OYA, OYC, 

YA=.YC, Hyp. 

and OY is common to both ; 
also the z OYA = the z OYC, beiugrt. l». 

.-. OA = OC. I. 4. 

Similarly, from the a" OZA, OZB, 

it may be proved that OA = OB. 

Hence OA, OB, OC are all equal. 

Again, in the a» OXB, OXC 
( BX = CX, Hyp. 

Because ^and XO is common to both ; 

( also OB = 00: Proved. 

.'. the Z OXB = the Z OXC; i. 8. 

but these are adjacent z " ; 

.-. they are rt. l » ; l>ef. 7. 

that is, OX is perp. to BC. 
Hence the three perps OX, OY, OZ meet in the i)oint O. 

vj. E. 1>. 

2. Tlie bisectors of the anyles of a triangle are concurrent. 

Let ABC be a A. Bisect the Z" ABC, A 

BCA, by straight lines which must meet 
at some point O. Ax. 12. 

Join AC 
Jt is required to prove that AC bisects the 

I BAC. 
From O draw OP, OGl, OR perp. to the 

lades of the a . 

Then in the a* OBP, OBR, 



J 



the z OBP = the z OBR, 




Because J and the z OPB = the z ORB, beiny rt. l.'\ 



( 



and 08 is common *, 
.-. OP=OR. 



\.^1^. 
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Similarly from the a" OOP, OCGl, 

it may be shewn that OP=OGl, 

.-. OP, OQ, OR are all equal. 

Again in the a" ORA, OQA, 
ithe z ■ ORA, OQA arc rt. l % 
r, ^ land the hypotenuse OA is 

j common, 

( also O R = O Q; Proved. 
.'. the z RAO = the z QAO. Ex. 12, p. 91. 

That is, AO is the bisector of the z BAG. 
Hence the bisectors of the three z " meet at the point O. 




Q. E. D. 



3. The bisectors of two exterior angles of a triangle and the 
bisector of the third angle are concurrent. 

Let ABC be a a, of which the sides AB, 
AC are produced to any points D and E. 

Bisect the z ' DBC, ECB by straight lines 
which must meet at some point O. Ax. 12. 

Joi7i AO. 

It is required to prove that AO bisects the 
angle BAC. 

From O draw OP, OGl, OR perp. to the 
sides of the A . 

Then in the a^ OBP, OBR, 
/the z OBP = the z OBR, Co)istr. 

Because J ^l^o the Z OPB--=the Z ORB, 
iiecause ■< ^^^^ ^^^ ^ ,^ 

\ and OB is common ; 

.-. OP = OR. 

Similarly in the a" OCP, OCQ, 
it may be shewn that OP = OGl: 
.*. OP, OQ, OR are all equal. 




Again in the a" ORA, OQA, 
the z " ORA, OQA are rt. l », 
Because \ and the hypotenuse OA is common, 

also OR = OGl; 
.-. the z RAO = the z QAO. 



1.26. 



Proved. 
Ex. 12, p. 91. 



That is, AO is the bisector of the z BAC. 
the bisectors of the two exterior z " DBC, ECB, 
and of the interior z BAC meet at the point O. 



Q.XJ>. 
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4. The medians of a triangle are concurrent, 

Iiet ABC be a A . Let BY and CZ be two of its 
medianB, and let them intersect at O. 

Join AO, 
and produce it to meet BC in X. 
It is required to shew that AX is the remaining 
median of the a . 

Through C draw CK parallel to BY: 

produce AX to meet CK at K. 

Join BK. 

In the A AKC, 
because Y is the middle point of AC, and YD is 
parallel to CK, 

. *. O is the middle point of AK. 

Again in the a ABK, 
since Z and O are the middle points of AB, AK, 

.'. ZO is parallel to BK, Ex. 2, p. 96. 

that is, OC is parallel to BK : 
.'. the figure BKCO is a par". 
But the diagonals of a par™ bisect one another, Ex. 5, p. 64. 
.*. X is the middle point of BC. 
That is, AX is a median of the a . 

Hence the three medians meet at the point O. q.e.d. 




Ex. 1, p. 96. 



CoBOLLAB*Y. The three medians of a triangle cut one another at a 
point of trisectioUt the greater segment in each being towards the 
angular point. 

For in the above figure it has been proved that 

AO = OK, 

also that OX is half of OK ; 

.'. OX is half of OA : 

that is, OX is one third of AX. 

Similarly OY is one third of BY, 

and OZ is one third of CZ. q.e.d. 

By means of this Corollary it may be shewn that in any triangle 
the shorter median bisects the greater side. 

[The point of intersection of the three medians of a triangle is 
called the centroid. It is shewn in mechanics that a thin triangular 
plate will balance in any position about this point : therefore the 
centroid of a triangle is also its centre of gravity.] 



) 
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5. Coustruct a right-angled trianglo, having given the p 
and one acute angle. 

G. Constrnct an isosceles triangle of given altitude, bo 
base may bo in a given straight line, and its two eqnal sides r 
through two lixed points. [See Ex. ' 

7. Construct an equilateral triangle, having given (he L 
the perpendicular drawn from one of the vertices to the oppoi 

8. Construct an isosceles triangle, having given the b 
the difference of one of the remaining sides and the perpc 
drawn from the vertex to the base. [See Ex. j 

9. Construct a triangle, having given the base, one of tl 
at the base, and the sum of the remaining sides. 

10. Construct a triangle, having given the base, one of tl 
at the base, and the difference of the remaining sides. 

11. Construct a triangle^ having given the base, the < 
of the angles at the hase^ and the difference of the remaining sit 




'X 



[Let AB be the given base, X the difference of the Z ■ at 
and K the difference of the remaining sides. 

Draw BE, making the /ABE equal to half the Z X. 
From centre A, with radius equal to K, describe a circle cu 
in D and D'. Let D be the point of intersection nearer to B. 

Join AD and produce it to C. 
Draw BC, making the z DBC equal to the z BDC. 
Then shall CAB be the a required. Ex. ' 

Note. This problem is possible only when the given diff 
is greater than the perpendicular drawn from A to BE.] 

12. Construct a triangle, having given the base, the diff 
the angles at the base, and the sum of the remaining sides. 

13. Constmct a triangle, liaving given the perpendicular 
vertex on the base, and the difference between each side 

adjacent segmont ot the base. 
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Oonsfcraot a triangle, having given two sides and the median 
Inota the remaining side. [See Ex. 18, p. 102.] 

, Oanstmot a triangle, having given one side, and the medians 
__ fedfleGL&e two remaining sides. 

^ [Bee Kg. lU) Ex. 4, p. 105. 
^' Mt BC be the given side. Take two-thirds of each of the given 
; lipce construct the triangle BOC. The rest of the con- 
ion foflows easily.] 

16. Construct a triangle, having given its three medianx. 

' [See Fig. to Ex. 4, p. 105. 

Ta^e two-thirdB of each of the given medians, and construct 
file triangle OKC. The rest of the construction follows easily.] 



VIII. ON AREAS. 

See Propositions 35 — i8. 

It must be understood that throughout this section the word 
equal as applied to rectilineal figures will bo usecl as denoting 
e^ualiti/ of area unless otherwise stated. 

1. Shew tliat a parallelogram is bisected by any straight liiie 
which passes through the middle point of one of its diagonals, [i. 29, 
26.] 

2. Bisect a parallelogram by a straight line drawn through a 
given point. 

3. Bisect a parallelogram by a straight line drawn perpendicular 
to one of its sides. 

4. Bisect a parallelogram by a straight line drawn parallel to a 
given straight line. 

5. ABCD is a trapezium in which the side AB is parallel to DC. 
Shew that its area is equal to th£ area of a parallelogram formed by 
drawing through X, the middle point of BC, a straight line parallel to 
AD. [I. 29, 26.] 

6. A trapezium is equal to a parallelogram whose base is half the 
Btiin of the parallel sides of the given figure, and whose altitude is 
equal to the perpendicular distance between them. 

7. ABCD is a trapezium in which the side AB is parallel to DC; 
shew that it is double of the triangle formed by joining the extremities 
of AD to X, the middle point of BC. 

8. Shew that a trapezium is bisected by the Btt8i^\i\m^ -^"^^ 
joins the middle points of ita parallel sides. Xv.^'^^ 
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In the following group of Exercises the proofis depend 
on Propositions 37 and 38, and the two converse theorama 

9. If two straight lines AB, CD intersect at X, and if the b 
lines AC and BD, which join their extremities are parallel, 8h< 
the triangle AXD is equal to the triangle BXC. 

10. If two straight lines AB, CD intersect at X, ^ t} 
triangle AXD is equal to the triangle XCB, then AC and I 
parallel. 

11. A BCD is a parallelogram, and X any point in the d 
AC produced; shew that the triangles XBC, XDC are equal 
Ex. 13, p. 64.] 

12. ABC is a triangle, and R, Q the middle points of th 
AB, AC; shew that if BQ and CR intersect in X, the triangle I 
Hpial to tlie quadrilateral AQXR. [See Ex. 5, p. 73.] 

13. If the middle points of the sides of a quadrilateral be 
in order, i\\Q parallelogram so formed [see Ex. 9, p. 97] is e( 
half the given|figiire. 

14. Two triangles of equal area stand on the same base 
opposite sides of it: shew that the straiglit line joining their ^ 
is bisected by the 'nase, or by tlie base produced. 

15. The straiglit line which joins the middle points of t 
gonals of a trapezium is parallel to each of the two imi'allel sid< 



10. (i) A triangle is equal to the sum or difference of Uco tr 
on the }iaine hase (or on equal bases), if the altitude of the former 
to the auni or difference of the altitudes of the latter, 

(ii) A triangle is equal to the sum or difference of two tria'i 
the same altitude if the hase of the former is equal to tlie sum or 
ence of the bases of the latter. 

Similar statements hold good of parallelograms. 

17. A BCD is a parallelogram, and O is any point outi 
shew that the sum or difference of the triangles CAB, OCD is€ 
lialf tlie parallelogram. Distinguish between the two cases. 

On the following proposition depends an important tl 
in Mechanics : we give a proof of the first case, leaving the 
case to he deduced by a similar method. 



THSOBEMB AND EXAMPLES ON BOOK I. Ill 

. (i) ABCD it a parallelog^ram, arid O is any point without tlie 
BAD uid its opposite yertical angle ; nhew that the triangle OAC 
oZ to Vie Slim of the triangles OAD, OAB. 

) If O is within the angle BAD or its opposite vertical angle, 
'tangle OAC is equal to the difference of the triangles OAD, 

iSE I. If O is without the z DAB 

its opp. vert, z , then OA is with- 

le par" ABCD : therefore the pcrp. 

1 from C to OA is equal to the sum 

) perp* drawn from B and D to OA. 

3x. 20, p. 99.] 

5W the A" OAC, OAD, OAB are 

the same hase OA ; 

the altitude of the a OAC with 

pect to this base has been shewn to 

i^qual to the sum of the altitudes of 

A8 OAD, OAB. 

lerefore the a OAC is equal to the sum of the a** OAD, OAB. 
ilx. 16, p. 110.] Q.K.p. 

. ABCD is a parallelogram, and through O, any point within 
aight lines are drawn parallel to the sides of the parallel o«^ram; 
tliat the difference of the parallelograms DO, BO is double of 
iangle AOC. [See preceding theorem (ii).] 

The area of a quadrilateral is equal to the area Af a triangle 
g two of its sides equal to the diagonals of the given figure, and 
iciuded angle equal to either of the angles between the dia- 

3. 




ABC is a triangle, and D is any point in AB: it is required to 
through D a straight line DE to meet SC produced in E, so that 
'angle DBE may he equal to the triangle ABC. 




[Join DC. Through A draw AE parallel to DC. \. ^\. 

Join DE. 
The A EBD shall be equal to the A ^BC. t. "^'l^ 
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22. Ou a base of given length describe a triangle equal to • |dH 
triangle and having an angle equal to an angle of the given .tiuaSK 

23. Construct a triangle equal in area to a giyen triaai^e,ai 

havihg a given altitude. 

24. On a base of given length construct a triangle equal to 
given triangle, and having its vertex on a given straight line. 

25. On a base of given length describe (i) an isosoeleB trian^ 
(ii) a right-angled triangle, equal to a given triangle. 

26. Construct a triangle equal to the sum or difitexenoe of U 
given triangles. [See Ex. 10, p. 110.] 

27. ABC is a given triangle, and X a given point: describe 
triangle equal to ABC, having its vertex at X, and its base in the san 
straight line as BC. 

28. ABCD is a quadrilateral: on tJie hose AB construct a trUkng 
equal in area to ABCD, and having th^i angle at A common with tl 
quadrilateral. 

[Join BD. Through C draw CX parallel to BD, meeting AD pp 
duced in X ; join BX.] 

29. Comti-uct a rectilineal figure equal to a given rectUine* 
figure, and having fewer sides by one than the g^iven figure, 

Hcn^e sJieto how to construct a triangle equal to a given rectilinet 
figure. 

80. ABCD is a quadrilateral : it is required to construct a triang 
equal in area to ABCD, having its vertex at a given point X in D< 
and its base in the same straight line as AB. 

HI. Construct a rhombus equal to a given i^arallelogram. 

32. Construct a parallelogram wliich shall have the same an 
and perimeter as a given triangle. 



33. Bisect a triangle by a straight line drawn through one of ti 
angular points. 

34. Trisect a triangle by straight lines drawn through one of i1 
angular points. [Sec Ex. 19, p. 102, and i. 88 

36. Divide a triangle into any number of equal parts by straigl 
lines drawn through one of its angular points. 

tSee EiL, 19, p. 99, and i. 88 
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^86. Bisect a triangle by a straight line drawn through a given 
one of its sides, 

L^I^EiBfe ABC be the given a , and P the 
^ — point in the side AB. 

Bisect AB at Z ; and' join CZ, CP. 

Thxongh Z draw ZQ parallel to CP. 

Join PQ. 

Then shall PQ bisect the a . 

See Ex. 21, p. 111.] B 

37. Trisect a triangle by straight lines drawn from a given point in 
one of its sides. 

[Let ABC be the given a , and X the given 
point in the side BC. 

Trisect BC at the points P, Q. Ex. 19, p. 90. 
Join AX, and through P and Gt draw PH 
and QK parallel to AX. 

Join XH, XK. 
These straight lines shall trisect the a; as 
may be shewn by joining AP, AGt. 

See Ex. 21, p. 111.] 




38. Cut off from a given triangle a fourth, fifth, sixth, or any 
part required by a straight line drawn from a given point in one of its 
sides. [See Ex. 19, p. 99, and Ex. 21, p. 111.] 

39. Bisect a quadrilateral by a straight line draion through an 
angular point, 

[Two constructions may be given for this problem : the first will 
be suggested by Exercises 28 and 33, p. 112. 

The second method proceeds thus. 

Let A BCD be the given quadrilateral, 
and A the given angular point. 

Join AC, BD, and bisect BD in X. 
Through X draw PXQ parallel to AC, 

meeting BC in P ; join A P. 
Then shall AP bisect the quadrilateral. 
Join AX, CX, and use i. 87, 38.] 

40. Cut off from a given quadrilateral a third, a fourth, a fifth, or 
any part required, by a straight line drawn through a given angular 
point* [See Exercises 28 and 35, p. 112.] 




H. B. 
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[The following Theorems depend on i. 47.] 

41. Li the figure of i. 47, shew that 

(i) the sum of the scpares on AB and AE is eqoal to the Bom 
of the squaies on AC and AD. 

(ii) the square on EK is equal to the square on AB with fbor 
times the square on AC. 

(iii) the sum of the squares on EK and FD is equal to five 
times the square on BC. 

42. If a straight line be divided into any two parts the square on 
the straight hne is greater than the squares on the two parts. 

48. If the square on one side of a triangle is less than the squares 
on the remaining sides, the angle contained by these sides is acute; if 
greater, obtuse. 

44. ABC is a triangle, right-angled at A; the sides AB, AC are 
intersected by a straight line PQ, and BQ, PC are joined : sliew that 
the sum of the squares on BQ, PC is equsd to the sum of the squares 
on BC, PQ. 

45. In a right-angled triangle four times the smn of the squares 
on tlie medians which bisect the sides containing the right an^ 
is equal to five times tiic square on the hypotenuse. 

4G. Describe a square whose area shall be three times that of 
a given square. 

47. Divide a straight line into two parts such ihskt the sum of 
their squares shall be etiual to a given square. 



IX. ON LOCI. 

It is frequently required in the course of Plane Geometry to 
liud the position of a point which satisfies given couditiou& 
Now all problems of this typo hitherto considered have been 
found to be capable of definite determination, though some admit 
of more than one solution : this however will not be the case if 
onb/ one condition is given. For example, if we are asked to find 
a point which shall be at a given distance from a given pointy 
we observe at once that the problem is indetenninate^ that iS) 
that it admits of an indefinite inmiber of solutions ; for the 
condition stated is satisfied by any point on the circumferenoe 
of the circle described from the given point as centre, with ft 
radius equal to the given distance: moreover this condition is 
tiatistied by no other point within or without the circle. 

Again, suppose that it is required to find a point at a givea 
dhtance from a given straight line. 
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Here, too, it is obvious that there are an infinite number of 
such points, and that they lie on the two parallel straight lines 
"which may be drawn on either side of the given straight line at 
the given distance from it : further, no point that is not on one 
or omer of these parallels satisfies the given condition. 

Hence we see that when one condition is assigned it is not 
sufficient to determine the position of a point absolutely, but 
it may have the effect of restricting it to some definite line or 
lines, straight or curved. This leads us to the following definition. 

Definition. The Locus of a point satisfying an assigned 
condition consists of the line, lines, or part of a line, to which 
the point is thereby restricted; provided that the condition is 
satisfied by every point on such line or lines, and by no other. 

A locus is sometimes defined as the path traced out by a 
point which moves in accordance with an assigned law. 

Thus the locus of a point, which is always at a given distance 
from a given point, is a circle of which the given point is the 
centre : and the locus of a point, which is always at a given distance 
from a given straight line, is a pair of parallel straight lines. 

We now see that in order to infer that a certain line, or 
system of lines, is the locus of a point under a given condition, 
it is necessary to prove 

I (i) that any point which fulfils the given condition is on the 

j supposed locus ; 

(ii) that every point on the supposed locus satisfies the given 
condition. 

1. Find the locus of a point which is always equidistant from 
two given points. 

Let A, B be the two given points, 
(a) Let P be any point equidistant from A 
and B, so that AP=BP. 

Bisect AB at X, and join PX. 
Then in the a« AXP, BXP, 
[ AX = BX, Cunsti: 

Because -^and PX is common to both, 

[ alsoAP=BP, Hi/jK 

.-. the Z PXA = the Z PXB; i.' 8. - 

and they are adjacent z ^ ; 
.-. PX is perp. to AB. 
.'. Any point which is equidistant from A and B 
is on the straight line which bisects AB at right angles. 




Q 
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ip) Also every point in this line is equidistant from A and B. 

For let Gt be any point in this line. 

Join AQ, BQ. 

Then in the A» AXQ, BXQ, 

t AX = BX, 

Because J and XQ is common to both ; 

[also the z AXQ = the z BXQ, being rt L"; 

..-. AQ=BGl. I. 4.i 

That is, Ql is equidistant from A and B. 

Hence we conclude that the locus of the point equidistant Crom 
two given points A, B is the straight line which bisects AB at right 

angles. 

2. To find the locus of the middle point of a atraiglit line draHB% 
from a given imint to meet a given straight line of unlimited length. 




Let A be the given point, and BC the given straight line of on- 
limited length. 

(a) Let AX be any straight line drawn through A to meet BC| 
and let P be its middle point. 

Draw AF perp. to BC, and bisect AF at E. 
Join EP, and produce it indefinitely. 

Since AFX is a A , and E, P the middle points of the two sides AF, AX, |c 

.'. EP is parallel to the remaining side FX. Ex. 2, p. 96. 
.-. P is on the straight line which passes through iAie fixed point tt 
and is parallel to BC. 

(j3) Again, every point in EP, or EP produced, fulfils the required 
condition. 

For, in this straight line take any point Gl. 
Join AQ, and produce it to meet BC in Y. 

Then FAY is a a , and through E, the middle point of the side AF, Eft 
is drawn parallel to the side FY, 

. *. Gt is the middle point of AY. Ex. 1, p. 9& 

iJence the required locus is the straight line drawn parallel to BC^ 
and passing through E, the middle poiwl ol t\\e ^r^.ltom A to BC. |.^ 
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8. Find the locus of a point equidistant from two (jiven inter- 
' Meeting straight lines, [See Ex. 3, p. 4<).] 

4. Find the locus of a point at a given radial distance from the 
drcnmference of a given circle. 

5. Find the locus of a point which moves so that the sum of its 
distanoes from two given intersecting straight lines of unlimited 

. length is constant. 

6. Find the locus of a point when the differences of its distances 
from two given intersecting straight lines of unlimited length is 
constant. 

7. A straight rod of given length slides hetweeu two straight 
rulers placed at right angles to one another: find the locus of its 
middle point. [See Ex. 2, p. 100.] 

8. On a given base as hypotenuse right-angled triangles arc 
described: find the locus of their vertices. 

9. AB is a given straight line, and AX is the perpendicular drawn 
from A to any straight hue passing through B: find the locus of 
the middle point of AX. 

10. Find the loons of the vertex of a triangle, when the base and 
area are given. 

11. Find the locus of the intersection of the diagonals of a paral- 
lelogram, of which the base and area are given. 

12. Find the locus of the intersection of the medians of a triangle 
described on a given base and of given area. 



X. ON THE INTERSECTION OF LOCI. 

It appears from various problems which have already boon 
considereJl, that we are often required to find a point, the 
position of which is subject to two given conditions. The niotliod 
of loci is very useful in the solution of problems of this kind: 
for corresponding to each condition there will be a locus on 
which the required point must lie ; hence all po\i\tv»» \n\\\v!\\ v\x^ 
common to these two Joci, that is, all the poiivts oi \Yv\.Q^\vsViVi\:\v^w 
of the Joci, will satisfy both the given conditiorv?^. 
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EXAMPI4E 1. To constmet a triangle, having given the bat 
altitude, and the length of the median which bisects the base. 

Let AB be the given base, and P and Q the lengths of the al 
and median respectively: 

then the triangle is known if its vertex is known. 

(i) Draw a straight line CD parallel to AB, and at a dii 
from it equal to P : 

then the required vertex must lie on CD, 

(ii) Again, from the middle point of A B as centre, with : 
equal to Q, describe a circle : 

then tJie required vertex must lie on this circle. 

Hence any points which are common to CD and the 
satisfy both jfche given conditions: that is to say, if CD interse 
circle in E, F each of the points of intersection might be the 
of the required triangle. This supposes the length Of the n 
Q to be greater than the altitude. 

Example 2. To find a point equidistant from three given 
A, B, C, which are not in the same straight line, 

(i) The locus of points equidistant from A and B is the st 
line PQ, which bisects AB at right angles. Ex. 1, p 

(ii) Similarly the locus of points equidistant from B anc 
the straight line RS which bisects BC at right angles. 

Hence the point common to PQ and RS must satisfy botl 
ditions : that is to say, the point of intersection of PQ and R 
be equidistant from A, B, and 0. 

These principles may also be used to prove the thee 
relating to concurrency already given on page 103. 

Example. To prove tlvat the bisectors of tJie angles of a tr. 
are concurrent. 

Let ABC be a triangle. 
Bisect the l s ABC, BCA by straight 
lines BO, CO : these must meet at 
some point O. Ax. 12. 

Join OA. 
Then shall OA bisect the z BAC. 
Now BO is the locus of points equi- 
distant from BC, BA; Ex. 3, p. 49. 
.-. OP = OR. 
Similarly CO is the locus of points 
equidistant from BC, CA. 

.-. OP=OQ; hence OR = OQ. 
.'. O is on the locus of points equidistant from AB and AC 
that is OA is the bisector of the i BAC. 
Hence the bisectors of the three i s meet at the point 0. 
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It may happen that the data of the problem are so related 
to one another that the resulting loci do not intersect : in this 
case the problem is impossible. 

For example, if in Ex. 1, page 118, the length of the given 
median is less than the given altitude, the straight line CD will 
not be intersected by the circle, and no triangle can fulfil the 
conditions of the problem. If the length of the median is equal 
to the given altitude, one point is common to the two loci; 
and consequently only one solution of the problem exists : 
and we have seen that there are two solutions, if the median 
is greater than the altitude. 

In examples of this kind the student should m^e a point 
of investigating the relations which must exist among the data, 
in order that the problem may be possible ; and he must observe 
that if under certain relations two solutions are possible, and 
under other relations no solution exists, there will always be 
some iiitermediate relation under which 07ie and 07ilt/ one solution 
is possible. 



EXAMPLES. 

1. Find a point in a given straight line which is equidistant 
from two given points. 

2. Find a point which is at given distances from each of two 
given straight lines. How many solutions are possible? 

3. On a given "base construct a triangle^ having given one angle at 
the base and the length of the opposite side. Examine the relatione 
which must exist among the data in order that there may he two sola- 
tioTiSf one solution^ or that the problem may he impossible, 

4. On the base of a given triangle construct a second triangle 
equal in area to the first, and having its vertex in a given straight 
line. 

5. Construct an isosceles triangle equal in area to a given 
triangle, and standing on the same base. 

6. Find a point which is at a given distance from a given point, 
and is equidistant from two given parallel straight lines. 



BOOK 11. 



Book TI. deals with the areas of rectangles and squares. 

Definitions. 

1. A Rectangle is a parallelogram which has one of 

its angles^ right angle. 

It should be remembered that if a parallelogram has one right 
angle, all its angles are right angles. • [Ex. 1, p. W.] 

2. A rectangle is said to be contained by any two of 
its sides wliich form a right angle : for it is clear that both 
tlie form and magnitude of a rectangle are fully determined 
when the lengths of two such sides are given. 

Thus the rectangle ACDB is said ^ 
to be contained by AB, AC; or by CD, 
DB : and if X and Y are two straight 
lines equal respectively to AB and AC, 
then the rectangle contained by X and Y 
is equal to the rectangle contained by 
AB, AC. 

[See Ex. 12, p. 64.] 

After Proposition 3, we sliall use the abbreviation 
red. AB, AC to denote tlie rectangle contained by fKB and 
AC. 

3. In any parallelogram the figure formed by either 
of the parallelograms about a diagonal together with tlie 
two complements is called a gnomon. 

Thus the shaded portion of the annexed ^o^- ' ^^j^^M 
figure, consisting of the parallelogram EH ^^&M^^^>, 
together with the complements AK, KC is G r v,*^....s3gr.« 

the finomon AHF. 

The other gnomon in the figure is that 
which is made up of AK, GF and FH, 
namely the gnomon AFH. 
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Introductory. 

Pure Geometry makes no use of number to estimate the 
magnitude of the lines, angles, and figures with which' it deals : 
heuce it requires no units of magnitude such as the student is 
fjEumliar with in Arithnetic. 

For example, though. Geometry is concerned with the relative 
lengths of straight lines, it does not seek to express those lengths 
in terms of yardsy feet, or hiGhes: similarly it does not ask how 
many square yards or square feet a given figure contains, nor how 
many degrees there are in a given angle. 

This constitutes an essential difference between ^e method 
of Pure Geometry and that of Arithmetic and AlgSfei ; at the 
same time a close connection exists between the results of these 
two methods. 

In the case of Euclid's Book II., this connection rests upon 
the fact that the number of units of area in a rectangular figure 
is found by multiplying together the members of units of leiigili in 
two ad/acent sides. 

For example, if the two sides AB, AD 
of the rectangle A BCD are respectively 
four and three inches long, and if through 
the points of division parallels are drawn 
as in the annexed figure, it is seen that 
the rectangle is divided into three rows, 
each containing four square inches, or 
into four columtis, each containing three 
square inches. ^ ^ 

Hence the whole rectangle contains 3x4, or 12, square 
inches. 

Similarly if AB and AD contain m and n units of length 
respectively, it follows that the rectangle ABCD will contain 7nn 
units of area: further, if AB and AD are equal, each containing 
m units of length, the rectangle becomes a square, and contains 
m^ units of area. 

[It must be understood that this explanation implies that the 
lengths of the straight lines AB, AD are commensurable, that is, that 
they can be expressed exactly in terms of some common unit. 

This however is not always the case: for example, it may be 
proved that the side and diagonal of a square are &o xeXsJie^^ 'OtveX 
it is impossible to divide either of them into equaV paT\.a, o^f uVVc\\. \V\e 
other eomtains an eamct number. Such lines axe said, to \ie Vsittoxomfira.- 
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Burable. Hence if the adjacent nides of a rectangle are incommeo- 
siirabic, we cannot choose any linear unit in terms of which these 
Rides maybe exactly expressed; and thus it will be impossible to sub- 
divide the rectangle into squares of unit area, as illustrated in the 
figure of the preceding i)a;;e. We do not here propose to enter 
further into the subject of incommensurable quantities: it is suffi* 
cient to point out that further knowledge of them will convince the 
student that the area of a rectangle may be expressed to any required 
degree of accuracy by the product of the lengths of two adjaoent 
sides, whether those lengths are commensurable or notr] 

From the foregoing explanation we conclude that tlie rectangle 
cotUained hi/ two straight lines in Geometry corresponds to the 
product of two numbers in Arithmetic or Algebra; and that the 
square des&ibed on a straight line corresponds to the sqriare of 
a nnmher. Accordingly it will be fomid in the course of Book iL 
that several theorems relating to the areas of rectangles and 
sc^uares arc analogous to well-known algebraical formulae. 

In view of these principles the rectangle contained by two 
straight lines AB, BC is sometimes expressed in the form of a 
product, as AB . BC, and the square described on AB as AB*. 
This notation, together with the signs + and — , will be employed 
in the additional matter appended to this book; htU it is not 
admitted into Euclid^ s ie.rt because it is desirable in the first 
instance to emphasize the distinction between geometrical mag- 
nitudes themselves find the numerical equivalents by which they 
may be expressed arithmetically. 



PiioposiTiox 1. Theorem. 

// there are. tmo straight lines, one of which is divided 
into any numl>er of paints, the rectangle , contained hy ih 
two straight lines is equal to the suvi of the rectangles con- 
tained hy the undivided straight li?ie and i/ie several jxirts 
of the divided line. 

Let P and AB be two straiglit lines, and let AB be 
divided into any number of parts AC, CD, DB : 

then shall the rectangle contained by P, AB be 
to the sum of the rectangles contained by P, AC, by 
and hy P, OB, ^ 
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From A draw AF perp. to AB ; i. 11. 

and make AG equal to P. i. 3. 

Through G draw GH par^ to AB ; i. 31. 
and through C, D, B draw CK, DL, BH par^ to Ag. 

Now the fig. AH is made up of the figs. AK, CL, DH : 
and of these, 

the ^g. AH is the rectangle contained by P, AB; 

for the fig. AH is contained by AG, AB ; and AG = P : 

and the fig. AK is the rectangle contained })y P, AC ; 

for the ^g. AK is contained by AG, AC; and AG - P : 

also the Hg. CL is the rectangle contained by P, CD ; 

for the ^g. CL is contained by CK, CD ; 

and CK = the opp. side AG, and AG = P ; i. 34. 

similarly the ^g. DH is the rectangle contained by P, DB. 

.*. the rectangle contained by P, AB is equal to the 
sum of the rectangles contained by P, AC, by P, CD, and 
by P, DB. Q.E.I). 



CORRESPONDING ALGEBRAICAL FORMULA. 



In accordance with the principles explained on page 122, the result 
of this proposition may be Avritten thus : 

P . AB= P . AC + P . CD + P . DB. 

Now if the line P contains 2> units of length, and if AC, CD, DB 
contain a, b, c units respectively, 

then AB=rt + Z* + c, 
and we hare j)(a-hh + c) =pa +ph 4-pc. 
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Proposition 2. Theorem. 



Jf a straight line is divided into any two parts, ihe 
fiquare on the whole line is equal to the sum of the rectawjles 
contained by tlie whole line and each of the parts. 




Let the straight line AB be divided at C into the two 
parts AC, CB : 

then shall the sq. on AB be equal to the sum of the 
rects. contained by AB, AC, and by AB, BC. 

On AB describe the square A DEB. i. 46. 

Through C draw CF par^ to AD. i. 31. 

Now the ^g. AE is made up of the figs. AF, CE : 
and of these, 

the ^g. AE is the sq. on AB : Consif- 

and the ^g, AF is the rectangle contained by AB, AC; 
for the fig. AF is contained by AD, AC ; and AD = AB ; 
also the fig. CE is the rectangle contained by AB, BC; 
for the fig. CE is contained by BE, BC; and BE = AB. 
.-. the sq. on AB - the sum of the rects. contained by 
AB, AC, and by AB, BC. Q.E.D. 



CORRESPONDING AL(}EBRAICAL FORMULA. 

The result of this proposition may be written 

AB2 = AB.AC + AB.BC. 
Let AC contain a units of length, and let CB contain h units, 

then AB = o + 6, 
and we have (a + 6)^=(a-Vb)a-v-ia-Vb^l>. 
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Proposition 3. Theorem. 

If a straight line is divided ivito any two parts, tlie 
angle contained by the whole and one of the parts is 
%l to tite sqtuire on that part toget/ier with the rectangle 
lained by the two parts. 



A C B 

■ D E 



Let the straiglit line AB be divided at C into the two 
ts AC, CB: 

then shall the rect. contained by AB, AC be equal to the 
on AC together with the rect. contained by AC, CB. 

On AC describe the square AFDC ; i. 46. 

1 through B draw BE par* to AF, meeting FD produced in E. 

I. 31. 

Now the ^g, AE is made up of the ligs. AD, CE ; 
and of these, 
the fig. AE = the rect. contained by AB, AC ; » 

for AF = AC ; 
and the fig. AD is the sq. on AC ; Constr. 

also the Hg, CE is the rect. contained by AC, CB ; 

for CD = AC. 

.'. the rect. contained by AB, AC is equal to the sq. on 
5 together with the rect. contained by AC, CB. q.e.d. 

CORRESPONDING ALGEBRAICAL FORMULA. 

This result may be written AB . AC = AC2+ AC . CB. 
Let AC, CB contain a and b units of length respectively, 

then AB = a + 6, 
d we have {a + b)a=a^-\- ah. 

Note. It should be observed that Props. 2 and '6 a\e Kpecial ca»e* 
Prop, 1. 
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Proposition 5. Theorem. 

//' a straifjht line is divided equoMy a/nd also 
the ractaii-f/le contained hy tJie unequal pai'ttt, and t/te aquar^ 
on the line between t/ie points of aectimh^ are together equalio 
tlte squa/re on lialf the line. 




I. 46. 
I. 31. 



I. 43. 



Let the straight line AB be divided equally at P, and 
unequally at Q : 

then the rect. AQ, QB and the sq. on PQ shall be to- 
gether equal to the sq. on PB. 

On PB describe the square PCDB. 

Join BC. 

Through Q draw QE par^ to BD, cutting BC in F. 

Tlirough F draw LFHG par^ to AB. 

Through A draw AG par^ to BD. 

Now tlie complement PF = the complement FD : 

to each add the fig. QL; 
then the lig. PL - the fig. QD. 
But the fig. PL = the fig. AH, for they are par™ on 
equal bases and between the same par^. i. 36. 

.*. the fig. AH = the fig. QD. 

To each add the ^g. PF; 

then the fig. AF = the gnomon PLE. 

Now the fig. AF-the rect. AQ, QB,.for QB = QF; 

.*. the rect. AQ, QB = the gnomon PLE. 
To each jidd the sq. on PQ, that is, the fig. HE ; ii. 4. 
then the rect. AQ, QB with the sq. on PQ 

- the gnomon PLE with the tig. HE 
= the whole ^g, PD, 
whicli ift tVie ac\. o\\ 9^. 
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That is, the rect. AQ, QB and the sq. on PQ are together 
equal to the sq. on PB. q.e.d. 



Corollary. From this Proposition it follows that the 
difference of the sqicares on two straight lines is equal to the. 
rectangle contained by their sum and difference. 

For let X and Y be the given a P Q B 

St. lines, of which X is the greater. ^ ^ 

Draw AP equal to X, and pro- X 
duce it to B, making PB equal to Y 
AP, that is to X. 

From PB cut off PQ equal to Y. 

Then AQ is equal to the sum of X and Y, 

and QB is equal to the difTcrenco of X and Y. 

Now because AB is divided equally at P and unequally at Q, 

.*, the rect. AQ, QB with sq. on PQ=the sq. on PB; ii. 5. 

that is, the difference of the sqq. on PB, PQ=thc rect. AQ, QB, 

or, the difference of the sqq. on X and Y = the rect. contained by the 

sum and the difference of X and Y. 



COKRKSPONDIXG ALCIKHKAICAL FOUMi:j,A. 

This result may be written 

AQ.QB + PQ2=PB-. 
Let AB=2a ; and let PQ=&; 

then AP and PB each = «. 
AlsoAQ=a + &; andQB = a-/>. 

Henoe we have 

(a-\-h)(a-h) + W=a\ 

or (a + h){a-h) = a^-h'. 

EXERCISE. 

In the above figure shew that AP is half the sum of AQ and QB 
and that PQ m half their difference. 
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PuoposiTioN 6. Theorem. 

Jf a straight line is bisected and produced to cmy pdi 
the rectangle contained hy the wlwle line thus prodttcedy c 
the part of it produced^ togetJier wiifi the squa/re on h 
the line bisected, is equal to the sqtiare on the straight I 
made up of the lialfand the part produced. 
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Let the straight line AB be bisected at P, and j 
duced to Q : 

then the rect. AQ, QB and the sq. on PB shall be 
gether equal to the sq. on PGL 

On PQ describe the square PCDGL 

Join QC. 

Through B draw BE par^ to QD, meeting QC in F. 

Through F draw LFHG par^ to AQ. 

Through A draw AG par^ to QD. 

Now the complement PF = the complement FD. 
But the iig. PF = the ^<^. AH ; for they are par™» 
equal bases and between the same par^. i. . 

.-. the fig. AH - the fig. FD. 
To each add the fig. PL; 
then the fig. AL ^-- the gnomon PLE. 
Now the fig. AL = the rect. AQ, QB, for QB == QL ; 

.'. the rect. AQ, QB =-- the gnomon PLE. 
To each add the sq. on PB, that is, the fig. HE; 
then the rect. AQ, QB with the sq. on PB 

- the gnomon PLE with the ^g. 

- the whole fig. PD, 

which is the square on PQ. - 
That is, the rect. AQ, QB and the sq. on PB are togetl 
equal to the sq. on PQ. Q.E.D. 
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OORRESPONDING ALQEBRAICAL FORMULA. 

This result may be written 

AQ.QB + PB2=PQ2. 

Ijet AB=2a ; and let PQ=&; 

then AP and PB each = a. 

AlsoAQ=a + 6; andQB = &-tt. 

Hence we have 

(a + 6)(6-a) + a2=62, 

or (6 + a)(6-a) = 2;2_a2. 



Definition. If a point X is taken in a straight line AB, or in AB 
produced, the distances of the 

point of section from the ex- A X b 

tremities of AB are said to be 
the segrments into which AB is 
divided at X. 



In the former case AB is o /v 

divided internally, in the latter case externally. 

Thus in the annexed figures the segments into which AB is 
divided at X are the lines XA and XB. 

This definition enables us to include Props. 5 and 6 in a single 
Enunciation. , 

If a straight line is bisected, and also divided (internally or ex- 
ternally) into two unequal segments^ the rectangle contained by the un- 
equal segments is equal to the difference of the squares on half the line, 
and on the line between the points of section. 



EXERCISE. 



Shew that the Enunciations of Props. 5 and 6 may take the 
following form : 

The rectangle cojitained by two straight lines is equal to the differ ^ 
ence of the squares on half tJieir sum and on Imlf their difference. 

[See Ex., p. 129.1 
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Proposition 7. Theorem. 

If a straight line is divided into any two parts, the 
of the squares on the whole line and on one of the parts 
is equal to ttcice the rectangle contained by the whole and 
tJtat 2)art, together mith tJte sqiux/re on tJie otiier part. 



H 



G 



F E 



K 



Let the straight line. AB be divided at C into the two 
parts AC, CB : 

then shall the sum of the sqq. on AB, BC be equal tc 
twice the rect. AB, BC together with the sq. on AC. 



On AB describe the square A DEB. 
Join BD. 
Through C draw CF par^ to BE, meeting BD in Q. 
Through G draw HGK par^ to AB. 



l46 
l31 

1.43 



Now the complement AG = the complement GE; 

to each add the fig. CK: 

then the fig. AK = the fig. CE. 

But the fig. AK = the rect. AB, BC ; for BK = BC. 

.*. the two figs. AK, CE = twice the rect. AB, BC. 

But the two figs. AK,* CE make up the gnomon AKF and thi 

fig. CK : 
.*. the gnomon AKF with the fig. CK = twice the rect. AB, BC 

To each add the fig. H F, which is the sq. on AC : 
then the gnomon AKF with the figs. CK, HF 

= twice the rect. AB, BC with the sq. on AC 

Now the sqq. on AB, BC = the figs. AE, CK 

= the gnomon AKF with th 

figs. CK, HF 
-- twice the rect. AB, BC wit 
the sq. on AC. 
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CORRESPONDING ALGEBRAICAL FORMULA. 

The result of this proposition may be written 

AB9 + BC2=2AB.BC + AC2. 
Let AB=a, and BC=&; thenAC=a-&. 
Hence we have a' + 6* = 2a6 + (a - 6)^, 

Proposition 8. Theorem. 

If a straight line be divided into any two parts, /our 
mes the rectangle contained by the wliole line and one of 
e parts, together with the square on the other part, is equal 

the square on the straight line which is made up of the 
hole and that part 

[As this proposition is of little importance we merely give the 
[ore, and the leading points in Euclid's proof.] 

Let AB be divided at C. A C B 

Produce AB to D, making BD equal 
» BC. 

On AD describe the square AEFD; 
id complete the construction as in- 
icated in the figure, 

Euclid then proves (i) that the figs. 
K, BN, GR, KO are all equal 

(ii) that the figs. AG, MP, PL, RF are all equal. 

Hence the eight figures named above are four times tlie 
im of the figs. AG, CK ; that is, four times the fig. AK ; 
lat is, four times the rect. AB, BC. 

But the whole fig. AF is made up of these eight figures, 
gether with the fig. XH, whicli is the sq. on AC : 

hence tlie sq. on AD = four times tlie rect. AB, BC, 
gether with the sq. on AC. q.e.d. 




The accompanying figure will suggest a 
s cumbrous proof, which we leave as an 
:ercise to the student. 



C 



B 



[\ 



\ \ 



134 



Euclid's elements. 



Proposition 9. Theorem. 

If a straight Ihie is divided equally and also v/nequaUy^ 
the sum of the squares on tite two unequal parts is twice 
the sum of tlie squares on half the line aiid on the Um 
betiveen the points of sectioyi. 
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Let the straight line AB be divided equally at P, and 
unequally at Q : 

then shall the sum of the sqq. on AQ, QB be twice the 
sum of the sqq. on AP, PGL 

At P draw PC at rt. angles to AB ; i. 11, 

and make PC equal to A P or PB. i. 3. 

Join AC, BC. 
Through Q draw QD par^ to PC; i. 31. 

and through D draw DE par* to AB. 

Join AD. 

Then since PA = PC, Constr. 

.*. the angle PAC = the angle PC A. i. 5. 

And since, in the triangle A PC, the angle A PC is a rt. 

angle, Constr. 

.'. the sum of the angles PAC, PCA is a rt. angle : i. 32. 

hence each of the angles PAC, PCA is half a rt. angle. 

So also, each of the angles PBC, PCB is half a rt. angle. 

.'. the whole angle AC B is a rt. angle. 

Again, tlie ext. angle CED = the int. opp. angle CPB, i. 29. 

.'. the angle CED is a rt. angle : 
and the angle ECD is half a rt. angle. Proved. 
.*. also the angle EDC is half a rt. angle; i. 32; 
.'. the angle ECD = the angle EDC ; 

.'. EC = ED. L.6. 
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, the ext. angle DQB = the int. opp. angle CPB. i. 29. 
.'. the angle DQB is a rt. angle. 
And the angle QBD is half a rt. angle ; Proved. 
.-. also the angle QDB is half a rt. angle : i. 32. 
.*. the angle QBD = the angle QDB ; 

.-. QD = QB. I. 6, 

w the sq. on AP = the sq. on PC ; for AP *: PC. Gonstr, 
ut the sq. on AC = the sum of the sqq. on AP, PC, 

for the angle A PC is a rt. angle. i. 47. 

.'. the sq. on AC is twice the sq. on A P. 

o, the sq. on CD is twice the sq. on ED, that is, twice 
sq. on the opp. side PGt i. 34. 

■jhe sqq. on AQ, QB = the sqq. on AQ, QD 

= the sq. on AD, for AQD is a rt. 

angle; i. 47. 

= the sum of the sqq. on AC, CD, 

for AC D is a rt. angle ; i. 47, 

= twice the sq. on AP with twice 

the sq. on PQ. Proved. 

lat is, 

m of the sqq. on AQ, QB = twice the sum of the sqq. 
^P, PQ. Q.E.D. 



CORRESPONDING ALGEBRAICAL FORMULA. 

i result of this proposition may be written 
AQ2 + QB2=.2 (AP2+ PQ2). 

AB = 2a; and PQ=6; 

then AP and PB each = a. 
AlsoAQ=a + 6; andQB = a-6. 

ice we have 

(a + 6)2+(a-6)2=2(a3 + 62). 
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Euclid's elements. 



Proposition 10. Theorem. 

■ 

If a Btraigld line is bisected and prodticed to any potnt, 
the sum of the squares on the whole line thus produced, and 
on the part produced^ is twice tlie sum of t?ie squares on half 
the liJie bisected and on the line made up of the half and the 
part produced. 




Let tlie st. line AB be bisected at P, and produced to Q: 
then shall the sum of the sqq. on AQ, QB be twice the 
sum of the S(iq. on AP, PQ. 

At P draw PC at right angles to AB ; i. 11. 

and make PC equal to PA or PB. i. 3. 

Join AC, BC. 
Through Q draw QD par^ to PC, to meyet CB produced' 
in D ; I. 31. 

and througli D draw DE par^ to AB, to meet CP produced 
in E. 

Join AD. 

Then since PA = PC, Constr. 

. \ the angle PAC = the angle PCA. L 5. 

And since in the triangle A PC, the angle A PC is a rt. angle, 
.*. the sum of the angles PAC, PCA is a rt. angle. 1.32. 
Hence each of the angles PAC, PCA is half a i*t. angle. . 
So also, each of the angles PBC, PCB is half a rt, angle. 
.*. the whole angle AC B is a rt. angle. 

Again, the ext. angle CPB = the int. opp. angle CED : L 29. 

.'. the an-gjlo CED is a rt. an<jle : 

and the angle ECD is half a rt. angle. 

.*. the angle EDC is half a rt. angle. 

. •. the angle ECD = the angle EDC ; 

.-. EC = EO. 



Proved- 
l32. 



6. 



BOQK II. PROP. 10. 137 

: .Again, the angle DQB = the alt. angle CPB. i. 29. 

( .*. the angle DQB is a rt. angle. 

Also the angle QBD = the vert. opp. angle CBP ; i. 15. 
that is, the angle QBD is half a rt. angle. 

.'. the angle QDB is half a rt. angle : i. 32. 

.*. the angle QBD = the angle QDB ; 

.-. QB = QD. I. 6. 

Now the sq. on AP = the sq. on PC ; for AP = PC. Constr. 
But the sq. on AC = the sum of the sqq. on AP, PC, 

for the angle A PC is a rt. angle. i. 47. 

.'. the sq. on AC is twice the sq. on A P. 

So also, the sq. on CD is twice the sq. on ED, that is, 
twice the sq. on the opp. side PQ i. 34. 

Now the sqq. on AQ, QB = the sqq. on AQ, QD 

= the sq. on AD, for AQD is a rt. 

angle; i. 47. 

= the sum of the sqq. on AC, CD, 

for AC D is a rt. angle ; I. 47. 

= twice the sq. on AP with twice 

the sq. on PQ. Proved. 

That is, 

the sum of the sqq. on AQ, QB is twice the sum of the sqq. 

on AP, PQ Q.E.D. 



CORRESPONDING ALGEBRAICAL FORMULA. 

The result of this proposition may be written 

AQ2+BQ2 = 2 (AP2+PQ2). 

LetAB = 2a; aiKlPQ=6; 

then AP and PB each = a. 

Also AQ=a + 6; and BQ=6~a. 

Hence we have 

(a + 6)2 + (6-a)2=2(a2 + &2). 

EXERCISE. 

Shew that the enunciations of Props. 9 and 10 may take the 
following form : 

The sum of the squares on two straight lines is equal to twice the 
sum of the squares on half their sum and on half their difference. 
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EUCLID'S ELEMENTS. 



Proposition 11. Problem. 

To divide a given straight line into Pwo parts, so tlicU 
the rectangle contained by tJie wJwle and one part may he 
equal to the sqicare on the other part. 




Let AB be the given straight line. 
It is required to divide it into two parts, so that the 
rectangle contained by the whole and one part may be 
equal to the square on the other part. 

On AB describe the square ACDB. i. 46. 

Bisect AC at E. l. 10: 

Join EB. 

Produce CA to F, making EF equal to EB. i. 3. 

On AF describe the square AFGH. i. 46. 

Then shall AB be divided at H, so that the rect. AB,BH is 

equal to tlie sq. on AH. 

Produce GH to meet CD in K. 

Then because CA is bisected at E, and produced to F, 
.*. the rect. CF, FA with the sq. on AE = the sq. on FE ii. 6. 

= the sq. on EB. Constr, 
But the sq. on EB = the sum of the sqq. on AB, AE, 

for the angle EAB is a rt. angle. I. 47. 

.'. the rect. CF, FA with the sq. on AE = the sum of the 
sqq. on AB, AE. 

From these take the sq. on AE : 
then the rect. CF, F^ = t\\e sc\. oxv K^. 
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But the rect. CF, FA = the fig. FK ; for FA = FG ; 
and the sq. on AB = the fig. AD. ConaVr, 

.-. the fig. FK = the fig. AD. 
From these take the common fig. AK, 
then the remaining fig. FH = the remaining fig. HD. 
But the fig. HD = the rect. AB, BH ; for BD = AB; 
and the fig. FH is the sq. on AH. 
.-. the rect. AB, BH =the sq. on AH. Q.E.F. 

Definition. A straight line is said to be divided in Uedlal Section 
when the rectangle contained by the given line and one of its segments 
is equal to the square on the other segment. 

The student should observe that this division may be internal or 
external. 

Thus if the straight line AB is divided internally at H, and ex- 
ternally at H', so that 

(i) AB.BH=AH2, ^r A H R 
(ii) AB.BH'=AH'2, y S 2 if 

we shall in either case consider that AB is divided in medial section. 

The case of internal section is alone given in Euclid ii. 11 ; but a 
straight line may be divided externally in medial section by a similar 
process. See Ex. 21, p. 146. 



ALGEBRAICAL ILLUSTRATION. 

It is required to find a point H in AB, or AB produced, such that 

AB.BH = AH2. 
Let AB contain a units of length, and let AH contain x units; 

then HB = a~a;: 
and X must be such that a{a-x) —x^, 
or a;2+ax-a2=0. 

Thus the construction for dividing a straight line in medial section 
corresponds to the algebraical solution of this quadratic equation. 

EXERCISES. 

In the figure of ii. 11, shew that 

(i) if CH is produced to meet BF at L, CL is at right angles 
to BF: 

(ii) if BE and CH meet at O, AO is at right angles to CH : 

(iii) the lines BG, DF, AK are parallel : 

(iv) CF is divided in medial section at A. 
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Proposition 12. Theorem. 

In an obtuse-angled triangle, if a perpendicular is 
drawn from either of the acute angles to the opposite side 
2}roduced, the square on the side subtending the obtuse angle is 
greater than tJie squares on the sides containing the obttue 
angle, by twice the rectangle contained by the side on which, 
•when produced, the perpendicular falls, and the line inter- 
cepted without the triangle, between tJie perpendicular and 
the obtuse angle. 

A 




Let ABC be an obtuse-angled triangle, having the obtuse 
angle at C ; and let AD be drawn from A perp. to BC 
produced : 

then shall the sq. on AB be greater than the sqq. on 
BC, CA, by twice the rect. BC, CD. 

Because BD is divided into two parts at C, 
.*. the sq. on BD = the sum of the sqq. on BC, CD, with twice 
the rect. BC, CD. il. 4. 

To eacli add the sq. on DA. 
Then the sqq. on BD, DA = the sum of the sqq. on BC, CD, 
DA, with twice the rect. BC, CD. 

But the sum of the sqq. on BD, DA = the sq. on AB, 

for the angle at D is a rt. angle. i. 47. 

Similarly the sum of the sqq. on CD, DA = the sq. on CA. 

• 

.-. the sq. on AB -- the sum of the sqq. on BC, CA, with 
twice the rect. BC, CD. 
That is, the sq. on AB is greater than the sura of the 
sqq. on BC, CA by t^vice tlie rect. BC, CD. Q.E.D. 

[For alternative Enunciations to Props, 12 and 13 and ExerciseSi 
seep. 142.] 



( 
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Proposition' 13. Theorem. 

In every triangle the square on the aide subtending an 
acute angle^ is less tlian tJie squa/res on the sides containing 
thai (Mngle, by tvnce the rectangle contained by either of these 
sides, and the straight line interested between the perpen- 
dictdcMr let Jail on it from the opposite angle, and the acute 
ctngle. 



Fig.2. 





Let ABC be any triangle having the angle at B an 
acute angle ; and let AD be the perp. drawn from A to the 
opp. side BC : 

then shall the sq. on AC be less than the sum of the 
sqq. on AB, BC, by twice the rect. CB, BD. 
Now AD may fall within the triangle ABC, as in Fig. 1, or 
without it, as in Fig. 2. 

jy^ |in Fig. 1. BC is divided into two parts at D, 

(in Fig. 2. BD is divided into two parts at C, 
.'. in both causes, 
the sum of the sqq. on CB, BD = twice the rect. CB, BD with 
the sq. on CD. ii. 7. 

To each add the sq. on DA. 
Then the sum of the sqq. on CB, BD, DA = twice the rect. 
CB, BD with the sum of the sqq. oil CD, DA. 
But the sum of the sqq. on BD, DA = the sq. on AS, 

for the angle AD B is a rt. angle. i. 47. 

Similarly the sum of the sqq. on CD, DA = the sq. on AC. 
.'. the sum of the sqq. on AB, BC, = twice the rect. CB, BD, 
with the sq. on AC. 
That is, the sq. on AC is less than the sqq. on AB, BC 
by twice the rect. CB, BD. q.e.d. 
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Ohs, If the perpendioular AD coincides with AC, that ia, il 
is a right angle, it may be shewn that the proposition meiely r 
the result of i. 47. 

Note. The result of Prop, 12 may be written 

AB2 = BC2+ CA2 + 2 BC . CD. 

Bemembering the definition of the Frojectioil of a straigl: 
given on page 97, the student will see that this proposition n 
enunciated as follows : 

In an obtuse-angled triangle the square on the side opposi 
obtuse angle is greater than tJie sum of the squares on the sides cc 
ing the obtuse angle by twice the rectangle contained by either oj 
sides, a7id the projection of the other side upon it. 

Prop. 13 may be written 

AC2=AB2+BC2-2CB.BD, 

and it may also be enunciated as follows : 

In every triangle tJie square on the side subtending an acute 
is less tlmn the squares on the sides containing tliat angle, by tm 
rectangle contained by either of these sides, and the projection 
other side upon it. 



EXERCISES. 

The following theorem should be noticed ; it is proved by th 
of n. 1. 

1. If four points A, B, C, D are taken in order on a straigh 
tJien tDill 

AB . CD + BC . AD = AC . BD. 

OX II. 12 AND 13. 

2. If from one of the base angles of an isosceles triangle i 
pendicular is drawn to the opposite side, then twice the rec 
contained by that side and the segment adjacent to the base is 
to the square on the base. 

8. If one angle of a triangle is one-third of two right a 
shew that the square on the opposite side is less than the sum < 
squares on the sides forming that angle, by the rectangle contaii 
these two sides. [See Ex. 10, p. 

4. If one angle of a triangle is two-thirds of two right a 

shew that the square on the opposite side is greater than the sc 

on the aides forming that angle, by the rectangle contained by 

jBidetB, t^ee E^. 10, p. 
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Proposition 14. Problem. 

To describe a square that sluill he equal to a gir^'u o'e^ti- 
Unealjigwe, 





Let A be the ^von rectilineal figure. 
It is required to describe a square equal to A. 

Describe the par™ BCDE equal to the ^g. A, and liaving 

the angle CBE a right angle. i. 45. 

Then if BC = BE, the fig. BD is a square ; and what was 

required is done. 
But if not, produce BE to F, making EF equal to ED; i. 3. 

and bisect BF at G. i. 10. 

From centre G, with radius GF, describe tlie semicircle BHF: 
produce DE to meet the semicircle at H. 
Then shall the sq. on EH be equal to the given fig. A. 

Join GH. 
Then because BF is divided equally at G and unequally 

at E, 
.-. the rect. BE, EF with the s(i. on GE -- the sq. on GF ii. 5. 

= the sq. on GH. 

But the sq. on GH = the sum of the sqq. on GE, EH ; 

for the angle HEG is a rt. angle. i. 47. 

.-. the rect. BE, EF with the sq. on GE = the sum of the 
sqq. on GE, EH. 

From these take the sq. on G E : 
then the rect. BE, EF = the sq. on HE. 

But the rect. BE, EF = the fig. BD ; for EF :^ ED; Comtr, 
and the fig. BD - the given ^g. k. ConrvAif. 

.-. the sq, on EH - the given fv^. k. c^.^.^. 
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THEOREMS AND EXAMPLES ON BOOK^i 

ON II. 4 AND 7. 

1. Sheio by ie. 4 that the nquare on a straight line U four t 
ihe square on half tJie line, 

[This result is constantly used in solving examples on Bool 
especially those which follow from ii. 12 and 13.] 

2. If a straight line is divided into any three parts, the squai 
the whole line is equal to the sum of the squares on the three % 
together with twice the rectangles contained by each pair of t 
p£^s. 

Shew that the algebraical foi-mula corresponding to tliis theore 

(a + h + c)- = a--^h'' + c^ + 2bc + 2ca + 2ab, 

3. In a right-angled trianglCy if a perpendicular is drawn fron 
right angle to the hypotenuse j the square on this perpendicular is e 
to the rectangle contained by the segments of tlie hypotenuse, 

4. In an isosceles triangle, if a perpcndicnlar be drawn from 
of the angles at the base to the opposite side, shew that the squar 
the perpendicular is equal to twice the rectangle contained by 
segments of that side together with the square on the segz 
adjacent to the base. 

5. Any rectangle is lialf the rectangle contained by the diago 
of the squares described upon its two sides. 

6. In any triangle if a perpendicular is drawn from the ver 
angle to the base, the sum of the squares on the sides forming 
angle, together with twice the rectangle contained by the aegmenl 
the base, is equal to the square on the base together with twice 
square on the perpendicular. 



ON II. 5 AND G. 

The student is reminded that these important propositions 
both included in the following enunciation. 

The difference of the squares on two straight lines is equal tc 
rectangle contained by tJieir sum and difference. 

7. In a right-angled triangle the sqnare on one of the sides f( 

ing the right angle is equal to the rectangle contained by the sum 

difference of the hypotennse and the otihex side. ^. 47 and u. 6.] 



t 
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& Whe difference of the squares on tico »idi'8 of a trimujle in equal 
bt to tKfiee the rectangle contained by the Ihiac and the intercept hettceen 
F the middle point of the base and the foot of the perpendicular drawn 
Z from the vertical angle to the base, 

^. Lei ABC be a triangle, and let P be the middle point of tlio base 
' BC: let AQ be drawn perp. to BC. 

Then shall AB^- AC2=2BC . PQ. 




First, let AQ fall within the triangle. 

Now AB2= BQ'^ + QA-', i. 17. 

also AC-=QC-+QA-, 

.-. AB2-AC2=BQ'^-QC-^ Ax. 3. 

= (BQ + QC) (BQ - QC) ii. 5. 

Ex. 1, p. 120. 



= BC.2PQ 



= 2BC.PQ. 



Q.E.D. 



The case in which AQ falls outside tlio triangle presents no 
difficulty. 

9. The square on any atiaiyht line drawn from the ix'rtex of an 
isosceles triangle to the base is less than the square on one of the equal 
sides by the rectangle contained hy the segments of the base. 

10. The square on any straight line drawn from the vertex of an 
isosceles triangle to the base produced, is ^acatcr than the square on 
one of tlie equal sides by the rectangle contained hy the segments into 
which the base is divided externally. 

11. If a straight line is drawn through one of tlie angles of 
an equilateral triangle to meet the oi)porfite side produced, so that the 
rectangle contained by the segments of the hose is equal to the square 
on the side of the triangle ; sliew that the square on the lino so drawn 
is double of the square on a side of the tiian-ile. 

12. If XY be drawn parallel to the base BC of an isosceles 
triangle ABC, then the dilYerence of the squares on BY and CY is 
equal to the rectangle contained by BC, XY. [See above, Y^x, 8.] 

13. In a right-angled triangle, if a perpendicular be drawn from 
the right angle to the hyi)otenuse, the scpiare on either side to^xxvvcv'^ 
the right angle is equal to tho rectangle conlcvinc(\. "by \\vft\v^'\)o\.<i.'avx??»^ 
and the Bcgment of it adjacent to that side. 

jsr. £ \^ 
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17. If a ilralnht 
from the ijrenler fegiiie 
the greater segment it 

18. If a Btruight line is ilividml iu medial at _ _ __ 
cqntainud by the Bum nntl ilifFcreoae of the scgoieata i; 
the reclanfjle contiinGtl by tlic Begmentx. 

10. If AB h divided at H in mcdkl Bcctiou, B,ud il 
uiiildle poiut of tlio KreatcT st;;ineQt AH, shew that a triangle -wham f 
liidos are equal to AH, XH. BX respectively mast be righl-anglecL 



n AH. 

21. Divide a «lrai{iht'liiie externally in nieilkil lectiou- 
[Proceed QR iu ii. II, but instead of dialing EF, make EP otpal 
to EB in the direction remote ftom A ; and on AF' doaeribe the squaie 
AF'G'H' on the side reinoto &oui AB. Then AB will bedivided exter- 
nally at H' as loqnired.] 



2-i. In a triani^lo ABC the aii^lcs at B and C are acnte: U E and 
F are the fi^et of iXiTpcndiculnrs drawn from the opposite angles to the 
aides AC, AB, Kliew that the aijnare on BC is equal to the Bum <^ the 
rcctonglea AB, BF and AC, CE. 

23. ABC is n triangle right-ani;led at C, and DE i% drawn from 
a point D in AG perpendicular to AB: ahetv that the reotangla 
AB, AE is equal to the rectangle AC, AD. 
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JM. Jfi any triangle the sum of the itqunirn on two itidi'n h niunl to 
twice the'tquare an half the third side tntfether with twice the miu nr on 
the medkm which bisects the third side. 




Let ABC be a trianpjle, and AP tlio median hiscctint^ tlio sido BC. 
Then shall AB- + AC2 = 2BP- : 2AP". 

Draw AQ porp. to BC. 

Consider the case in which AQ falls within the triangle, hut does 
not coincide with A P. 

Then of the angles APB, APC, one nuist he (»l)tuso, and the other 
acute : let APB be ohtnsc. 

Then in the a APC, AB-^=BP--! AP--r2 BP . PG. n. 12. 

Also in the a APC, AC-^CP- }-AP'-2CP . PG. ii. V.). 

]3iitCP=BP, 
.-. CP2=BP--; and the rcct. BP, PG^^thc rcct. CP, PQ. 
Hence addinj? the above results 
AB2-}. AC-^.2 . BP-* + 2 . AP-. Q.r..i>. 

The student will have no difUculty in adaptinj^ this ])roof to i\\o 
cases in which AQ falls without the triangle, or coincides with A P. 



25. The sum of the squares on the sides of a pitrailclonntm /.s- cquttl 
to the mm of the squares on the diapondls. 

26. In any quadrilateral the squares on the diai^'onals are toge- 
ther equal to twice the sum of the squares on the straight lin(?s join- 
ing the middle points of opposite sides. [See lOx. 0, ]). 07.] 

27. If from any point within a rectangle straight lines are drawn 
to the angular points, the sura of the pquarcs on one pair of the linos 
drawn to opposite angles is equal to the sum of the squares on tiie 
other pair. 

28. The sum of the squares on the sides of a quadrilateral is 
greater than the sura of tlie squares on its diagonals by lour times 
the square oh the straight line which joins the middle points of the 
diagonals. 

29. O is the middle point of a given straight line AB, audlvcyccv. 
O as oentre, any circle is described : if P be any \^o\.\\\. on \\.^ vlvccwwy- 
fexenoe, shew thai the Bum of the squares on AP, BP is cous^taul. 



•f: •' 
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30. Given the base of a triangle, and the Boin of the tqtuatvii 
the sides forming the vertical angle; find the loons of the 



'-u 



31. ABC is an isosceles triangle in which AB and AC ue 
AB is produced beyond the base to D, so that BD is equal to 
Shew that the square on CD is equal to the square on AB 
with twice the square on BC. 

32. In a right-angled triangle the sum of the squazes on tiii- 
straight lines drawn from the right angle to the points of tri^ 
section of the hypotenuse is equal to five times the square on thlr;'' 
line between the points of trisection. 

33. Three times the sum of the squares on the sides of a tri- 
angle is equal to four times the sum of the squares on the medians. 

34. ABC is a triangle, and O the point of intersection of its 
medians : shew that 

AB2+BC2 + CA2 = 3(OA2 + OB« + OC«). 

35. A BCD is a quadrilateral, and X the middle point of the 
straight line joining the bisections of the diagonals ; with X as centre 
niiy circle is described, and P is any point upon this circle : shew that 
PA2+ PB2+ PC2+ PD2 is constant, being equal to 

XA3 + XB2 + XC2 + XD2 + 4XP2. 

3G. The squares on the diagonals of a trapezium are together 
equal to the sum of the squares on its two oblique sides, with twice 
the rectangle contained by its parallel sides. 

PROBLEMS. 

37. Construct a rectangle equal to the diiference of two squarefl. 

38. Divide a given straight line into two parts so that'the rocst- 
angle contained by them may be equal to the square described on a 
given straight line which is less than half the straight line to be 
divided. 

39. Given a square and one side of a rectangle which is equal 
to the square, find the other side. 

40. Produce a given straight lino so that the rectangle contauied 
by the whole line thus lu'oducud and tlie i)art produced, may be equal 
to the square on another given line. 

41. Produce a given straight line so that the rectangle contained 
by the whole line thus produced and the given line shall be equal to 
the square on the part produced. 

42. Divide a straight line AB into two parts at C, such that the 
rectangle contained by BC and another line X may be equal to the 
square on AC. 
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PART II 



BOOK III. 

Book III. deals with the properties of Circles. 

Definitions. 

1. A circle is a plane figure bounded 
by one line, which is called the circum- 
ference, and is such that all straight lines 
drawn from a certain point witliin the 
figure to the circumference are equal to 
one another: this point is called the centre 
of the circle. 

2. A radius of a circle is a straight line drawn from 
the centre to the circumference. 

3. A diameter of a circle is a straight Ime drawn 
through the centre, and terminated botli ways by the 
circumference. 

4. A semicircle is the figure bounded by a diameter 
of a circle and the part of the circumference cut oft' by the 
diameter. 

From these definitions we draw the following inferences: 

(i) The distance of a point from the centre of a circle is less than 
the radius, if the point is within the circumference : and the distance 
of a point from the centre is greater than the radius, if the point is 
without the circumference. 

(ii) A point is within a circle if its distance from the centre is 
less than the radius : and a point is without a circle if its distance 
from the centre is greater than the radius. 

(iii) Circles of equal radius ai'e equal in all respects ; that is to 
say, their areas and circumferences are equal. 

(iv) A circle is divided by any diameter into two parts which are 
equal in all respects. 
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5. Circles which liave the same centre are said to be 
concentric. 

G. An arc of a circle is any part of the circuniferenc& 

7. A chord of a circle is the straight line which joins 
any two points on the cii'cumference. 

From these definitions it may be seen that a 
chord of a circle, which does not pass through 
the centre, divides the circumference into two 
unequal arcs ; of these, the greater is called the 
major arc, and the less the minor arc. Thus 
the major arc is greater^ and the minor arc less 
than the semicircumference. 

The major and minor arcs, into which a cir- 
cumference is divided by a chord, are said to be 
conjugate to one another. 



8. Chords of a circle are said to be 
equidistant from the centre, when the 
perpendiculars drawn to them from the 
centre are equal : 

and one chord is said to be further from 
the centre than another, when the per- 
pendicular drawn to it from the centre is 
greater than the perpendicular drawn to 
the other. 



9. A secant of a circle is a straight 
lino of indefinite length, which cuts the 
circumference in two points. 




10. A tangent to a circle is a straight 
line wliich meets the circumference, but 
being produced, does not cut it. Such a 
line is said to touch the circle at a point; 
and the point is called the po&it of 
contact. 




DEFINITIONS. 
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If a secant, which cuts a circle at the 
points P and Ql, gradually changes its position 
in such a way that P remains fixed, the point 
Q will ultimately approach the fixed point P, 
until at length these points may be made to 
coincide. When the straight line PGl reaches 
this limiting position, it becomes the tangent 
to the circle at the point P. 



a 



Hence a tangent may be defined as 
straight line which passes through two coinci 
dent points on the circumference. 




11. Circles are said to touch ono another when they 
meet, but do not cut one another. 




"When each of the circles which meet is outside the other, they are 
said to touch oue another externally, or to have external contact: 
when one of the circles is within the other, they are said to touch one 
another internally, or to have internal contact. 

12. A segment of a circle is the iigure bounded by a 
chord and one of the two arcs into whicli tlio chord divides 
the circumference. 





The chord of a segment is sometimes caWeOi \\,^\i^»ft« 
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13. An angle in a segment is one 
formed by two straight lines drawn from 
any point in the arc of the segment to 
the extremities of its cliord. 



[It will be shewn in Proposition 21, that all angles in the same 
segment of a circle are equal.] 




14. An angle at the circumference 
of a circle is one formed by straight lines 
drawn from a point on the circumference 
to the extremities of an arc ; such an 
angle is said to stand upon the arc, which 
it subtends. 




1 5. Similar segments 

of circles are those which 
contain equal angles. 





16. A sector of a circle is a figure 
bounded by two radii and the arc inter- 
cepted between them. 




Symbols and Abbreviations. 



In addition to the symbols and abbreviations given on 
page 10, we shall use the following. 

for circle, O^ for circumference. 
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Proposition 1. Problem. 
2^0 find the centre of a given circle. 



C 




E^-- -^Q 

Let ABC be a given circle: 
it is required to find its centre. 

In the given circle draw any chord AB, 

and bisect AB at D. i. 10. 

From D draw DC at right angles to AB; i. 11. 

and produce DC to meet the O '^^ at E and 0. 

Bisect EC at F. . i. 10. 

Then shall F be the centre of the O ABC. 

First, the centre of the circle must be in EC : 
for if not, let the centre be at a point G without EC. 

Join AG, DG, BG. % 

Then in the A^ GDA, GOB, 
( DA=DB, Constr. 

Because \ and G D is common ; 

[ and GA = GB, for by supposition they are radii: 
.'. the z. GDA -the ^lGDB; i. 8. 

.'. these angles, being adjacent, are rt. angles. 

But the Z- CDB is a rt. angle ; Constr. 

.'. the z- GOB = the Z.CDB, Ax, 11. 

the part equal to the whole, which is impossible. 

.*. G is not the centre. 
So it may be shewn that no point outside EC is the centre ; 

.'. the centre lies in EC. 
.'. F, the middle point of the diameter EC, must be tlie 
centre of the ABC. q.e.f. 

Corollary. The straight line which bisects a c/iord oj* 
t circle al right angles passes through the centre. 

[For Exercises, see page 15^."\ 



154 euclid'k elbmexts. 



Proposition 2. Theorem. 

If amj two points are taken in tJie circurnferenoe of 
circle^ the chord tohich joins tJiern falls tvithin the di^cle. 




Let ABC 1)6 a circle, and A and B any two points ( 
its O '-■'': 

then shall the chord AB fall within the circle. 

Find D, the centre of the 0ABC; in. 

and in AB take any point E. 
Join DA, DE, DB. 

In tlie A DAB, because DA ^^ DB, in. Def. '. 

.'. the L DAB = the i. DBA. I. i 

But the ext. l DEB is greater than the int. opp. z. DAE; 

I. K 
.'. also the l DEB is greater than the L DBE; 

.'. in the A DEB, the side DB, which is opposite the greate 
angle, is greater than DE which is opposite the less: i. H 

that is to say, DE is less than a radius of the circle; 
.*. E falls within the circle. 

So also any other point between A and B may be shew 
to fall within the circle. 

.*. AB falls within the circle. Q.E.D. 

Dbfikition. a part of a curved lino is said to be concave to 
X)oint when, any chord being taken in it, all straight lines drav 
from the given point to the intercepted arc are cut by the chord : ; 
wlien any chord is taken, no straight line drawn from the given poi 
to the intercepted arc is cut by the chord, the curve is said to 
convex to that point. 

Proposition 2 proves that the whole circumference of a cixt 
js concave to its centre. 
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Proposition 3. Theorem. 

If a straigitt line dravm through the centre of a circle 
Isects a chord which does not pass through the centre, it shall 
U it at right angles : 
rid, conversely, if it cut it at right angles, it shall bisect it. 

B 




Let ABC be a circle; and let CD be a st. line drawn 
irough the centre, and AB a chord which does not pass 
irough the centre. 

First. Let CD bisect AB at F : 

then shall CD cut AB at rt. angles. 
Find E, the centre of the circle; in. 1. 

and join EA, EB. 
Then in the A« AFE, BFE, 
( AF = BF, ILyp. 

Because -< and FE is common ; 

( and AE = BE, being radii of the circle ; 
.'. the L AFE = the L BFE; i. 8. 

.'. these angles, being adjacent, are rt. angles, 

that is, DC cuts AB at rt. angles. q.e.d. 

Conversely, Let CD cut AB at rt. angles : 
then shall CD bisect AB at F. 
As before, find E the centre ; and join EA, EB. 

In the AEAB, because EA = EB, in. Def 1. 

.*. the z. EAB = the L EBA. i. 5. 
Then in the A « EFA, EFB, 

( the L EAF = the Z. EBF, Proved. 
Because •< and the z_ EFA = the z. EFB, being rt. angles; Hyp. 
( and EF is common; 

.'. AF = BF. \.1^ 

[For Exercises, see page 156 .'\ 
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EXERCISES. 

ON Pboposition 1. 

1. If two circles intersect at the points A, B, shew that the lii 
which joins their centres bisects their common chord AB at ligi 
angles. 

2. AB, AC are two equal chords of a circle; shew that tl 
straight line which bisects the angle BAC passes through the centre 

3. Two chords of a circle are given tn position and magnitud 
find the centre of tlie circle. 

4. Describe a circle that shall pass through three given point 
which are not in the same straight line. 

6. Fifid the locus of the centres of circles which pass through tu 
given points. 

6. Describe a circle that shall pass through two given point 
and have a given radius. 

ON Proposition 2. 

7. A straight line cannot cut a circle in more titan two points. 

ON Proposition 3. 

8. Through a given point within a circle draw a chord whio 
shall be bisected at that point. 

9. The parts of a straight line intercepted between the circun 
fereuces of two concentric circles are equal. 

10. The line joining the middle points of two parallel chords of 
circle passes through the centre. 

11. Find the locus of the middle points of a system of parall 
chords di-awn in a circle. 

12. If two circles cut one another, any two parallel straight lin 
drawn tlirough the points of intersection to cut the circles, are eqoi 

13. PGl and XY are two parallel chords in a circle: shewfl: 
the points of intersection of PX, QY, and of FY, QX, lie on \ 
B^aXght line which passes through the middle points of the gi^ 

chords. 
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Proposition 4. Theorem. 

If in a circle two chm'ds cut one another, ivhich do not 
ith pass through the centre, they cannot both he bisected at 
leir point of intersection. 




Jjet A BCD be a circle, and AC, BD two chords wliich 
itersect at E, but do not both pass through the centre: 

then AC and BD shall not be both bisected at E. 

Case I. If one chord passes through the centre, it is 
, diameter, and the- centre is its middle point; 

;. it cannot be bisected by the other cliord, which by hypo- 
thesis does not pass through the centre. 

Case II. If neither cliord passes through the centre; 
:hen, if possible, let E be the middle point of both; 
that is, let AE = EC; and BE= ED. 

Find F, the centre of the circle: iii. 1. 

Join EF. 

Then, because FE, which passes through the centre, 
bisects the chord AC, ^^I/P- 

.'. the L FEC is a rt. angle. iii. 3. 

And because FE, wliich passes through the centre, bi- 
sects the chord BD, J^yP- 

.'. the L FED is a rt. angle. 
/. the ^ FEC = the z. FED, 

the whole equal to its part, which is impossible. 

.'. AC and BD are not both bisected at E. ^..'?..\i, 

[For Exercises, see page 15S.'\ 
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Proposition 5. Theorem. 

//' two circles cut one another^ timf cannot have tJie same 

centre. 




Let the two O*" AGO, BFC cut one another at C: 
then they shall not have the same centre. 

For, if possible, let the two circles have the same centre; 

and let it be called E. 

Join EC; 
and from E draw any st. line to meet the O *^ at F and Q. 

Then, because E is the centre of the 0AGC, ifyp- 

.'. EG = EC. 
And because E is also tlie centre of the BFC, fff/p. 

.'. EF -- EC. 
.-. EG-EF, 
the whole equal to its part, which is impossible. 

.*. tlie two circles have not the same centre. 

Q. E. D. 

EXERCISES. 
ON Proposition 4. 

1. If a parallelogram can be inscribed in a circle, the point of 
intersection of its diagonals must be at the centre of the circle. 

2. Bcctangles are the only parallelograms that can be inscribed 
in a circle. 

ON Proposition 5. 

3. Two circles, which intersect at one point, must also intersect 
at another. 
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Proposition 6. Theorem. 

Jf two circles touch one aiwtJter internally, they cannot 
e tits same centre. 




liet the two O" ABC, DEC touch one another internally 

then they shall not have the same centre. 

►r, if possible, let the two circles have the same centre ; 

and let it be called F. 

Join FC; 
i from F draw any st. line to meet the O ^^^ at E and B. 

Then, because F is the centre of the 0ABC, Hyjj. 

.*. FB=FC. 

And because F is the centre of the O DEC, Hyp, 

,'. FE=FC. 

.*. FB=FE; 
the whole equal to its part, which is impossible. 

.*. the two circles have not the same centre, q.e.d. 



KoTE. From Propositions 5 and 6 it is seen that circles, whose 
aimferences have any point in common, cannot be concentric, 
£88 they coincide entirely. 

Conversely, the circumferences of concentric circles can have no 
nt in common. 
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Proposition 7. Theorem. 



If from any 2)oint within a circle which is iwt the eenifty] 
straight lines are dravm to the circumference^ the greateaiit\ 
tluit which 2^<^'^€8 thrmigh the ceiitre ; and the least M iikai\ 
which, when produced backwards, passes through tJie cent/re: 

and of all other such lines, that which is nearer to (A«' 
greatest is always greater than one more remote : 

also two equal straight lines, and ordy two, can be dravm 
from tJie given point to the circumference, one on each sidi 
of the diameter. 




Let A BCD be a circle, within whicli any point F is taken, 
whicli is not the centre: let FA, FB, FC, FG be drawn to 
the 0^% of which FA passes through E the centre, and FB is 
nearer than FC to FA, and FC nearer than FG : and let 
FD be the lino which, when produced backwards, passes 
through the centre: then of all these st. lines 

(i) FA shall be the greatest; 
(ii) FD shall be the least; 

(iii) FB shall be greater than FC, and FC greater 
than FG; 

(iv) also two, and only two, equal st. lines can be 
drawn from F to tlie O'^*'. 

Join EB, EC, EG. 

(i) Then in the A FEB, the two sides FE, EB are together 

greater than the third side FB. I. 20. 

But EB = EA, being radii of the circle; 

.*. FE, EA are together greater than FB; 

that is, FA is grea^r thsbG. FB, 
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Similarly FA may be shewn to be greater than any other 
b. line drawn from F to the O "^^ ; 

.*. FA is the greatest of all such lines. 

(ii) In the A EFG, the two sides EF, FG are together 

reater than EG ; i. 20. 

and EG = ED, being radii of the circle; 

.*. EF, FG are together greater than ED. 

Take away the common part EF; 

then FG is greater than FD. 

Similarly any other st. line drawn from F to the O^^ 
tay be shewn to be greater than FD. 

.*. FD is the least of all such lines. 

(iii) In the A« BEF, CEF, 

( BE = CE, III. Def, 1. 

Because •< and EF is common; 

( but the Z- BEF is greater than the i. CEF; 

.'. FB is greater than FC. i. 24. 

Similarly it may be shewn that FC is greater than FG. 

(iv) At E in FE make the z. FEH equal to the z. FEG. 

I. 23, 
Join FH. 

Then in the A« GEF, HEF, 

( GE=HE, III. Be/, 1. 

Because < and EF is common; 

(also the z. GEF = the z. HEF; Constr. 
.*. FG = FH. I. 4. 

And besides FH no other straight line can be drawn 
roni F to the O^^ equal to FG. 

For, if possible, let FK = FG. 

Then, because FH = FG, Proved, 

,', FK= FH, 

>hat is, a line nearer to FA, the greatest, is equal to a line 
which is more remote; which is impossible. Proved. 

.'. two, and only two, equal st. lines can \>ft dx^r^xi i\;cyc£v 
FtotheO*^. q..iL,T>. 
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Proposition 8. Theorem. 

Ijjrom any ponit without a circle straight lirtes are drawi 
to the circuinf'ei'ence, of those which fall on the coiicave cir- 
cumf&rence, t/ie (jreatest is thai uhicfi, passes through the 
centre ; cutd of others, tliM which is 'nearer to tJie greatest 
is always greater than one itwre remote: 

further, of tJtose tvhich fall on tite convex circunhferen>ce, 
the leaM is that which, w/ien jrroducedy passes through the 
centre; and of others that tvhich is nearer to the least in 
alivays less thnn one more remote : 

lastly, from the gitrn ^joint there can be drawn to the 
ciniumference two, and only tivo, equal straight lines, one on 
each side of the shortest line. 



G 




Let GGD he a circle of whicli is tJie centre ; and let 
A be any point outside the circle : let ABD, AEH, AFG, ^ 
st. lines drawn from A, of which AD passes through C, tlie 
centre, and AH is nearer than AG to AD : 

then of st. lines dravrn from A to the concave Q***', 
(i) AD shall l>e the greatest, and (ii) AH greater th»i^ 
AG: 

and of st. lines drawn from A to the convex 0*^*> 
(iii) AB shall be the least, and (iv) AE less than AF. 
(v) Also two, and only two, equal st. lines can In- 
drawn from A to the O*''. 

eloin CM, CG, OF, CE. 
(i) Then in the A ACH, the two sides AC, CM ai-*-' 
together greater than AH : i. 20- 

but CH = CD, being radii of the circle; 
.'. AC, CD are together greater than AH : 
that is, AD is greater than AH. 
Similarly AD may be sliewn to be greater than any other 
St. line drawn from A to t\ie coxica^ft C*" v 

.'. AD is the greatest oi a\\ «.\3it\\\vL\^^, 
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(ii) In the A^ HCA, GCA, 

( HC = GC, IH. Uej: 1. 

Because -< and CA is common; 

( but the L HCA is greater than the _ GCA; 

.'. AH is greater than AG. i. 24. 

(iii) In the A A EC, the two sides AE, EC are together 
greater than AC : i. 20. 

but EC=BC; ill. JJe/, L 

.*. the remainder AE is greater than the remainder AB. 

Similarly any other st. line drawn from A to the convex 
O^*' may be shewn to be greater than AB; 

.*. AB is the least of all such lines. 

(iv) In the A AFC, because AE, ^C are drawn from the 
extremities of the base to a point E within the triangle, 

.*. AF, FC are together greater than AE, EC. i. 21. 

But FC=EC, III. Be/. 1. 

.'. the remainder AF is greater than the remainder AE. 

(v) At C, in AC, make the z_ ACM equal to the i. ACE. 

Join AM. 

Then in the two A« ECA, MCA, 

( EC = MC, III. Def, 1. 

Because < and CA is common ; 

( also the L ECA = the ^ MCA ; Cotistr. 
.•.AE=-AM; 1.4. 

and besides AM, no st. line can be drawn from A to the 
O*®, equal to AE. 

For, if possible, let AK - AE : 

then because AM = AE, Proved. 

AM = AK; 

that is, a line nearer to the shortest line is equal to a 
line which is more remote ; which is impossible. Proved. 

.*. two, and only two, equal st. lines can be drawn from 
A to the O'*. Q.E.D. 

Where Qjre the Jimito of that part of the cixcu'aiWei:iQi&Nq^OcL\:«^ 
eoncave to ibe point A ? 
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Obs, Of the following propoBition Euclid gave two distinct proo&i 
the first of which has the advantage of being direct. 



Proposition 9. Theorem. [First Proof.] 

If from a ])omt within a circle inore tJian ttco eqwd 
straight lines can be drawn to tlie circumference^ tJuU point 
is the centre of the circle. 




Let ABC be a circle, and D a point within it, from which 
more than two equal st. lines are drawn to the O **, namely 
DA, DB, DC : 

then D shall be the centre of the circle. 

Join AB, BC : 
and bisect AB, BC at E and F respectively. i. 10. 

Join DE, DF. 

Then in the A« DEA, DEB, 

EA ^ EB, Conslr. 

Because < and DE is common; 

and DA= DB; Uy]^ 

.*. the L DEA = the L DEB; 1.8. 

.'. these angles, being adjacent, are rt. angles. 

Hence ED, which bisects the chord AB at i-t. angles, must 
pass through the centre. ill. 1. Cor. 

Similarly it may be shewn that FD passes through the 
centre. 

.'. D, which is the only point common to ED and FD, 
inuBt be the centre. q.E.D. I 
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Proposition 9. Theorem. [Second Proof.] 

If from a point tvithin a circle more tJian two equal 
light lines can be draton to the circumference, that point 
he centre of the circle. 




Let ABC be a circle, and D a point within it, from which 
re than two equal st. lines are drawn to the O*'®, namely 
, DB, DC : 
hen D shall be the centre of the circle. 

For, if not, suppose E to be the centre. 
Join DE, and produce it to meet the O*'® at F, G. 

Then because D is a point within the circle, not the 
itre, and because DF passes through the centre E ; 

.*. DA, which is nearer to DF, is greater than DB, which 
nore remote : iii. 7. 

but this is impossible, since by hypothesis, DA, DB, are 
lal. 

.'. E is not the centre of the circle. 

*And wherever we suppose the centre E to be, other- 
;e than at D, two at least of the st. lines DA, DB, DC 
y be shewn to be unequal, which is contrary to hypo- 
isis. 

.*. D is the centre of the ABC. 

Q.E.D. 

* Note. For example, if the centre E were supposed to be within 
angle BDC, then DB would be greater than DA; if within the 
;le ADB, then DB would be greater than DC ; if on one ol >i)^<&>[)Kt^« 
ught lines, bb DB, then DB would be greater t\iaii\)o\iY\.0^. 9.xA^C>. 
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Obs, Two proofs of Proposition 10, both indirect, were given bj 

Euclid. 

Proposition 10. Theorem. [First Proof.] 
One circle caniiol cut another at more than two poirUs, 




If possible, let DABC, EABC be two circles, cutting one 
another at more than two points, namely at A, B, C^ 

Join AB, BC. 
Draw FH, bisecting AB at rt. angles; i. 10, 11. 

and draw GH bisecting BC at rt. angles. 

Then because AB is a chord of both circles, and FH 
bisects it at rt. angles, 

.*. the centre of botli circles lies in FH. iii. l,Cor. 

Again, because BC is a chord of both circles, and GH 
bisects it at right angles, 

.*. tlie centre of botli circles lies in GH. iii. l.Cof- 

Hence H, the only point common to FH and QH, is the 
centre of both circles ; 

which is impdssible, for circles which cut one another 
cannot liave a common centre. ill. 6. 

.'. one circle cannot cut another at more than two points. 

Q.E.D. 

Corollaries, (i) Tvjo circles cannot meet in three 
points without coinciding entirely, 

(ii) Two circles camwt have a cominon arc wifhmit 
coinciding entirely, 

(iii) Only one circle can be described tJi/rough three 
^aifUs, ufiAicA a/re not in t^e some straicfltt Im^. 
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Proposition 10. Theorem. [Second Proof.] 

One circle cannot cut another at more than tvo j)oints. 

O 




\ 



If pORsible, let DABC, EABC be two circles, cutting one 
another at more than two points, namely at A, B, C. 

Find H, the centre of tlie (? DABC. iii. 1. 

and join HA, HB, HO. 

Then since H is the centre of the DABC, 

.'. HA, HB, HC are all equal. III. J)ef. 1. 

And because H is a point within the EABC, from 
which more than two equal st. lines, namely HA, HB, HC 
are drawn to the O *^, 

/. H is the centre of the EABC : iii. 0. 

that is to say, the two circles have a common centre H ; 
but this is impossible, since they cut one another, iii. T). 

Therefore one circle cannot cut another in more than 
two points. Q.T':.T). 



Note. This proof is imperfect, be:'ause it assumes that the centre 
of the cirde DABC must fall within the circle EABC; whereas it 
may be conceived to fall either iwithont the circle EABC, or on its 
cireamference. Hence to make the proof complete, two additional 
cases are required, 
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Proposition 11. Theobem. 

If two ch'cJrs touch one another internally, the straight 
Ihie which johis their centres, being produced, shall pan 
through the x>oint of contact. 




Let ABC and ADE be two circles which touch one 
another internally at A ; let F be the centre of the ABC, 
and G the centre of the O ADE: 

tlien sliall FG produced pass through A. 

If not, let it pass otherwise, as FGEH. 

Join FA, GA. 

Tlien in the A FGA, the two sides FG, GA are together 

greater than FA : I. 20. 

Init FA FH, being radii of the ABC : Hyp. 

.'. FG, GA are togetlier greater tlian FH. 

Take away the common pai*t FG ; 

then GA is greater than GH. 

But GA = GE, being radii of the ADE : Hyp. 
.'. GE is greater than GH, 
tlie part greater than the whole ; which is impossible. 
.*. FG, when produced, must pass through A. 

Q.E.D. 
EXERdfsES. 

1. If the distance between the centres of two circles is equal to 
the difference of their radii, then the circles must meet in one point, 
but in no other; that is, they must touch one another. 

2. If two circles whose centres are A and B touch one another 
intemaliy, and a straight line he drawn through their point of contact t 
euttir^ the ctrcumferences at P and Ql\ shew that the radii AP and BQl 

areparaUel, 
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\ Proposition 12. Theorem. 

Jf two circles touch one another externallt/, tlie straight 
1%M which joins their centres shall pass through tJie point of 
contact. 




Let ABC and ADE be two circles whicli, touch one ^ 
another externally at A; let F be the centre of the ABC, 
and G the centre of the O ADE : 

then shall FG pass through A. 

If not, let FG pass otherwise, as FHKG. 

Join FA, GA. 

Then in the A FAG, the two sides FA, GA are together 
greater than FG : i. 20. 

but FA - FH, being radii of the ABC ; I^yp- 

and GA = GK, being radii of the ADE ; Hyp- 

.'. FH and GK are together greater than FG; 
which is impossible. 
.*. FG must pass through A. 

Q.E.D. 

EXERCISES. 

1. Find the locus of the centres of all circles which touch a given 
nrcle at a ginen point, 

2. Find the locus of the centres of all circles of given radius^ which 
)ouch a given circle, 

3. If the distance between the centres of two circles is equal to 
:he sum of their radii, then the circles meet in one point, but in no 
)ther ; that is, they touch one another. 

4. If two circles whose centres are A and B touch one another 
txtemally, and a straight line be drawn throucjh their poxut oj coulacx. 
rutting the circumferences at P and Qi\ shew that tTieTadax KV au^^^ 
irej?arallel. 
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Proposition M\. Theorkm. 



2^7ro circles cannot touch oiip another' at more than onB 
jHiint, vyJhPthei' infcrnaUy or e,vt^rnally. 

Fig. 2 




D G 




Tf possible, let ABC, EDF be two circles which touch one 
another at more tlian one point, namely at B and D. j 

Join BD; i 

and draw GF, bisecting BD at rt. angles, i. 10, 11. 

Tlien, whether the circles touch one another intenuilly, 
as in Fig. 1 , or externally as in Fig. 2, 

because B and D are on the O *"*''' of Ixith circles, 
.*. BD is a chord of both circles : 
.". tlie centres of both circles lie in GF, whicli bise^cts BD 
at i*t. angles. III. 1, Cor. 

Hence GF wliich joins tlie centres must pass through 
a point of contact ; HI. 11, and 12. 

wliich is impossible, since B .and D are without GF. 

.'. two circles cannot touch one another at more than 
one point. 

Q.K.a 



Note. It must be obflerved that the proof here fiiven applies, ^y 
virtue of PropoHitions 11 and 12, to 1)oth the above figures : we have 
therefore omitted the separate discuRBion of Fig. 2, wliich finds a plaof 
in most editions based on Flimaon's text, 
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EXERCISES ON PROPOSITIONS 1 — 13. 

Nf| ^ 1. Describe a jcircle to pass through two given points and have 
its centre on a given straight line. When is this impossible ? 

2. All circles which pass through a fixed point, and have their 
centres on a given straight line, pass also through a Bocond fixed 
point. 

3. Describe a circle of given radius to touch a given circle at a 
given point. How many solutions will there be? When will there 
be only one solution? 

4. From a given point as centre describe a circle to touch a given 
circle. How many solutions will there be? 

5. Describe a circle to pass through a given point, and touch a 
given circle at a given point. [See Ex. 1, p. 169 and Ex. 5, p. 166.] 
Wlien is this impossible? 

6. Describe a circle of given radius to touch two given circles. 
[See Ex. 2, p. 169.] How many solutions will there be ? 

7. Two parallel chords of a circle are six inches and eight inches 
in length respectively, and the perpendicular distance between them 
is one inch : find the radius. 

8. If two circles touch one another externally, the straight lines, 
which join the extremities of parallel diameters towards opposite 
parts, must pass through the point of contact. 

9. Find the greatest and least straight lines which have one 
extremity on each of two given circles, which do not intersect. 

10. In any segment of a circle, of all straight lines drawn at right 
angles to the chord and intercepted between the chord and the arc, 
the greatest is that which passes through the middle point of the 
chord ; and of others that which is nearer the greatest is greater than 
one more remote. 

11. If from any point on* the circumference of a circle straight 
lines be drawn to the circumference, the greatest is that which passes 
tl^)X>agh the centre ; and of others, that which is nearer to the greatest 
is greater than one more remote ; and from this point there can be 
drawn to the circumference two, and only two, equal straight lines. 
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Proposition 14. Theorem. 




Hyp. 



Let ABC be a circle, and let AB and CD be chords, 
of which the perp. distances from the centre are EF 
and EG. 

First, Let AB = CD : 

then shall AB and CD l)e equidistant from the centre E, 

Join EA, EC. 
Then, because EF, which passes through the centre, is 
perp. to the chord AB; Hyp. 

.*. EF bisects AB ; ill. 3. 

that is, AB is double of FA. 
For a similar reason, CD is double of QC. 

But AB = CD, 
.'. FA = GC. 

Now EA = EC, being radii of the circle; 
.*. the sq. on EA = the sq. on EC. 

But the sq. on EA = the sqq. on EF, FA ; 

for the z. EFA is a rt. angle. 

And the sq. on EC = the sqq. on EG, GC ; 

for the z. EGC is a rt. angle. 

.'. the sqq. on EF, FA = the sqq. on EG, QC. 

Now of these, the sq. on FA = the sq. on GC; for FAbQC. 
.'. the sq. on EF = the sq. on EG, 
.-. EF = EG ; 
that is, the chords AB, CD are equidistant from the centre. 



Equal chords in a circle are equidistant Jrotn the centre: 
and, coyirevoely, chords which are equidistant from the 

centre are equal. 

A 



1.47. 
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Conversely, Let AB and CD be equidistant from the 
centre E; 

that is, let EF = EG : 
then shall AB =^ CD. 

For, the same construction being made, it may be 
shewn as before that AB is double of FA, and CD double 
of GO; 

and that the sqq. on EF, FA = the sqq. on EG, GC. 
Now of these, the sq. on EF - the sq. on EG, 

for EF = EG : Hyp. 

.', the sq. on FA = the square on GC ; 

/. FA = GC; 

and doubles of these equals are equal ; 

that is, AB = CD. 

Q.E.D. 



EXERCISES. 

1. Find the locus of the middle points of equal chords of a circle. 

2. If two chords of a circle cut one another, and make equal 
angles with the straight line which joins their point of intersection 
to the centre, they are equal. 

3. If two equal chords of a circle intersect^ shew that the segments 
of the one are equal respectively to the segments of the other, 

4. In a given circle draw a chord which shall be equal to one 
given straight line (not greater than the diameter) and parallel to 
another. 

5. PQ is a fixed chord in a circle, and AB is any diameter : shew 
that the sum or difierence of the perpendiculars let fall from A and B 
on PQ is constant, that is, the same for all positions of AB. 
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Proposition 15. Theorem. 

llie diameter is the greatest cltord in a circle ; 
and of oilier s^ that which is Clearer to the centre is greater 
than one more remote: 

conversely, the greater chord is nearer to the cetUre thorn 

the less. 



A B 




Jjet A BCD be a circle, of which AD is a diameter, and E 
the centre; and let BC and FG be any two chords, whose 
perp. distances from the centre are EH and EK : 
then (i) AD sliall be greater than BC : 

(ii) if EH is less than EK, BC shall be greater tliau FG: 
(iii) if BC is greater than FG, EH shall be less than EK. 

(i) Join EB, EC. 

Then in the Zi. BEC, the two sides BE, EC arc together 
greater than BC ; I. 20. 

butBE-AE, III. i>^ 1. 

and EC :-^ ED ; 
.*. AE and ED together are greater than BC ; 
tliat is, AD is greater than BC. 
Similarly AD may be shewn to be greater than any 
other chord, not a diameter. 



(ii) Let EH be less tlian EK; 

then BC shall be greater than FG. 
Join EF. 
Since EH, passing through the centre, is perp. to the 
chord BC, 

.'. EH bkectii ^O -, IIL 3. 
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that is, BC is double o£ H B. 
For a similar reason FQ is double of KF. 

Now EB = EF, III. y>/. 1. 

.*. the sq. on EB-the sq. ou EF. 

But the sq. on EB = the sqq. on EH, HB; 

for the z. EHB is a rt. angle ; i. 17. 

also the sq. on EF = the sqq. on EK, KF; 
for the ^ EKF is a it. angle. 
.*. the sqq. on EH, HB the sqq. on EK, KF. 

But tlie sq. on EH is less than the sij. on EK, 

for EH is less than EK ; ^J^UP- 

.\ the sq. on HB is greater than llic sq. on KF ; 
.'. HB is greater than KF : 
hence BC is greater than FG. 

(iii) Let BC be greater than FG ; 

then EH shall be less than EK. 

For since BC is greater than FG, ^^VP- 

.'. HB is greater than KF : 
.'. the sq. on HB is greater than the sq. on KF. 

But the sqq. on EH, HB — tlie sqq. on EK, KF : Pruccd. 
.*. the sq. on EH is less than the sq. on EK ; 
.*. EH is less than EK. 



EXERCISES. 

1. Throwjh a given 'point within a circle draw the least jjossible 
•hord, 

2. AB is a iixed chord of a circle, and XY any olher chord liavin«^ 
is middle point Z on AB: what is the greatest, and what the least 
ieng^ that XY nmy have? 

Shew that XY incr^ses, as Z approaches the middle point of AB. 

3. In a given circle draw a chord of given length, having its 
Huddle point on a given chord. 

When is this problem impossible? 
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EUCLID'S ELEMENTS. 



Obs. Of the following proofs of Proposition 16, the second (bf 
reductio ad absurdum) is that given by Euclid ; but the first is to be 
preferred, as it is direct, and not less simple tlmn the other. 



Proposition 16. Theorem. [Alternative Pkoop.] 

The straight Ihie dramn at right angles to a diaaneter qf 
a circle at oiie of its extreinities is a tangent to the circle: 

and every oilier straight line dratvn through this point 
cuts tlte circle. 




Let AKB be a circle, of which E is the centre, and AB 
a diameter; and through B let the st. line CBD be drawn 



at rt. angles to AB : 



then (i) CBD shall be a tangent to the circle; 

(ii) any other st. line through B, as BF, shall cut 
the circle. 



(i) In CD take any point G, and join EG. 

Then, in the A EBG, the L EBG is a rt. angle; Hyf* 
.', the z. EGB is less than a rt. angle; I. 17. 

.'. the L EBG is greater than the ^ EGB; 

.'. EG is greater than EB: L 19. 

that is, EG is greater than a radius of the circle; 
.'. the point G is without the circle. 
Similarly any other point in CD, except B, may be shewn 
to be outside the circle : 

hence CD meets the circle at B, but being produced, 
does not cut it; 

that is^ CD Ib a tangent to t\ie c\Tcle. iii. 2)^10. 






( 
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(ii) Draw EH perp. to BF. 1. 12. 

* Then in the A EH B, because tlie .i EHB is a rt. an<?lo, 

.*. the L EBH is less than a rt. angle; i. 17. 

.*. EB is greater than EH; i. 10. 

jfe that is, EH is less than a radius of t}ie circle : 

B .'. H, a point in BF, is within the circle; 

P .*. BF must cut the circle. g. k. d. 



Pkoposition 16. Theorem. [Euclid's Proof.] 

The straight line dravtm at right angles to a diameter of 
a circle at one of its extremities, is a tangent to the circle: 

and no otiier straight line can he dravm thromfh this 
point so as not to cut the circle. 

E 




} 



Let ABC be a circle, of wliich D is the centre, and AB 
a diameter; let AE be drawn at rt. angles to BA, at its 
extremity A: 

(i) then shall AE be a tangent to the circle. 

For, if not, let AE cut the circle at C. 

Join DC. 

Then in the A DAC, because DA = DC, iii. Def. 1 . 

.*. the L DAC =- the l DCA. 

But the L DAC is a rt. angle ; ////;). 

.'. the L DCA is a rt. angle ; 

that is, two angles of the A DAC are togetbei- equal to twf) 

rt. angles; which is impossible. i. 17. 

Hence AE meets the circle at A. but being produced^ 
does not out it; 

thatisj AE is a tangent to t\\e c\vcV,. \\\, IVf A^ 
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(ii) Also through A no other straight line but AE can 
be drawn so as not to cut the circle. 




For, if possible, let AF be another st. line dr«awn through 
A so as not to cut the circle. 

From D draw DG perp. to AF; i. 12. 

and let DG meet the Q*^ a,t H. 

Then in the A DAG, because the ^ DGA is a rt. angle, 

.'. the L DAG is less than a rt. angle; 1. 17. 

.*. DA is greater than DG. L 19. 

But DA = DH, III. Def. 1. 

.'. DH is greater than DG, 
the part greater than the whole, which is impossible. 

.". no st. line can be drawn from the point A, so as not to 
cut the circle, except AE. 

Corollaries, (i) A tangeiit touclies a circle at om 
point only, 

(ii) There can he hut one tangent to a circle at a given 

2?oint. 



book iii. prop. 17. 
Proposition 17. Problem. 
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i To draw a tangent to a circle Jroni a given poiyit either 

an, or without the circumference. 

Fig. 2 





Ijet BCD be the given circle, and A the given point: 
it is required to draw from A a tangent to the 0CDB. 

Case I. If the given point A is on the O ^• 

Find E, the centre of the circle. iii. 1. 

Join EA. 

At A draw AK at rt. angles to EA. i. 11. 

Then AK being perp. to a diameter at one of its extremities, 

is a tangent to the circle. iii. 16. 

Case II. If the given point A is without the O ^^. 

Find E, the centre of the circle; iii. 1. 

and join AE, cutting the BCD at D. 

Prom centre E, with radius EA, describe the 0AFG. 

At D, draw QDF at rt. angles to EA, cutting the 0AFG at 

F and Q. i. 11. 

Join EF, EG, cutting the BCD at B and C. 

Join AB, AC. 
Then both AB and AC shall be tangents to the 0CDB. 

For in the A« AEB, FED, 
AE = FE, being radii of the GAF; 
Because ^and EB = ED, being radii of the BDC; 
land the included angle AEF is common; 

.*. the L ABE = the l FDE. \. &,. 



1; 



/ 
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But the Zi FDE is a rt. angle, Cons6r» 

.'. the L ABE is a rt. angle • 
hence AB, being drawn at rt. angles to a. diameter at one 
of its extremities, is a tangent to the BCD. in. 16. 

Similarly it may be shewn that AC is a tangent. Q.E.F. 

Corollary. If two tangents are drawn to a circle fro^ 
an external point, then (i) they are equal ; (ii) <A«y siAtsnd 
equal angles at the centre ; (iii) they make equal a/nghs tffiA 
tJie straight line which joins the given point to the cmtre. 

For, in the above figure, 

Since ED is perp. to FG, a chord of the FAQ, 



.•.DF=DG. 
Then in the A» DEF, DEQ, 
[DE is common to both, 
Because i and EF = EG ; 
[ and DF = DQ j 

.*. the z. DEF = the L DEG. 

Again in the A^ AEB, AEC, 
AE is common to both, 

and EB = EC, 
and the z. AEB = the l AEC; 
.*. AB = AC: 
and the L EAB = the L EAC. 



III. 3. 



iiL Def. 1- 

Proved* 

l8. 



Because - 



Proved' 
1.4. 

Q.K.P- 



Note. If the given point A is within the circle, no Bolution i^ 
possible. 

Hence we see that this problem admits of Uoo solutions, one aolw 
tion, or no solution, according as the given point A is without ^ oiit of 
within the circumference of a circle. 

For a, simpler method of drawing a tangent to a circle from a gifW 
point, see page 202. 
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Pkopobition 18. Theorem. 

Vhe straight line drawn from the centre of a circle to tlie 
t of contact of a tangent is perpendicular to the tangent. 




Let ABC be a circle, of which F is the centre; 

and let the st. line DE touch the circle at C : 

then shall FC be perp. to DE. 

For, if not, suppose FG to be perp. to DE, i. 12. 
and let it meet the O ^*^ at B. 

hen in the A FCG, because the L FGC is a rt. angle, I/i/p. 
.*. the L FCG is less than a rt. angle : i. 17. 

.'. the z_ FGC is greater than the z. FCG ; 

.'. FC is greater than FG : i. 19. 

but FC = FB ; 

.'. FB is greater than FG, 

ihe part greater than the whole, which is impossible. 

.*. FC cannot be otherwise than perp. to DE : 

that is, FC is perp. to DE. q.e.d. 

EXERCISES. 

. Draw a tangent to a circle (i) parallel to, (ii) at right angles to 
en straight line. 

. Tarujents drawn to a circle from the extreviities of a diameter 
Parallel. 

. Circles which touch one another internally or externally have a 
ion tangent at their point of contact, 

. In two concentric circles any chord of the outer circle which 
168 tfie inner, is bisected at the point of contact. 

In two concentric circles^ all chords of the oiitcr circle walucV 
///c inner, are equal. 



182 euclid's elements. 

Proposition 19. Theorem. 

The straiyht line drawn perpendicular to a tang&nt to a 
circhjrom the point of contact 2^0^868 throubgh tJie centre. 




D 

Let ABC be a circle, and DE a tangent to it at tlie point C ; 
and let CA be drawn perp. to DE : 

then shall CA pass througli the centre. 

For if not, suppose the centre to be outside CA, as at F. 

Join CF. 

Then because DE is a tangent to the circle, and FC 
is drawn from the centre F to the point of contact, 

.'. the Z- FCE is a rt. angle. ill. 18. 

But the z. ACE is a rt. angle ; ^yP' 

.*. the L FCE = the L ACE ; 
the part equal to tlie whole, which is impossible. 

.'. the centre cannot be otherwise than in CA; 
that is, CA passes through the centre. 

Q.K.D. 



EXERCISES ox THE TANGENT. 



Propositions 16, 17, 18, 19. 



1. The centre of any circle which touches two intersecting straight 
lines must lie on the bisector of the angle between them. 

2. AB and AC are two tangents to a circle whose oentre is O; 
Bhew that AO bisects the chord 0! contact BO Obt 'd^t «ti\^<^. 



\ 
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3. If two ciroles are ooncentrio all tangents drawn from points on 
the cirouinference of the outer to the inner circle are equal. 

4. The diameter of a circle bisects all chords which are parallel 
to the tangent at either extremity. 

6. Find the loots of the centres of all circles which touch a given 
straight line at a given point, 

6. Find the locus of the centres of all circles which touch each 
of two parallel straight lines. 

7. Find the locus of the centres of all circles tvhich touch each of 
two intersecting straight lines of unlimited length. 

8. Describe a circle of given radius to touch two given straight 
lines. 

9. Through a given point, within or without a circle, draw a 
chord equal to a given straight line. 

In order that the problem may be possible, between what limits 
must the given line lie, when the given point is (i) without the circle, 
(ii) within it? 

10. Two parallel tangents to a circle intercept on any third tan- 
gent a segment which subtends a right angle at the centre. 

11. In any quadrilateral circumscribed about a circle^ the sum of 
ohc pair of opposite sides is equal to the sum of the other pair. 

12. Any parallelogram which can be circumscribed about a ciiclo, 
most be equilateral. 

13. If a quadrilateral be described about a circle, the angles sub- 
tended at the centre by any two opposite sides are together equal to 
two right angles. 

14. AB is any chord of a circle, AC the diameter through A, and 
AD the perpendicular on the tangent at B: shew that AB bisects the 
angle DAC. 

15. Find the locus of the extremities of tangents of fixed length 
drawn to a given circle. 

16. In the diameter of a circle produced, determine a point such 
that the tangent drawn from it shall be of given lenp;th. 

17. In the diameter of a circle produced, determine a point such 
that the two tangents drawn from it may contain a given angle. 

18. Describe a circle that shall pass through a given point, and 
touch a given straight line at a given point. [See page 183. Ex. 5.] 

19. Describe a circle of given radius, having its centre on a given 
(straight line, and touching another given straight line. 

20. Describe a circle that shall have a given radius, and touch a 
given circle and a given straight line. How many such circles can 
be drawn? 
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Proposition 20. Theorem. 

21ie attf/ie at tlte centre of a circle is dovJble of an 
at the circuntferetice, standing on the saitie arc. 

Fig. 2 





Let ABC be a circle, of which E is tlie centre ; an 
BEC be an angle at the centre, and BAG an angle at the 
standing on the same arc BC : 

then shall the ^ BEC be double of the l BAC. 

Join AE, and produce it to F. 

Case J, AVhen the centre E is within tlie angle B 

Then in the A EAB, because EA = EB, 

.*. the i. EAB=:=the l EBA : 
.*. tlie sum of tlie -_ ^ EAB, EBA - twice the l. EA 

But the ext. _ BEF :- the sum of the :_ ** EAB, EBA; 

.*. the ^ BEF -twice tlie ^ EAB. 
Similarly the l. FEC^ twice the l EAC. 
.*. the sum of the l ■* BEF, FEC - twice the sum of 

the £. « EAB, EAC ; 
that is, the .i BEC ^ twice the L BAC. 

Case II. When the centre E is without the _ BA< 

As before, it may be shewn that the ■. FEB ~ twice the l 

also the :. FEC - twice tlie l 
.'. the dift'erence of the l ^ FEC, FEB ^ twice the ditfe 
of the L.^ FAC, FAB: 

that is, the ^ BEC = twice the l. BAC. 
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Note. If the arc BFC, on which the angles 
and, is greater than a semi-circumference, it 
clear that the angle BEC at the centre will be 
'flex: but it may still b6 shewn as, in Case I., 
lat the reflex z BEC is double of the i BAC 
b the o^, standing on the same arc BFC. 




Proposition 21. Theorem. 
AttAjles in the same seyvieid of a circle are equid. 




Let A BCD be a circle, and let BAD, BED be angles in 
the same segment BAED : 

then shall tlie l BAD ^ the L BED. 

Find F, the centre of the circle. iii. 1. 

Case I. When the segment BAED is greater than a 
semicircle. 

Join BF, DF. 

Then the i. BFD at the centre = twice the ^ BAD at the 
0*^^ standing on the same arc BD: iii. 20. 

and similarly the z. BFD = twice the l. BED. iii. 20. 
/. the L BAD = the L BED. . 

Case IL When the segment BAED is not greatei: tAvAw 
a semicircle. 
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Join AF, and produce it to meet the O*^** at C. 

Join EC. 

Then since A E DC is a semicircle; 
.'. the segment BAEC is greater than a semicircle: 
.*. the z. BAC = the u BEC, in this segment. Cow 

Similarly the segment CAED is greater than a semicirc 
.'. the _ CAD = tlie z. CED, in this sc^gment. 

\ the sum of the L ^ BAC, CAD = the sum of the l ^ E 

CED: 
that is, the L BAD = the L BED. Q.* 



EXERCISES. 

1. P is any point on the arc of a segment of which AB i 
chord. Shew that the sum of the angles PAB, PBA is constant. 

2. PQ and RS are two chords of a circle intersecting at X: i 
that the triangles PXS, RXQ are equiangular. 

3. Two circles intersect at A and B ; and through A any stn 
line PAQ is drawn terminated by the circumferences: shew tha 
subtends a constant angle at B. 

4. Two circles intersect at A and B; and through A any 
straight lines PAQ, XAY are drawn terminated by the circumfere] 
shew that the arcs PX, QY subtend ecpal angles at B. 

6. P is any point on the arc of a segment whose chord is AB 
the angles PAB, PBA are bisected by straight lines which inters^ 
O. Find the locus of the point O. 
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Note. If the extension of Proposition 20, given in the note on 
page 185, is adopted, a separate treatment of ^ 

the second case of the present proposition is .^-^^"^n^ 

unnecessary. 

For, as in Case I., 
the reflex z BFD = twice the /BAD; in. 20. 
also the reflex z BFD = twice the z BED ; 
.'. the z BAD = the Z BED. 




The converse of Proposition 21 is very important. For the con- 
struction used in its proof, viz. To describe a circle ahmit a given 
triangle^ the student is referred to Book rv. Proposition 5. [Or see 
Theorems and Examples on Book i. Page 103, No. 1.] 




Converse op Proposition 21. 

Equal angles standing on the same base, and on the same side of 
lit have their vertices on an arc of a circle, of lohich the given base 
is the chord. 

Let BAC, BDC be two equal angles standing 
on the same base BC : 

then shall the vertices A and D lie upon a 
segment of a circle having BC as its chord. 

Describe a circle about the a BAC : iv. 5. 
then this circle shall pass through D. 

For, if not, it must cut BD, or BD produced, 
at some other point E. 

Join EC. 

Then the z BAC = the z BEC, in the same segment: 
but the Z BAC = the z BDC, by hypothesis; 
.-. the Z BEC = the Z BDC; 
that is, an ext. angle of a triangle = an int. opp. angle ; 

which is impossible. 1. 16. 

.*. the circle which passes through B, A, C, cannot pass otherwise 
than through D. 

That is, the vertices A and D are on an arc of a circle of which 
the chord is BC. q. e.d. 

The following corollary is important. 

All triangles drawn on the same base, and with equal vertical angles, 
have their vertices on an arc of a circle, of which the given base is the 
chord. 

Ob, The locus of the vertices of triangles d/raun. ou tVxe ^ame, \ia%e. 
tffU/t eg^ual vertical angles is an arc of a circle. 
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Proposition 22. Theorem. 

TJte opposite angles of any qiuidrilateral inscribed in a 
circle are together eqval to two right wtigles. 




Let A BCD l)e a quadrilateral inscribed in the 0ABC; 
then shall, (i) the ^® ADC, ABC together = two rt. angles; 
(ii) the L ** BAD, BCD togetlier = two rt. angles. 

Join AC, BD. 

Then tlie _ ADB ^ tlie l. ACB, in the segment ADCB; iH. ^1* 
also tlie - CDB the _ CAB, in the segment CDAB. 

.*. the 1. ADC = the sum of the z_ * ACB, CAB. 
To eacli of tliese equals add the z. ABC: 
then tlie two .i ** ADC, ABC together — the three L ■ ACB, 
CAB, ABC. 

But the .:. •* ACB, CAB, ABC, being the angles of » 
triangle, together = two rt. angles. i. 3-. 

.*. the L. * ADC, ABC together = two rt. angles. 
Similarly it may be shewn that 

the I. =* BAD, BCD together - two rt. angles. 

EXERCISES. 

1. If a circle can be described about a parallelogram, tb 
parallelogram must be rectangular. 

2. ABC is an isosceles triangle, amd XY is drawn parallel to tl 
base BC : shew that the four points B, C, X, Y lie on a circle. 

3. If one side of a quadrilateral imcrlhed in a circle is produce 
the exterior angle is equal to the opposite interior angle of the quadi 
lateral. 
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Proposition 22. [Alternative Proof.] 

Let A BCD be a quadrilateral inscribed in the © ABC : ^ 
then shall the z ' ADC, ABC together = two rt. angles. 

Join FA, FC. 

Then the ^ AFC at the centre = twice the 
L ADC at the O^, standing on the same arc 
\BC. in. 20. 

Also the reflex angle AFC at the centre 
= twice the L ABC at the o"*, standing on the 
?ame arc ADC. iii. 20. 

Hence the / s ADC, ABC are together half 
;he sum of the z AFC and the reflex angle AFC ; 

but these make up four rt. angles: 1. 15. Cor, 2. 

/. the L 8 ADC, ABC together = two rt. angles. q.e.d. 




Definition. Four or more points through whicli a circle 
may be described are said to be concyclic. 



Converse of Proposition 22. 

IJ a pair of opposite angles of a quadrilateral are together equal to 
two right angles^ its vertices are concyclic. 

Let ABCD be a quadrilateral, in which the opposite angles at 
B and D together = two rt. angles; 

then shall the four points A, B, C, D be 
concyclic. 

Through the three points A, B, C describe 
a circle : iv. 5. 

then this circle must pass through D. 
For, if not, it will cut AD, or AD produced, 
at some other point E. 

Join EC. 
Then since the quadrilateral ABCE is inscribed in a circle, 

.-. the I s ABC, AEC together=two rt. angles. iii. 22. 

But the Z 8 ABC, ADC together = two rt. angles ; 

hence the z * ABC, AEC = the z « ABC, ADC. 

Take from these equals the z ABC: 

then the z AEC = the z ADC; 

that is, an ext. angle of a triangle = an int. opp. angle ; 

which is impossible. i. IG. 

.-. the circle which passes through A, B, C cannot pass otherwise 
than through D : 

that is the four vertices A, B, C, D ate eoTie^<^\^, qv^»^- 




Hyp. 
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I 

Definition. Similar segments of circles are those which 
contain equal angles. 

Proposition 23. Theorem. 

t 

On the smiip chord and on the aanie side of it^ th&n 
cmtnot he two slmlhtr segments of chcleSj 'not coinciding vridi 
one a) t other. 




If possible, on the same chord AB, and on the samo 
side of it, let there be two similar segments of circles ACB, 
ADB, not coinciding with one another. 

Then since the arcs ADB, ACB intersect at A and B, 

.*. they cannot cut one another again; iii. 10. 
.'. one segment falls within the other. 

In the outer arc take any point D ; 

join AD, cutting the inner arc at C: 

join CB, DB. 

Th?n because the segments are similar, 

.*. the 2. ACB = the z_ADB; ill. Def. 

that is, an ext. angle of a triangle = an int. opp. angle; 

which is impossible. I. 16. 

Hence the two similar segments ACB, ADB, on the same 
chord AB and on the same side of it, must coincide. 

Q.E.D. 

EXERCISES ON PROPOSITION 22. 

1. The straight lines which bisect any angle of a quadrilateral 
figure inscribed in a circle and the opposite exterior angle, meet on 
the circumference. 

2. A triangle is inscribed in a circle: shew that the sum of the 
angles in the three segments exterior to the triangle is equal to four 
right angles. 

3. Divide a circle into two segments, so that the angle contained 
bj^ the one shAil be double of the an^Ye coii\.«bmQdL\s^ \.Yi& other. 



book iii. prop. 24. 191 

Propositiox 24. Theorem. 

Similar segments of circles on equal ch<yrds are eqiuU to 
one another. 





Let AEB and CFD l)o similar segments on e(j[ual chords 
AB, CD: 

then shall the segment ABE = tlie segment CDF. 

For if the segment ABE be applied to the segment CDF, 
so that A falls on C, and AB falls along CD; 

then since AB = CD, 
.*. B must coincide with D. 

.'. the segment AEB must coincide witli the segment CFD ; 
for if not, on the same chord and on the same side of it 
there would be two similar segments of circles, not co- 
inciding with one another : which is impossible. ill. 23. 

.*. the segment AEB - the segment CFD. q. e.d. 



EXERCISES. 

1. Of two segments standing on the same cliord, tlie greater 
segment contains the smaller angle. 

2. A segment of a circle stands on a chord AB, and P is any 
point on the same side of AB as the segment: shew that the angle 
APB is greater or less than the angle in the segment, according as P 
is within or without the segment. 

3. P, Q, R are the middle points of the sides of a triangle, 
and X is the foot of the perpendiatlar let fall from one vertex on tlie 
opponte side : shew that the four points P, Q, R, X are concyclic. 

[See page 96, Ex. 2: also page 100, Ex. 2.] 

4. Use the preceding exercise to sJiew that the middle points of the 
sides of a triangle and the feet of tlie perpendiculars let fall from the. 
vertices on the opposite sides, are concyclic. 
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Proposition 25. Problem*. 

An arc of a circle being given, to describe tJie whole eir- 
cumf&rence of which the given arc is a part. 




Let ABC be an arc of a circle: 
it is required to describe the whole O^ of which the arc 
ABC is a part. 

In the given arc take any three points A, B, C. 

Join AB, BC. 
Draw DF bisecting AB at rt. angles, i. 10. 11. 
and draw EF bisecting BC at rt. angles. 

Then because DF bisects the chord AB at rt. angles, 

.*. the centre of the circle lies in DF. in. 1. Cor 
Again, because EF bisects the chord BC at rt. angles, 

.'. the centre of the circle lies in EF. iii. 1. C&r, 
:. the centre of the circle is F, the only point common to 
DF, EF. 

Hence the O^*' of a circle described from centre F, with 
radius FA, is that of which the given arc is a part. Q. e. f. 

* NoTK. Euclid gave this proposition a somewhat different form, 
as follows : 

A segment of a circle being given, to describe the circle of which 
it is a segment. 

Let ABC be the given segment standing on the chord AC. 
Draw DB, bisecting AC at rt. angles. 1. 10. g 

Join AB. 

At A, in BA, make the z BAE equal to the 

Z ABD. I. 23. 

Let AE meet BD, or BD produced, at E. 

Then E shall be the centre of the required circle. 

[Join EC ; and prove (i) EA = EC ; i. 4. 

(ii)EA=EB. 1. 6.] 
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Proposition 20. Theorem. 

Ii% eqiial circles the a/rcs which svhtend equal angles, 
whether at the centres or at the circumferences, sliall he equal. 





I 1 



I 

Let ABC, DEF be equal circles and let the L ^ BGC, EHF, 
at the centres be equal, and consequently the l. ^ BAG, EDF 
at the O*** equal: in. 20. 

then shall the arc BKC = the arc ELF. 

Join BG, EF. 

Then because the 0" ABG, DEF are equal, 
.'. their radii are equal. 

Hence in the A« BGG, EHF, 
BG = EH, 
r Because -j and GG = HF, 

\ (and the z. BGG = the z. EHF ; Jl^yp- 

\ .'. BG=EF. 1.4. 

Again, because the l BAG - the z_ EDF, Hyj>* 

.'. the segment BAG is similar to the segment EDF; 

III. Def. 15. 
and they are on equal chords BC, EF; 
/. the segment BAG = the segment EDF. in. 24. 

But the whole O ABG = the whole DEF; 
the remaining segment BKG = the remaining segment ELF, 
/. the arc BKG = the arc ELF. 

Q.E. P. 



/For Ao AlterDative Proof and Exercises see ^^. Wl , V^'^.^ 
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Proposition 27. Theorem. 

In equal circles tJie anyles^ whether at tlie centres or ik 
circu7nference8, which stand on eqital arcSy shaU he equaX. 





Let ABC, DEF be equal circles, 
and let the arc BC = the arc EF : 
Ihen shall the ^ BGC = the L EHF, at the centres ; 
and also the L BAG =^ the L EDF, at the 0**^ 

If tlio L^ BGG, EHF are not equal, one must l)e th< 
greater. 

If possible, let the z. BGC be the greater. 
At G, in BG, make the z. BGK equal to the l. EHF. i. 23 

Then because in the equal 0" ABC, DEF, 
the L BGK = the L EHF, at the centres; Consfr 
.'. the arc BK = the arc EF. in. 26, 

But the arc BC := the arc EF, I/t/ji 

.*. the arc BK = the arc BC, 
a part equal to the whole, which is impossible. 

.'. the z. BGC is not unequal to the z. EHF ; 
that is, the L BGC = the l EHF. 

And since the L BAG at the O*^*^ ifi half the z. BGC at thf 
centre, in. 20. 

and likewise the L EDF is half the l EHF, 

/. the L BAC = the l EDF. q. e. d. 

[For Exercisea see pT^. \^1 , "Va^.\ 
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Propositiox 28. Theorem. 



In eqttal circles tlie arc8^ which are cut off hy equal 
cJiordSy shall he equals the major arc equal to tlie niajm' arc, 
arui tJie minor to the minor. 





Let ABC, DEF be two equal circles, 
and let the chord BC == the chord EF : 
then shall the major arc BAG = the major arc EDF; 
and the minor arc BGC = the minor arc EHF. 

Find K and L the centres of the O*' ABG, DEF : in. 1. 
and join BK, KG, EL, LF. 

Then because the O* ABG, DEF are equal, 
.*. their radii are equal. 

Hence in the A"* BKG, ELF, 

( BK=EL, 

Because ■< KG = LF, 

(and BG = EF; Jfyp, 

:. the L BKG = the l ELF ; i.' S. 

.*. the arc BGG=:the arc EHF ; iii. 2G. 

and these are the minor arcs. 

But the whole C^ ABGG = the whole O''*' DEHF; Ift/p. 
/, the remaining arc BAG = the remaining arc EDF: 

and these are the major arcs. q.e.d. 

[For Exercises see pp. V61 , l^S A 
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Proposition 29. Theorem. 

In equal circles tlie chords, which cut of equ4Jtl art 
he equal, 

A D_ 





Let ABC, DEF be equal circles, 

and let the arc BGC = the arc EHF: 

then shall the chord BC = the chord EF. 

Find K, L the centres of the circles. 
Join BK, KC, EL, LF. 

Then in the equal ^ ABC, DEF, 

because the arc BGC = the arc EHF, 

.•. the L BKC = the L ELF. 

* 

Hence in the A® BKC, ELF, 
j' BK — EL, being radii of equal 

Because I KC = LF, for the same reason, 

[and tlie L BKC =the L ELF; 
.*. BC - EF. 



KXERCTSES 
ON PROPOSITIONS 26, 27. 

1. If two chords of a circle are parallel, tliey intercept eqh 

2. The straight lines, which join the extremities of ts 
arcs of a circle towards the same parts, are parallel. 

5. In a circlet or in equal circles^ sectors are equal if the, 
at the centres are equal. 



EXEUCISES ON PKUrK. 28, 2J). 11)7 

4., If two chords of a circle intersect at right angles, the opposite 
arc8 are together equal to a semicircumference. 

5. If two cliords intergect within a circle, they form an aiitfie 
^tuil to that subtended at the circumference by tlie sunt of the arcs they 
cutoff, 

6. If two chords intersect witliout a circle , they form an anyU 
^qual to that siibtetided at the circumference by the difference of the arcs 
they cutoff. 

7. If AB is a fixed cltord of a circle, and P any point on one 
\ of <^« fl«» cut off by itf then the bisector, of the angle APB cuts the 
' corrugate arc in the satne pointy whatever be the position of P. 

8. Two oiroles intersect at A and B ; and through these points 
I straight lines are drawn from any point P on the circumference of 
f one of the circles: shew that when produced they intercept on the 

other circumference an arc which is constant for all positions of P. 

9. A triangle ABC is inscrihed in a circle, and the bisectors of 
the angles meet the circumference at X, Y, Z. Find each angle of 
the triangle XYZ in terms of those of the original triangle. 



ON PBOPOSITIONS 28, 29. 

10. The straight lines which join the extremities of parallel chords 
in a drde (i) towards the same parts, (ii) towards opposite parts, are 
equaL 

11. Through A, a point of intersection of two equal circles two 
straight lines PAQ, XAY are drawn : shew that the chord PX is equal 

t to the cbozd QY. 

I 12. Through the points of intersection of two circles two parallel 

■ f itralght lines are drawn terminated by the cu-cumferences : shew that 
the straight lines which join their extremities towards the same parts 
^ are equal. 

K 

t 13. Two equal circles intersect at A and B ; and through A any 

straight line PAGt is drawn terminated by the circumferences: shew 
thatBP=Ba 

14. ABC is an isosceles triangle inscribed in a circle, and the 
bisectors of the base angles meet the circumference at X and Y. Bhew 
that the fignze BXAYC must have four of its sides equal. 

What relatioQ must subsist among the angles of the triangle ABC, 
in order that the figure BXAYC may be equilateral? 



* 
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NuTE. We liave ^iveii Euclid's deiiioustrationii of Prop<Miiti<MU 
26, 27, 2H, 20 ; but it Hhould be noticed that all these proi)ositibiu 
also admit of direct X)roof by the method of superposUioiu 

To illustrate this method we will api)ly it to Proposition 26. 

rROPOSiTioN 20. [Alternative Proof.] 

Ill equal circles J tJie arcs which subtend equal angles, whether ut 
the centres or circumferences ^ shall he equal. 








Let ABC, DEF be equal circles, and let the z s BGC, EHF at the 
centres be equal, and consequently the Z " BAG, EDF at the CF* 
equal : in. 20. 

then shall the arc BKG = the arc ELF. 

For if the ABG be applied to the DEF, so that the oentreO 
may fall on the centre H, 

then because the circles are equal, HyP' 

.'. their O'^'*" must coincide ; 
hence by revolving the upper circle about its centre, the lower circle 
remaining fixed, 

B may be made to coincide with E, 
and consequently G B with H E. 

And because the z BGC — the z EHF, 
.*, GC must coincide with H F : 

and since G = H F, liyp* 

.'. must fall on F. 

Now B coinciding with E, and with F, 

and the (:>«« of the ABC with the O^ of the DEF, 

.*. the arc BKC must coincide with the arc ELF. 

.*. the |irc BKC=the arc ELF. 

Q.K.D. 
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J:*ROF08iTiox 30. Problem. 
I'o bisect a yiven arc. 

b 




I, 



Let ADB be tlie given arc: 
it is required to bisect it. 

Join AB; and bisect it at C. i. 10. 

At C draw CD at rt. angles to AB, meeting tlie given 

i-c at D. I. 11. 
Tlien shall the arc ADB be bisected at D. 

Join AD, BD. 

Then in the A» ACD, BCD, 

AC = BC, CoHdir. 

Because -l and CD is common; 

(and the z. ACD = the L BCD, being rt. angles: 

/. AD - BD. I. 4. 

And since in the 0ADB, the chords AD, BD are equal, 
.*. the arcs cut off by them are equal, the minor arc equal 
to the minor, and the major arc to the major: iii. 28. 

and the arcs AD, BD are both miiiror arcs, 
lor each is less than a semi-circumference, since DC, bisecting 
the chord AB at rt. angles, must pass through the centre 
)t' the circle. iii. 1. Cor. 

.*. the arc AD -- the arc BD : 
that is, the arc ADB is bisected at D. Q. E. F. 

EXERCISES. 

1. If a tangent to a circle is parallel to a chord, the point of 
oniaet will bisect the arc cut off by the chord. 

2. Trisect a quadrant, or the fourth patt oi t\\Q Q^Tc\3CccAex^TkR.«a.^ oS. 
circle. 
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PkO POSITION 31. TUEOKEM. 

The aiKjle in a semicircle is a riyht amjle : 

the angle in a ser/vient greater than a seinicircle in less 

than a right angle : 

and the a'ngle in a segment less titan a semicircle is 

greater than a right angle. 




Let A BCD be a circle, of which BC is a diameter, and 
E the centre; and let AC be a chord dividing the circle into 
the segments ABC, ADC, of which the segment ABC is 
greater, and the segment is ADC less than a semicircle: 
then (i) the angle in the semicircle BAC shall be a rt. angle; 

(ii) the angle in the segment ABC shall be less than a 
rt. angle; 

(iii) the angle in the segment ADC shall be greater 
than a rt. angle. 

In the arc ADC take any point D; 
Join BA, AD, DC, AE; and produce BA to F. 

(i) Then because EA = EB, iii. Def. 1. 

.'. the L EAB = the L EBA. I. 6. 

And because EA = EC, 

.'. the L EAC = the L ECA. 

.*. the whole z. BAC = the sum of the z.® EBA, ECA: 

but the ext. l FAC - the sum of the two int. L ^ CBA, BCA; 

.*. the L BAC - tlie l. FAC; 
.*. these angles, being adjacent, are li}. angles. 
/. the L BAC, in the semicircle BAC, is a rt. angle. 
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(ii) In the A ABC, because the two l. ■ ABC, BAC are 

together less than two rt. angles; i. 17. 

and of these, the u BAC is a rt. angle ; Proved, 

/. the L ABC, which is the angle in the segment ABC, is 

less than a rt. angle. 

(iii) Because A BCD is a quadrilateral inscribed in the 
0ABC, 

.*. the L * ABC, ADC together = two rt. angles; in. 22. 
and of these, the z. ABC is less than a rt. angle: Proved, 
.'. the z. ADC, which is the angle in the segment ADC, is 
greater than a rt. angle. Q. E. D. 

EXERCISES. 

1. A circle described on the hypotenuse of a right-angled triangle 
as diameter^ passes through the opposite angular point, 

2. A system of right-angled triangles is described upon a given 
straight line as hypotenuse: find the locus of the opposite angular 
points. 

3. A straight rod of given length slides between two straight 
mlerB placed at right angles to one another : find the locus of its 
middle point. 

4. Two circles intersect at A and B ; and through A two diameters 
AP, AQ are drawn, one in each circle : shew that the points P, B, Q 
are coUinear. [See Def. p. 102.] 

^ 5. A circle is described on one of the equal sides of an isosceles 
tiiangle as diameter. Shew that it passes through the middle point 
of the base. 

6. Of two circles which have internal contact, the diameter of the 
inner is equal to the radius of the outer. Shew that any chord of 
the outer circle, drawn from the point of contact, is bisected by the 
eircomference of the inner circle. 

7. Circles described on any two sides of a triangle as diameters 
intersect on the third side, or the third side produced. 

8. Find the locus of the middle points of chords of a circle draton 
through a fixed point. 

Distinguish between the cases when the given point is within, on, 
or without the circumference. 

9. Describe a square equal to the difference of two given squares. 

10. Through one of the points of intersection of two circles draw 
a chord of one circle which shall be bisected by the other. 

11. On a given straight line as base a system of e(\uil^.tet^\ loxrc- 
Bded figures is deacribed : &nd the locus of the intet&etitVoii ol \>cv^\\. 
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Note 1. The exteusion of Proposition 20 to straiyht and , 
angles furnishes a simple alternative proof of 
the first theorem contained in Proposition 31, 
viz. 

The aiigle in a semicircle is a right angle. 

For, in the adjoining figure, the angle at S[^ 
the centre, standing on the arc BHC, is 
double the angle at the o*^^, standing on the 
same arc. 

Now the angle at the centre is the straight angle BEC ; 

.'. the Z BAC is half of the straight angle BEC: 

and a straight angle = two rt. angles; 

.-. the z BAC = one half of two rt. angles, 

= one rt. angle. 




Note *2. From Proposition 31 we may derive a simple pra« 
solution of Proposition 17, namely, 

To draw a tangent to a circle from a given external point. 

Let BCD be the given 
circle, and A the given exter- 
nal point : 

it is required to draw from 
A a tangent to the © BCD. 

Find E, the centre of the 
circle, and join AE. 

On AE describe the semi- 
circle ABE, to cut the given 
circle at B. 

Join AB. 

Then A B shall be a tangent ' 

to the O BCD. 

For the z ABE, being in a semicircle, is a rt. angle. ii 

.'. AB is drawn at rt. angles to the radius EB, from it 
tremity B; 

.*. AB is a tangent to the circle. ii 

Since the semicircle might be described on either side of AE 
clear that there will be a second solution of the problem, as shev 
the dotted lines of the figure. 
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PKOrOSlTlON 32. TllKOltlOM. 

If a isiraiyht line touch a circle^ aiul from the point of 
contact a cliord be drawn, ilie angles which this clwrd makes 
•with tlie tangent sludl he eqiiAxl to the angles in the alternate 
setftnenta of the circle. 




Let EF touch the given 0ABC at B, and let BD be a 
chord drawn from B, the point of contact; 

then shall (i) the z. DBF — the angle in the alternate 
segment BAD: 

(ii) the z. DBE = the angle in the alternate 
segment BCD. 



From B draw BA perp. to EF. 

Take any point C in the arc BD; 

and join AD, DC, CB. 



I. IL 



(i) Then because BA is drawn perj^. to tlie tangent EF, 
at its point of contact B, 

.*. BA passes througli the centre of the circle: in. 19. 
.*. the L ADB, being in a semicircle, is a rt. angle: in. 31. 
.'. in the AABD, the other l^ ABD, BAD together = a rt. 
angle; x, 32. 

that is, the z.* ABD, BAD together = the z. ABF. 
From these equals take the common z. ABD; 
.'. the L DBF = the l BAD, wliich is in the aAtecvvaX.vi -s^^- 
ment. 
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(ii) Because A BCD is a quadrilateral inscribed in a 
circle, 

.'. the L^ BCD, BAD together = two rt. angles: ill. 22. 
but the i." DBE, DBF together = two rt. angles; i. 13. 
.'. the L^ DBE, DBF together = the L^ BCD, BAD: 

and of these the L DBF = the z. BAD; Proved. 
.'. the :. DBE = the ^ DCB, which is in the alternate seg- 
ment. Q.K.D. 



EXERCISES. 

1. state and prove the converse of this proposition. 

2. Use this Proposition to shew that the tangents drawn to a 
circle from an external point are equal. 

3. If two circles touch one another, any straight line drawn 
through the point of contact cuts o& similar segments. 

Prove this for (i) internal, (ii) external contact. 

4. If two circles touch one another, and from A, the point of con- 
tact, two chords APQ, AXY are drawn: then PX and QY are parallel 

Prove this for (i) internal, (ii) external contact. 

5. Two circles intersect at the points A, B: and one of them 
passes through O, the centre of the other : prove that OA biseots the 
angle between the common chord and the tangent to the first oixcle 
at A. 

6. Two circles intersect at A and B ; and through P, any point 
on the circumference of one of them, straight lines PAC, PBD are 
drawn to cut the other circle at C and D: shew that CD is parallel 
to the tangent at P. 

7. If from the point of contact of a tangent to a circle, a choid 
be drawn, the perpendiculars dropped on the tangent and chord from 
the middle point of either arc out off by the chord are equal. 
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Proposition 33. Problem. 

On a given straight line to describe a segment of a circle 
fvhic/i sImU contain an angle equal to a given angle, 

H 



\ 





(and 



Let AB be the given st. line, and C the given angle: 
it is required to describe on AB a segment of a circle wliicli 
shall contain an angle equal to C. 

At A in BA, make the z. BAD equal to the l C. i. 23. 
From A draw AE at rt. angles to AD. i. 1 1. 

Bisect AB at F; i. 10. 

and from F draw FG at rt. angles to AB, cutting AE at G. 

Join GB. 

Then in the A« AFG, BFG. 

AF = BF, Conafr. 

Because •{ \and FG is common, 

the £.AFG = the z. BFG, being rt. angles; 
.*. GA = GB: I. 1. 

.'. the circle described from centre G, with radius GA, will 
pass through B. 

Describe this circle, and call it ABH: 
then the segment AH B shall contain an angle equal to 0. 

Because AD is drawn at rt. angles to the radius GA from 
its extremity A, 

.'. AD is a tangent to the circle: in. IG. 

and from A, its point of contact, a chord AB is drawn; 
.*. the L BAD = the angle in the alt. segment AHB. iii. 32. 

But the z. BAD = the L C : Conatr. 

.•. the angle in the segment AHB = tVv^ L.O. 

.'. AHB is the segment rec\u\Tfe^. q..^*.^. 
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Note. In the particular case when the given angle C Ib a rt. angle, 
the Hegment required will be the 
semicircle described on the given 
St. line AB; for the angle in a 
semicircle is a rt, angle. iii. 31. 



H 




KXKRCI8ES. 

[The following exorcises depend on the corollary to Proposition 21 
given on page 187, namel}* 

The locus of the vertices of triangles which stand on tlie samf Itase 
and hare a given i^ertical angU^ is the arc of the segment standing on 
this base, and containing an angle equal to the given angle. 

Exercises 1 and 2 afford good illustrations of the method of find- 
ing required points by the Intersection of Loci, See page 117.] 

1. Describe a triangle on a given base^ having a given vertical 
antflcj and having its vertex on a given straight line, 

2. Construct a triangle, having given the hase^ the vertical angle 
and (i) one other side, 

(ii) the altitude. 

(iii) the length of the median which bisects th£ haste, 
(iv) the point at which the perpendicular from the vertex 
meets the base, 

.S. Construct a triangle having given the base^ the vertical angle^ 
and the point at which the base is cut by the bisector of the vertical 
angle. 

[Let AB be the base, X the given point in it, and K the given 
angle. On AB describe a segment of a circle containing an angle 
equal to K; complete the C® by drawing the arc APB. Bisect the arc 
APB at P: join PX, and produce it to meet the 0**° at C. Then ABC 
sliall 1)0 tlie required triangle.] 

4. Construct a triangle having given the base, the vertical angle, 
and the sum of the remaining sides. 

[Lot AB be the given base, K the given angle, and H the giv6n line 
equal to the sum of the sides. On AB describe a segment oontaining 
an angle equal to K, also another segment containing an angle eqoal 
to half the z K. From centre A, with radius H, describe a cirde 
cutting the last drawn segment at X and Y. Join AX (or AY) cutting 
the first segment at C. Then ABC shall be the required triangle.] 

5, Construct a triangle having given the base, the vertical angle, 
and the difference of the remainin^^ alAeft, 
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Proposition X[. Prorlem. 



From a given circle to cut off a spgine^it v^hkh ahrdl 
contain an angle equal to a given angh. 





Jjet ABC l)e tho j^iveii circlo, and D the fjrivpn aiiiijlo: 
it is required to cut off from tho (-) ABC a se<(iupiit Avliicli 
shall contain an angle equal to D. 

Take any point B on the O ^'**, 
and at B draw tlie tangent EBF. iii. 17. 

At B, in FB, make tho l FBC o(|ual to tlio l D. t. 2o. 
Then the se^ipnent BAC shall contain an angle ocjual to D. 

Because EF is a tangent to tho oirclo, and from B, its 
point of contact, a chord BC is drawn, 

.*, the L FBC ~ the angle in tho alternate segment BAC. 

ITT. 32. 
But the L FBC = the l D ; Ctntsfr, 

,\ the angle in tlie segment BAC — tho l D. 
Hence from the given 0ABC a segment BAC has l)oon 
cut off, containing an angle equal to D. q. e. v. 



EXERCISES. 



1. The chord of a given segment of a circle is produced to a fixod 
point : on this straight line so produced draw a segment of a circle 
nmilax to the given segment. 

2. Through a. given point without a circle draw a straight lino 
that will oat oil a segment capable of containing an. tv.w^<& ec^'aW.c^ v^. 
given angle. 
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Proposittox 35, Theorem. 

If two cliords of a circle cut one anotlierj t/te rec 
contained by the segments of one sJiall he equal to tht 
angle contained hy tlie segments of the other. 




Let AB, CD, two chords of the OACBD, cut one ar 
at E: 

tlien shall tlie rect. AE, EB - the rect. CE, ED. 

Find F the centre of the OACB: 
From F draw FG, FH perp. respectively to AB, CD. 

Join FA, FE, FD. 

Then l>ecause FG is drawn from the centre F perp. tc 

.*. AB is bisected at G. 
For a similar reason CD is bisected at H. 

Again, because AB is divided equally at G, and unequally 
.*. the rect. AE, EB with the sq. on EG = the sq. on AG. 

To each of these equals add the sq. on GF; 
then the rect. AE, EB with the sqq. on EG, GF = the s 
the sqq. on AG, GF. 

But the sqq. on EG, GF = the sq. on FE; 
and the sqq. on AG, GF - the sq. on AF; 
for the angles at G are rt. angles. 

.*. the rect. AE, EB with the sq. on FE = the sq. on 

Similarly it may be shewn that 

the rect. CE, ED with the sq. on FE = the sq. on F 

But the sq. on AF = the sq. on FD; for AF = FD. 
/. the rect. AE, EB with the sq. on FE = the rect. C 
with the sq. on FE. 

From these equals take tVve> ^c\, ow FE*. 
then the rect. AE, E^=t\\e> Tec^t. OE.^^^, 
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Corollary. If through a fixed point withbb a circle 
\nij nuviber of cliords are drawit, the rectangles contained 
y ihevr segineiUs are all equal. 

NoTis. The following special cases of this proposition deserve 
otice. 

(i) when the given chords both pass through the centre : 
(ii) when one chord passes through the centre, and cuts the 

other at right angles : 
(iii) when one chord passes through the centre, and cuts the 

other obliquely. 

In each of these cases the general proof requires some modilica- 
Lou, which may be left as an exercise to the student. 



EXERCISES. 

1. Two straight linen AB, CD intersect at E, so that the rectangle 
^E, EB is equal to the rectangle CE, ED; shew that the four points 
A, B, C, D are concyclic. 

2. The rectangle contained by the segments of any chord drawn 
through a given point within a circle is equal to the square on half 
the shortest chord which may be drawn through that point. 

3. ABC is a triangle right-angled at C ; and from C a perpen- 
dicular CD is drawn to the hypotenuse : shew that the square on CD 
is equal to the rectangle AD, DB. 

4. ABC is a triangle; and AP, BQ the perpendiculars dropped 
&om A and B on the opposite sides, intersect at O: shew that the 
rectangle AG, OP is equal to the rectangle BO, OQ. 

5. Two circles intersect at A and B, and through any point in AB 
their common chord two chords are drawn, one in each circle ; shew 
^t their four extremities are concyclic. 

6. A and B are two points within a circle such that the rectangle 
contained by the segments of any chord drawn through A is equal to 
the rectangle contained by the segments of any chord through B : 
siiew that A and B are equidistant from the centre. 

7. If through E, a point loithout a ciirlcy two secants EAB, ECD 
are drawn; shew tliat the rectangle EA, EB is equal to the rectangle 
EC, ED. 

[Proceed as in iii. 35, using ii. C] 

8. Through A, a point of intersection of two circles, two straight 
ines CAE, DAF are drawn, each passing through a centre and termi- 
lated by the circumferences : shew that the rectangle CA, AE is equal 
tile rectangle DA, AF. 
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CoKOLLAKY. If from a given poiiU without a circle 
ny number of secants are drawn, the rectangles contained 
y the whole secants a/nd tite parts of titem tvithout the circle 
Te aU equal; for ea^h of these rectangles is equal to the 
quare on the tangent drawn from the given point to the 
ircle. 

For instance, in the adjoining figure, 
iach of the rectangles PB, PA and PD, PC 
*nd PF, PE is equal to the square on the 
tangent PQ: 

.•. the rect. PB, PA 

= the rect. PD, PC 

= the rect. PF, PE. 



Note. Bemembering that the segments into which the chord AB 
is divided at P, are the Hnes PA, PB, (see Part I. page 181) we are 
enabled to include the corollaries of Propositions 35 and 36 in a 
single enunciation. 

If any number of cliordis of a circle are drawn through a given 
poinJt within or without a circle^ the rectangles contained hy the 
segments of the chorda are equal. 



EXERCISES. 

1. Use this proposition to shew that tangents drawn to a circle 
&om an external point are equal. 

2. If two eircles intersect, tangents drawn to them li'um any 
point in their common chord produced are equal. 

3. If two eircles intersect at A and B, and PQ is a tangent to 
l>oth circles; shew that AB produced bisects PQ. 

4. If P is any point on the straight line AB produced, shew that 
the tangents drawn from P to all circles which pass through A and B 
<^ equal. 

5. ABC is a triangle right-angled at C, and from any point P in 
AC, a perpendicular PQ is dra>vn to the hypotenuse : shew that the 
rectangle AC, AP is equal to the rectangle AB, AQ. 

6. ABC is a triangle right-angled at C, and from C a perpen- 
dioolar CD is drawn to the hypotenuse: shew that the te!c\.. k^^ t^ 
is equal to the square on AC. 
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Proposition 37. Theorem. 

If from ic point tvithout a circle tliere be dratwi i 
straight lines, one of which cuts the circle^ and iJts ott 
meets it, and if tite rectangle contained hy the wfiole I 
tchich cuts tlis circle and tlte part of it wltJiout the circle 
equal to the square on the line which meets the eirde^ tl 
the line tuhich meets tlie circle sludl he a tangent to it. 




Let ABC be a circle; and from D, a poiut without 
let there be drawn two st. lines DCA and DB, of whi 
DC A cuts the circle at C and A, and DB meets it; and 1 
the rect. DA, DC -the sq. on DB: 

then shall DB be a tangent to the circle. 

From D draw DE to touch the 0ABC: ill. 

let E be the point of contact. 
Find the centre F, and join FB, FD, FE. ill. 

Then since DCA is a secant, and DE a tangent to the circl 
.*. the rect. DA, DC = the sq. on DE, IIL 3 
But, by hypothesis, the rect. DA, DC = the sq. on DB: 

.'. the sq. on DE — the sq. on DB, 
.*. DE = DB. 

Hence in the A« DBF, DEF. 

[ DB = DE, rrove 

Because - and BF =^ EF; ill. Dff. 
[ and DF is common; 

.*. the L. DBF - the L DEF. L 

But DEF is a rt. angle ; in. 1 

.*. DBF is also a rt. angle; 
and since BF is a radius, 
.'. DB touches the ABC at the point B. 



NOTK UN TlIK MHrniOl) OF LIMITS AS APPLIKI) TO TAN(iKN(*Y. 
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Euclid defines a tangent to a circle as a utraiyht line which ineeta 
the circumference, but being produced^ does not cut it : and from this 
definition he deduces the fundamental theorem that a tangent is per- 
pendicular to the radius drawn to the point of contact. Prop. 1(». 

But this result may also he established by the ^lethod of Limits, 
which regards the tangent as th^ ultinuite position of a secant when its 
two points of intersection with the circumference are brought into coin- 
cidence [See Note on page 151]: and it may be shewn that every 
theorem relating to the tangent may be derived from some moro 
general proposition relating to the secant, by considering tho ultimate 
case when the two points of intersection coincide. 

1. To prove by the Method of Limits that a tangent to a circle 
is at right angles to tJie radius drawn to the 2)oint of contact. 

Let ABD be a circle, whose centre 
is C; and PABQ a secant cutting the 
O* in A and B ; and let FAQ' be the 
limiting position of PQ when the point 
B is brought into coincidence with A: 
then shall CA be perp. to P'Q'; 

Bisect AB at E and join CE: 

then CE is perp. to PQ. iii. 3. 

Now let the secant PABQ change 
its position in such a way that while the 
point A remains fixed, the point B con- 
tinually approaches A, and ultimately 
coincides with it ; 

then, liowever near B approaches to A, the Rt. line CE ia always 
perp. to PQ, since it joins the centre to tho middle point of tho chord 
AB. 

But in the limiting position, when B coincides with A, and tho 
secant PQ becomes the tangent P'Q', it is clear that tho point E will 
also coincide with A ; and the perpendicular CE becomes tho radius 
CA. Hence CA is perp. to the tangent P'Q' at its point of contact 
A. Q. K. n. 

Note J It follows from Proposition 2 that a straight line cannot 
fyat the circumference of a circle at more than two points. Now when 
the two points in which a secant cuts a circle move towards coinci- 
dence, tne secant ultimately becomes a tangent to the circle: we 
infer tiierefore that a tangent cannot meet a circle otherwise than 
»t its point of contact. Thus Euclid's definition o( Ck, t^w^'e^X* xxx-vj \y«i 
deduced tmm that given by the Method of lAmil?.. 
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2. By this Method Proposition 32 may he derived as a special ease 

from Proposition 21. 

For let A and B be two points on the O*" 
of the ©ABC; 

and let BCA, BPA be any two angles in ,y X \\. m 

the segment BCPA : /f\ y^ \\ 

then the z BPA = the/ BCA. iii. 21. 

Produce PA to Q. 
Now let the point P continually approach 
the fixed point A, and ultimately coincide 
with it ; 
then, however near P niay approach to A, 
the I BPQ=the l BCA. iii. 21. 

But in the limiting position when 
P coincides with A, 

and the secant PAQ becomes the tangent AQ', 
it is clear that BP will coincide with BA, 
and the z BPQ becomes the z BAQ'. 
Hence the z BAQ'= the z BCA, in the alternate segment, q. e. p. 



The contact of circles may be treated in a similar manner by 
adopting the following definition. 

Definition. If one or other of two intersecting circles alters ite 
position in such a way that the two points of intersection oontinoaUy 
approach one another, and ultimately coincide ; in the limiting posi- 
tion they are said to touch one another, and the point in which tiie 
two points of intersection ultimately coincide is called the point of 
contact. 

EXAMPLES ON LIMITS. 

1. Deduce Proposition 19 from the Corollary of Proposidon 1 

and Proposition 3. 

2. Deduce Propositions 11 and 12 from Ex. 1, panje 156. 

3. Deduce Proposition 6 from Proposition 5. 

4. Deduce Proposition 13 from Proposition 10. 

5. Shew that a straight line cuts a circle in two different points, 
TWO coincident points, or not at all, according as its distance from the 
centre is less than, equal to, or greater than a radius. 

0. Deduce Proposition 32 from Ex. 3, page 188. 

7. Deduce Proposition 36 from Ex. 7, page 209. 

8. The angle in a semi-circle is a right angle. 
To what Theorem is this statement reduced, when the vertex of 

the right angle is brought into coincidence with an extremity of the 
diameter? 

P, From Ex. 1, page 190, deduce t\\e coTtesp«m^xiy;^T«5«!V5 Ai 
triangle inacribed in a circle. 
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THEOREMS AND EXAMPLES ON BOOK TTT. 

I. ON THE CENTRE AND CHORDS OP A CIRCLE. 

See ProiXMsitions 1, 3, 14, 15, 25. 

1- All circles which pass through a fixed pointy and hare their 
centres on a given straight line^ pass also through a second fixed point, 

liet AB be the given st. line, and P the given point. 

P' 




From P draw PR perp. to AB ; 
and prodace PR to P', making RP' equal to PR. 

Then all oirdes which pass through P, and have their centres on 
AB, shall pass also through P'. 

For let C be the centre of any one of these circles. 

Join CP, CP'. 

Then m the A' CRP, CRP' 
( CR is common, 

Because J andRP=RP', Constr, 

I and the z CRP=the z CRP', being rt. angles; 

.-. CP=CP'; 1.4. 

.-. the cirole whose centre is C, and which passes through P, must 

pass also through P'. 
But C is the centre of any circle of the system ; 
.*. all circles, which pass tmrough P, and have their centres in AB, 

pass also through P'. q. e. d, 

8. Dneribe a circle that slvall poAS througli three glx^eu •^'n\% wot. 
in ike sttme straight line. 
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H. Describe a circle tliat shall pass through two given poiuts and 
have its centre in a given straight lino. When is this impossible? 

4. Descrihe a circle of given radias to pass through two given 
points. When is this impossible? 

5. ABC is an isosceles triangle ; and from the vertex A, as centre, 
a circle is described cutting the hase, or the base prodnced, at X and Y. 
Hhewthat BX = CY. 

C. If two circles which intersect are cut by a straight line 
parallel to the common chord, shew that the parts of it intercepted 
between the circumferences are equal. 

7. If two circles cut one another, any two straight lines drawn 
through a point of section, making equal angles with the common 
chord, and terminated by the circumferences, are equal. [Ex. 12, 
p. 150.J 

8. If two circles cut one another, of all straight lines drawn 
through a point of section and terminated by the cu'cumferencos, the 
greatest is that which is parallel to the line joining the centres. 

9. Two circles, whose centres are C and D, intersect at A, B; 
and through A a straight line PAQ is drawn terminated by the 
circumferences: if PC, QD intersect at X, shew that the angle PXQ 
is equal to the angle CAD. 

10. Through a point of section of two circles which out one 
another draw a straight line terminated by the circmnferencos and 
bisected at the point of section. 

11. AB is a fixed diameter of a circle, whose centre is C; and 
from P, any point on the cii'cumforence, PQ is drawn perpendicular 
to AB; slicw that the bisector of the angle CPQ always intersects tiiie 
circle in one or other of two fixed points. 

12. Circles are described on the sides of a quadrilateral as 
diameters: shew that the common chord of any two consecutive 
circles is ^Darallol to the common chord of the other two. [Ex. 9, 
p. \)7.] 

13. Two equal icircles touch one another externally, and through 
tlio point of contact two chords are drawn, one in each circle, at 
right angles to each other: shew that the straight lino joining their 
other extremities is equal to the diameter of either circle. 

14. Straight lines are drawn from a given external point to the 
circumference of a circle: find the locus of their middle points. 
[Kx. 8, p. 97.] 

15. Two equal segments of circles arc described on opposite sides 
of the same chord AB; and through O, the middle point of AB, any 

straight Hue POO, is drawn, intersecting the arcs of the segments at 
Pand Q: shew that OP-OQ. 
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IL ON THE TANGENT AND THE CONTACT OF (nUCLKH. 

Seo Pro[)OHitions 11, 12, 1(5, 17, is, I<). 

1. All equal chords placed in a pjivcn circle touch a fixed concen- 
tric circle. 

2. If from an external point two tangents are drawn to a circle, 
the angle contained by them is double the angle contained by the 
chord of contact and the diameter drawn through one of the points of 
contact. 

3.' Two circles touch one another externally, and through tlio 
point of contact a straight line is drawn tenninated by the circum- 
iercnces: shew that the tangents at its extremities are parallel. 

4. Two circles intersect, and through ope point of section any 
itraight line is drawn terminated by the circumferences : shew that 
the angle between the tangents at its extremities is equal to the angle 
between the tangents at the point of section. 

5. Shew that two parallel tangents to a circle intercept on any 
third tangent a segment which subtends a right angle at the centre. 

G. Two tangents are drawn to a given circle from a fixed external 
point A, and any third tangent cuts them produced at P and Q: sliew 
that PQ snbtendfl a constant angle at the centre of the circle. 

7. In any quadrilateral circumscribed about a circle, the sum of 
one pair ofoj^^osite sides is equal to the sum of the other pair. 

8. If the sum of one pair of opposite sides of a quadrilatenil is 
equal to the sum of the otiter pair, shew tJiat a circle imuj be inscribed 
in the figure. 

[Bisect two adjacent angles of the figure, and so describe a circle ti) 
toach tluree of its sides. Tlien prove indirectly by means of the last 
ezerciBe that this circle must also touch the fourth side.] 

^ 9. Two circles touch one another internally: shew that of all 
chords of the outer circle whicli touch the inner, the greatest is that 
vhich is perpendicular to the straight line joining the centres. 

10. Jn any triangle, if a circle is described from the middle point 
of one aide as centre and with a radius equal to half the sum of tlic 
other two sides, it will touch the circles described on these sides as 
diameters. 

11. Through a given point, draw a straight line to cut a circle, so 
that the part intercepted by the circumference may be equal to a given 
•traight One. 

In order that the problem may be possible, bet^^eii \«\yb.\. \^k«vV?. 
inut the siven line Me, U'hen the given point \h l\\ V\\\\o\\\. ^iX^^ evtcV 
\n) within it r 



if 
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12. A BorieR of circles touch a given straight line at a givex 
shew that the tan^'ontH to them at the points where they eat i 
parallel straight line all touch a lixed circle, whose centre is tb 
point. 

l.S. If two circles touch one another internally, and ui; 
circle he described touching both ; then the sum of the diBtei 
the centre of this third circle from the centres of the two fpyea 
is constant. 

14. Find the locus of points such that the pairs of tn 
drawn from them to a given circle contain a constant angle, 

15. Find a point such that the tangents drawn from it 
given circles may be vqxuii to two given straight lines. When 
impossible? 

10. If three circles touch one another two and two; pro* 
the tangents drawn to them at the three points of oontaict ai 
current and equal. 

The Common Tangents to Two Gircler. 

17. To draw a common tangent to two circles. . 

First, if the given circles are external to one another, or i 
intersect. 

Let A be the centre of the 
greater circle, and B the centre 
of the less. 

From A, with radius equal 
to the diiT'*' of the radii of the 
given circles, descriln) a circle: 
and from B draw BC to touch 
the last drawn circle. Join AC, 
and produce it to meet the 
greater of the given circles at D. 

Through B draw the radius BE par* to AD, and in the 
direction. 

Join DE: 
then DE shall be a common tangent to the two given circles. 

For since AC — the difT*'« between AD and BE, < 

/. CDr^BE: 
and CD is par' to BE; < 

.'. DE is equal and par* to CB. 

But since BC is a tangent to the circle at C, 

.*. the z ACB is a rt. angle; ] 

hence each of the angles at D and E is a rt. angle: 

.-. DE IB a tangevil Xo \ioWi c««^«». 




THEOREMH AND KXAMPLER ON BOOK ITT. 219 

It follows from hypothesis that the point B is outside the circle 
Buwd in the oonstraction : 

/. two tangents such as BC may always he drawn to it from B ; 
fienoe two oommon tangents may always he drawn to the given 
sIeoIm fay the ahove method. These are called the direct common 



"When the given oiicles are external to one another and do not 
inteneot, two mord common tangents may he drawn. 

For, from centre A, with a radius equal to the sum of the radii of 
3ie given circles, describe a circle. 

From B draw a tangent to this circle ; 
ind proceed as hefore, hut draw BE in the direction opposite to AD. 

It follows from hypothesis that B is external to the circle used in 
;he constmction ; 

.'. two tangents may he drawn to it from B. 

Henoe two more common tangents may be drawn to the given 
drdles : these will be found to pass between the given circles, and are 
sailed the tnuiMverse common tangents. 

Thns, in general, four common tangents may be drawn to two 
^yen eiioles. 

Hhe student should investigate for himself the number of common 
angents which may he drawn in the following special cases, noting 
n Moh ease where the general construction fails, or is modified : — 

(i) When the given circles intersect : 

(ii) When the given circles have external contact : 

(iii) When the given circles have internal contact : 

(iy) When one of the given circles is wholly within the other. 

18. Droto the direct common tangents to two equal circle. 

19. If the two direct, or the two transverse, common tangents 
Are drawn to two circles, the parts of the tangents int(>rco])to(i be- 
tween the points of contact are equal. 

20. If foar eommon tangents are drawn to two circles external to 
one another; shew that the two direct, and also the two transverse, 
tangents intersect on the straight line which joins the centres of the 
circles. 

21. Two given circles have external contact at A, and a direct 
eommon tangent is drawn to touch them at P and Q : shew that PQ 
mibtends a right angle at the point A. 

22. Two ciroles have external contact at A, and a direct common 
tangent is drawn to touch them at P and Q.-. ^Vve^^ \^cv<8^^ ^ ci^xOv^ 
denribed on PQ as diameter is touched at ^ \)y \\ve ^\>t^\^V Xwvsi 
v^biob /niziH the centres of the circles. 
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*2H. Two cIrol('}{ whose centres are C and C'have external < 
at A, and a dinvt common tan^'ent is drawn to toudi then 
and Q : shew that the bisectors of tlic angles PCA, QC'A n 
ri^ht angles in PQ. And if R is the point of intersection 
bisectors, shew that RA is also a common tangent to the oirole 

24. Two circles have external contact at A, and a direct cc 
tanf^ent is drawn to toucli them at P and Q : shew that the 
on PQ is equal to the rectangle contained by the diameters 
circles. 

25. Draw a tan<{ent to a given circle, so that the pari 
intercepte<l hy another ^iven circle may be cqnal to a given s" 
lim*. SVlion is this impossible? 

20. Draw a secant to two given circles, so tliat the part 
intercept! 'd by tlu! circmnfercncos may be equal to two given fi 
lines. 



Problems on Tanoescy. 

The following exercises are solved hy the Afethod of 
sootion of Loci, explained on imgo 117. 

Tlio student should l)egiii by making himself familial 
Ihn following loci. 

(i) Tin' hriitt of tho vcntrcA of circlett which pass through tm 

(ii) The locun of the. cnitrcA ofriirlcs which touch a given s\ 
J'nic at a fjircti junnt. 

(iii) llie Inrus of the centres of circles which touch a given Ct 
n ffiren point. 

(iv) The locnft of the centres of circles which touch a given s\ 
line J and hare a <jiven radius, 

(v) The locus of the centres of circles which touch a given 
iind hare a tjiven radius. 

(vi) The locus (f the centres of circles which touch two 
straitiht line.i. 

In each exerciso iho student should investigftt.e tlio 
and relations among the data, in order that the problem n 
]>ossil)le. 

27. Describe a circle to touch three given straight lines. 

28. Describe a circle to pass through a given point and U 
given straight line at a given point. 

29. Describe a circle to pass through a given point, and U 
given circle at a given point. 
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^ 80. Describe a circle of given radius to pass ihruugh a giveu 
potni* and touch a given straight line. 

81. Describe a circle of given radius to touch two giveu circles. 

83. l)e8oribe a oirde of giveu i-adius to touch two giveu straight 



'y- 88. Describe a circle of given radius to touch a given circle and a 
given Biraight Ime. 

34. Describe two circles of given radii tu touch one another and 
a given straight line, on the same side of it. 

85. If a circle touches a given ciitile and a given straight line, 
shew that the points of contact and 'an extremity of the diameter (^f 
the given circle at right angles to the given line are colUneur. 

86. To dencribt a circle to touch a given circle^ and aUo to tuiicli a 
given straight line at a given point. 

Let DEB be the given circle, PQ 
the given st. line, and A the given 
point in it : 

it is required to describe a circle to 
touch the DEB, and also to touch 
PQat A. 

At AdrawAFperp. toPQ: 1. 11. 
then the centre of the required circle 
must lie in AF. ui. 19. 

Find C, the centre of the DEB, 

III. 1. 
and draw a diameter BD perp. to 
PQ: 

join A to one extremity D, cutting 
the o"" at E. 

Join CE, and produce it to cut AF at F. 

Then F is the centre, and FA the radius of the rccxuired circle. ' 

[Supply the proof :' and shew that a second solution is obtained by 
joining AB, and producing it to meet tho O"^ : 

also distingaiah between the nature of the contact of the cucles, when 
' PQ outs, toaches, or is without tho given circle.] 

37. Describe a circle to touch a given straight line, and to touch 
a given circle at a given point. 

38. . Describe a circle to touch a given circle, liavc its centre in a 
given Btraight Une, and pass through k given i)oint in that straight 
line. 

- • [Fur other prubltuia of the same claiis ftcc \vA'i^ IWo?^ 
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Okthogonal Ciscleb. 

Definition. Circles whicli intersect at at point, so i. 
two tangents <'it that point are at right angles to one a 

iire said to be orthogonal, or to cut one another 
gonally. 

39. In two iutersectiug circles the angle between the ti 
at one point of intersection is equal to the angle between the ti 
at the other. 

40. If two circles cut one another ortJioyonaUy, the tan 
each circle at a point of intersection will j)ass through the a 
tJie other circle. 

41. If two circles cut one another orthogonally, the squar> 
distance between their centres is equal to the sum of the squ 
tiieir radii. 

42. Find the locus of the centres of all circles which oat 
circle orthogonally at a given point. 

43. Describe a circle to pass through a given point anc 
given circle orthogonally at a given point. 



111. ON ANGLES IN SEGMENTS, AND ANGLES AT T 
CENTRES AND CIRCUMFERENCES OP CISOLES. 

See Propositions 20, 21, 22; 26, 27, 28, 29; 31, 32, 3; 

1. If two chords intersect tcithin a circle, they form an ang 
to that at the centre, subtended by half the sum of the arcs tliey 

Let AB and CD be two chords, intersecting 
at E within the given ©ADBC: 
then shall the z A EC be equal to the angle at 

the centre, subtended by half the sum of the 

arcs AC, BD. 

Join AD. 
Then the ext. l A EC = the sum of the int. 
opp. /"EDA, EAD; 

that is, the sum of the z ^CDA, BAD. 
But the /"CD A, BAD are the angles at 
the a^ subtended by the aics AC, BD ; 
.'. their sum = half the sum of the angles at the centre Bubtei 

the same arcs; 
or, the I AEC=the angle at the centre subtended by half the 
the arcs AC, BD. 
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S. ff twoehorda when produced intersect outxide a circle, they form 
angle equal to that at tlie centre subtended by half tlie difference of 
Mto oTBf they cut off. 

8. The Biun of the arcs cut oil by two chords of a circle at right 
MifjIeB to one another is equal to the semi-circuinfereiice. 

4. AB, AC are auy two chords of a circle ; and P, Q are the 
BPmMIa points of the minor arcs cut off by them : if PQ is joined, 
twtting AB and AC at X, Y, shew that AX=AY. 

5. If one side of a quadrilateral inscribed in a circle is produced^ 
Iktf exterior angle is equal to the opposite interior angle. 

0. If two circles intersect, and any straight lines are drawn, one 
throngh each point of siection, terminated by the circumferences; 
shew that the (diords which join their extremities towards the same 
paitB are parallel. 

7. ABCD is a quadrilateral inscribed in a circle ; and the opposite 
Bides AB, DC are produced to meet at P, and CB, DA to meet at Qr 
If tiie circles circumscribed about the triangles PBC, QAB intersect 
at R, shew that the points P, R, Q are collinear. 

€. If a circle is described on one of the sides of a right-angled 
briangle, then the tangent drawn to it at the point where it cuts the 
t^ypotennse bisects the other side. 

9. Given three pcints not in the same straight line : shew how 
'4i find any namber of points on the circle which passes through them, 
viihont finding the centre. 

10. Through any one of three given points not in the same 
ttrai^t line, draw a tangent to the circle which passes through them, 
viihont finding the centre. 

11. Of two circles which intersect at A and B, the circumference 
>f one passes through the centre of the other : from A auy straight 
ine is drawn to cut the first at C, the second at D ; shew that CB = CD. 

12. Two tanscnts AP, AQ are drawn to a circle, and B is the 
middle poiat of the arc PQ, convex to A. Shew that PB bisects the 
u^APQ. 

18. Two circles intersect at A and B ; and at A tangents are 
idrawn, one to each circle, to meet the circumferences at C and D : if 
KB, BD aiB Joined, shew that the triangles ABC, DBA are equiangular 
Ito one another. 



i 14. Two segments of circles are described on the same chord and 
■nilis Mme side of it ; the extremities of the common chord are joined 




liny point on the arc of the exterior segment : shew that the arc 
~ on the interior segment is constant. 



I 
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lo. If a seriuB of triangles sue drawn Btanding on a fixe 
Hud huvmg a given vertical angle, shew that the biHeotors of tb 
cal angles all pass through a lixed point. 

16. ABC is a tiianglc inscribed in a circle, and E the 
point of the hlc subtonded by BC on the side remote froi 
through E a diameter ED is dra^vn, shew that the angle DEA 
the difference of the angles at B and C. [See Ex. 7, p. 101.] 

17. If two circles touch each other internally at a pomt 
chord of tlic exterior circle which touches the interior is divide 
XX)int of contact into segments which subtend equal angles at t 

18. If two circles touch one another internally, and a \ 
line is drawn to cut them, the segments of it intercepted bet>v 
circumferences subtend ccjual angles at the point of contact. 




The OllTHOCENTKE OF A TlUANULE. 

19. The parpendiculars draicn from tJie vertices of a trii 
the opposite sides are concurrent. 

In the A ABC, let AD, BE be the 
pei*p" drawn from A and B to the oppo- 
site sides ; and let them intersect at O. 
Join CO; and produce it to meet AB 
at F. 

It is required to shew that CF in pcrp. 
to AB. 

Join DE. 

Then, because the z " OEC, O DC are 
rt. angles, J^VV' 

:. the points O, E, C, D are concyclic : 
.-. the I DEC — the Z DOC, in the same segment; 

= the vert. opp. Z FOA. 

Agiihi, because the Z " AEB, ADB are rt. angles, 

.*. the points A, E, D, B are concyclic : 
.'. the z DEB := the z DAB, in the same segmoiit. 

.-. the sum of the z " FOA, FAO-the sum of the z • DEC, 

= a rt. angle: 
.-. the remaining Z AFO = art. angle: 
that is, CF is perp. to AB. 
Hence the three i^Qiif AD, BE, CF meet at the point O. 

[ji'or au Alterualivc Proof see page 100.] 
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Definitions. 

(i) The intersection of the poii)en(.licul{ii*s ilrjiwu from the 
VortioeH of a trhuigle to the opposite sides is calKvl its ortho- 

Mutare. 

(ii) The triangle formed by joining the feet of the inu-pendi- 
Bolars ia called the pedal or orthocentric triangle. 

SO. In an acute-angled triangle the perpemliculars drawn from 
Uu vertices to tJte opposite sides bisect the angles of the pedal triangle 
l^rmigh which they pass. 

In the aeute-angled a ABC, let AD, 
3E, CF be the perp* drawn from the 
rertices to the opposite sides, meeting 
hi the orthocentre O; and let DEF be 
ihe pedal triangle : 

ben shall AD, BE, CF bisect respect- 
ively the Z- FDE, DEF, EFD. 

For, as in the last theorem, it may 
le shewn that the points O, D, C, E are 
onoyclio; 

' .*. the Z ODE=the z OCE, in the same segment. 

Similarly the points O, D, B, F are concyclic; 

/. the Z CDF = the z OBF, in the same segment. 

But the Z OCE = the Z OBF, each being the comp' of the z BAC. 

.-. the Z ODE=the z CDF. 

Similarly it may be shewn that the z " DEF, EFD are bisected by 
IE and CF. g. e. d. 

GoBOLLABT. (i) EvCHj two sides of the pedal triangle are equally 
nelined to that side of the original triangle in which they meet. 

"Pot the Z EDO = the comp' of the z ODE 

=the comp* of the z OCE 
sthe Z BAC. 

Similarly it may be shewn that the z FDB = the z BAC, 
/. the z EDC = the Z FDB = the z A. 

In like manner it may be proved that 

the Z DEC=the z FEA=the z B, 
and the Z DFB=the z EFA=:the z C. 

OoBOUiABT. (ii) The triangles DEC, AEF, DBF are equiangular 
t» ofM another and to the triangle ABC. * 

KoTB. If the angle BAC is obtuse^ then fhe petpeTi^\c\\\&x«> ^^^ Cj^ 
Uieot eartcnM^Jpr the eorreflponding angles oi the i^dL^\>rvfiiXi^^^. 
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21. In any triangle^ if the perpendiculars drawn from the 
ou the oppoKite »iden are pnulaced to vieet the eircumicribea 
then each aide hixefits that portion of the line perpendicular to i 
lien between the orthocentre andtJie circumference, 

lict ABC be a triangle in wliich the perpen- 
dicularB AD, BE are di'awn, intersecting at O the 
orthocentre; and let AD be produced to meet 
the o" of the circumscribing circle at G : 
then shall DO=DG. 

Join BG. 

Then in the two a» OEA, ODB, 
the z OEA = the z ODB, being rt. angles; 
and the z EOA = the vert. opp. z DOB; 

.'. the remaining z EAO = the remaining Z DBO. 

But the z CAG =the z CBG, in the same se 
.-. the z DBO = the z DBG. 

Then in the a' DBO, DBG, 

(the z DBO = the z DBG, 
Because jthe z BDO = the z BDG, 
( and BD is common; 
.-. DO = DG. 



22. In an acute-angled triangle the three sides are the e: 
bisectors of the angles of the pedul triangle : and in an obttue- 
triangle the sides containing the obtuse angle are the internal b, 
of the corresponding angles of the pedal triangle. 

23. If O is the orthocentre of the triangle ABC, sTisw ti 
angles BOC, BAC are supplementary. 

24. If O is the orthocentre of the triangle ABC, then any 
the four points O, A, B, C is the orthocentre of the triangle 

vertices are th£ other three. 

25. The three circles which pass through two vertices of a t, 
and its orthocentre are each equal to the circU circumscribed ab 
triangle. 

26. D , E are taken on the circumference of a semicircle dei 
on a given straight line AB : the chords AD, BE and A I 
intersect (produced if necessary) at F and G: shew^that FG 
pendioular to AB. 

27. A BCD is a parallelogram; AE and CE are drawn a 
angles to AB, and CB respectively: shew that ED, if produce 

be perpendicuiax to AC. 
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S8. ABC is a' triangle, O is its orthocentre, and AK a diameter 
of the oirciimaoribed oirole: shew that BOCK i^ a parallelogram. 

99. The orthocentre of a triau<^le is joinod to the middle point of 
iliA base, and the joining line is produced to meet the circmnscribed 
onslB : prove that it- will meet it at the same point as the diameter 
iduflh pannow through the vertex. 

80. The perpendioolar from the \ertez of a triangle on the base, 
and the strai^t line joining the oribhocentre to the middle point of 
Ibe base, are pzoduced to meet the circumscribed circle at P and Q : 
that PQ ie parallel to the base. 



81. The dUta/nce of each vertex of a tnangle from the ortJtocentre 
is double of the perpendicular drawn from the centre of the circum- 
icribed eirele on the opposite side. 

82. Three drdes are described each passing through the ortho- 
Dentre of a triangle and two of its vertices : shew that the triangle 
fonned by joining their centres is equal in all respects to the original 
triangle. 

83. ABC ie a triangle inscribed in a circle, and the bisectors of its 
KDgleB which intersect at O are produced to meet the circumference in 
PQR : shew that O is the orthocentre of the triangle PQR. 

84. Constract a triangle, having given a vertex, the orthocentre, 
and the centre of the circumscribed circle. 



Loci. 

85. Given tlie base and vertical angle of a triangle, find the locus 
^fite orthocentre. 

Iiet BC be the given base, and X the 
^vein angle ; and let BAC be any triangle 
on the base BC, having its vertical z A jS 
eqnal to the / X. y\ 

Hmw the perp* BE, CF, intersecting ^ \ 
at tiie orthocentre O. 

It ia reqoired to find the locus of O. 

Sinoe the / ■ OFA, OEA are rt. angles, 
.*. the pointB O, F, A, E are concyclic ; 
.'.the / FOE is the supplement of the z A : 

.'. the vert opp. z BOC is the supplement of the z A. 

But the Z A is constant, being always equal to the z X ; 

.'. its supplement is constant ; 
ftiat ifl, the A BOC has a fixed base, and constant vertvc^\ ^\is^<&\ 
knee the loons of its vertex O is the arc of a &egmeii\> oi ^\iv^^Cj \.% 
Aaahoxd. \^Q&^.^■^^^ 
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36. Given the base and vertical angle of a triangle^ fiim 
of the intersection of the bisectors of its angles. 

Let BAC be any triangle on the given 

base BC, having its vertical angle equal to ^ 

the given z X; and let Al, Bl, CI be the yi 

bisectors of its angles: [see Ex. 2, p. 103.] v^ \ 

it is required to find the locus of the 
point I. 

Denote the angles of the a ABC by 
A, B, C ; and let the z BIC be denoted by I. 
Then from the a BIC, B 

(i) I + i B + If C = two rt. angles, 

and from the a ABC, 

A + B + C = two rt. angles; 
(ii) BO that i A + i B + ^C = one rt . angle, 

.'. , taking the differences of the equals in (i) and (ii 
I - JA= one rt. angle : 
or, I = one rt. angle + JA, 

But A is constant, being always equal to the z X ; 

.*. I is constant : 
.*. , since the base BC is fixed, the locus of I is the arc of 
of which BC is the chord. 

37. Given the base and vertical angle of a triangle, fim 
of the centroidy that is, the intersection of the medians. 

Let BAC be any triangle on the given 
base BC, having its vertical angle equal 
to the given angle S; let the medians AX, 
BY, CZ intersect at the centroid G [see 
Ex. 4, p. 105] : 
it is required to find the locus of the point G . 

Through G draw GP, GQ par^ to AB 
and AC respectively. 

Then ZG is a third part of ZC; 

Ex, 4, p. 105. 
and since G P is par^ to Z B, 
.-. BP is a third part of BC. Ex. 

Similarly QC is a third part of BC ; 

.-. P and Q are fixed points. 

Now since PG, GQ are par* respectively to BA, AC, 
.-. the Z PGQ=the z BAC, 
= the z S, 
that is, the Z PGQ is constant; 
and since the base PQ is fixed, 
.'. the locus of G is the aio of a Beg;aieii^ ol'^Yt^&V^ PQlIb the 
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Obf . In this problem the points A and G move on the arcs of 
mtlor segments, 

S8. €tiven the base and the vertical an^lo of a triangle ; find the 
loas of the interseotion of the bisectors of the exterior base angles. 

39. Through the extremities of a given straight line AB any two 
aiallel straight lines AP, BQ are drawn ; find the locus of the inter- 
Bfstion of ike bisectors of the angles PAB, QBA. 

40. Find the loous of the middle points of chords of a circle drawn 
bxongh a fixed point. 

Distinguish between the cases when the given point is within, 
m, or wiuoat the circumference. 

41. Find the locus of the points of contact of tangents drawn 
Srom a fixed point to a system of concentric circles. 

42. Find the locus of the intersection of straight lines which pass 
Khrongh two fixed points on a circle and intercept on its circumference 
an arc of constant length. 

43. A and B are two fixed points on the circumference of u circle, 
and PQ is any diameter : find the locus of the intersection of PA unci 
QB. 

44. BAG is any triangle described on the fixed base BC and 
living a constant vertical angle ; and BA is produced to P, so that 
BP is equal to the sum of the sides containing the vertical angle : find 
the loons of P. 

46. AB is a fixed chord of a circle, and AC is a moveable chord 
passing through A : if the parallelogram CB is completed, find the 
looafl of the intersection of its diagonals. 

46. A straight rod PQ shdes between two rulers placed at right 
angles to one another, and from its extremities PX, QX are drawn 
popendionlar to. the rulers : find the locus of X. 

47. Two circles whose centres are C and D, intersect at A and B : 
tiuoagh A, any straight line PAQ is drawn terminated by the circum- 
ferences; and PC, QD intersect at X: find the locus of X, and shew 
that it passes through B. [Ex. 9, p. 216.] 

48. Two drdes intersect at A and B, and through P, any point 
on the circumference of one of them, two straight lines PA, PB 
aze drawn, and produced if necessary, to cut the other circle at X 
and Y: find the loons of the intersection of AY and BX. 

49. Two droles intersect at A and B; HAK is a fixed straight 
line drawn through A and terminated by the civcvii\vfet<iTvt^'5»^ \s.vA. 
PAQ is any other straight line similarly drawn; iiii^V\vft\ocKv& q\ "O^a 
mterseotiaD of HP and QK, 




so. Two seguicatB of circles are on the uaoe ehoi 
the snine side uf it ; and P anil Q are any pointB oK 
had the locus of tlie interBeotioa of the bie«aton of the angtea 
PBQ. 

51. Two chelea intersect at A and B; and through A any 
line PAQ in dranii terminated by the oircumferenceB : find thelootu^ 
the midille point of PQ. 



52. ABC in a triangle, and atrcles are drawn through B, C, c 
tlie sides ill P, Q, P', Q', ...: shew that PQ, P'Q' ... are parallell 
nnutlier and to the tangent drawn at A to the oiiole circumEcribed 
about the triangle. 

G3. Two circles interstct at B and C, and from any point A, o 
the circamference of one of them, AB, AC are dtami, and produced 
necessary, to meet the other at and E: shew that DE is paralMto 
the tangent at A. 

Si. A secant PAB and a tangent PT are drawn to a circle from 
an external point P; and the bisector of the angle ATQ meets AB at 
C : ahew that PC is equal to PT, 

66. From a point A on the circumference of a oircle two chords 
AB, AC are drawn, and aluo the diameter AF: if AB, Ac are produced 
to meet the tangent at F in D and E, shew that the triauglea ABC, 
AED are equiangular to one auother. 

6ri. O is auy point within a triangle ABC, and OD, OE, OF 
drawn ix^riicnilicular to BC, CA, AB respectively ; nhuw^ th&t th4 
anglo BOC is equal to the sum of the angles BAC, EDF. 

57. If two tangents are drawn to a oircle from ut external poin^ 
ahfw that they contain an angle equal to the diflersnoe of the a ' 
in the segments cut off by the chord of contact. 

68. Two circles intersect, and through a point of seotion a straifpht 
line is drann bisecting the angle between the diameteca through that 
point : ahew that this straight line cuts off similar segmentB from ft 
two circles. 

an. Two equal circles intersect at A and B ; and from canC 

A, with any radius less than AB a third circle is described cutting the 
given circles on tlie same sido of AB at C and D: shew that the iiointE 

B, C, D arc i:ollini(rir. 



GO. ABC and A'B'C are two triangles inscribed in a circle, , 
AB, AC ai-o itH|t'ctively parallel to A'B', A'C ; shew that 
parallel to B'C. 



m 
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ftl. Two eirdes intersect at A and B, and through A t^vo straight 
HAK, PAQ are drawn terminated by the circumfereuces : if 
HP and KQ intersect at X, shew that the points H, B, K, X are 
ocxnoyolio. 

62. Describe a circle touching a given straight hue at a given 
point, BO that tangents drawn to it from two Hxed points in the given 
fine may be parallel. [See Ex. 10, p. 183.] 

63. C is the centre of a circle, and CA, CB two fixed radii: if 
firom any point P on the arc AB pcrpeiidiculurs PX, PY are drawn to 
CA and CB, shew that the distance XY is constant. 

64. AB is a chord of a circle, and P any point in its circum- 
ference; PM is drawn peri^endicnlar to AB, and AN is drawn perpen- 
dicular to the tangent at P : shew that MN is parallel to PB. 

65. P is any point on the circumference of a circle of which AB is 
a fixed diameter, and PN is drawn pei^endicular to AB ; on AN and 
BN as diameters circles are described, which are cut by AP, BP 
at X and Y : shew that XY is a common tangent to these circles. 

66. Upon the same chord and on the same side of it three seg- 
ments of circles are described containing respectively a given angle, 
its sapplement and a right angle : shew that the intercept made by the 
two former segments upon any straight line drawn through an ex- 
tremity of the given chord is bisected by the latter segment. 

67. Two straight lines of indefinite length touch a given circle, 
and any chord is drawn so as to be bisected by the chord of contact : 
if the former chord is produced, shew that the intercepts between the 
oinmmferenoe and the tangents are equal. 

68.- Two circles intersect one another : through one of the points 
of contact draw a straight line of given length terminated by the cir- 
cumferences. 

69. On the three sides of any triangle equilateral triangles are 
described remote from the given triangle : shew that the circles de- 
ttcribed about them intersect at a point. 

70. On BC, CA, AB the sides of a triangle ABC, any points 
P, Q, R are taken; shew that the circles describe about the triangles 
AQR, BRP, CPCl meet in a point. 

71. Find a point within a triangle at which the sides subtend 
equal angles. 

72. Describe an etiuilateral triangle so that its sides may i)ass 
through three given points. 

73. Describe a triangle equal in all respects to a. ^vsew. \.Tvwa.^<i^ 
and having its sides passing through three given pomt^. 
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SiMsoN*s Line. 




syp- 



74. If froni any point on the circumference of tlie circle circttm' 
scribed about a triangle ^ perpendiculars are drawn to the three sides, the 

feet of these perpendiculars are colVniear. 

Let P be any point on the o~ of the 
circle cirr-uiiiscribed about tlie A ABC ; 
and let PD, PE, PF be the perp" drawn 
from P to the three sides. 

It is required to prove that the points 
D, E, F are coUinoar. 

Join FD and DE: 
then FD and DE shall be in the same 
st. line. 

Join PB, PC. . 

Because the z ■ PDB, PFB are rt. angles, 
.'. the points P, D, B, F are concylio: 
.-. the z PDF = the z PBF, in the same eegment. m. 21. 

But Kinee BACP is a quad^ inscribed in a circle, having one of its 
sides AB produced to F, 

.-. the ext. z PBF = the opp. int. Z ACP. Ex. 8, p. 188. 
.-. the z PDF = the Z ACP. 
To each add the z PDE: 
then the Z"PDF, PDE = tho Z'ECP, PDE. 
But since the z " PDC, PEC are rt. angles, 
.*. the points P, D, E, C are concylio ; 
.-. the z " ECP, PDE together = two rt. angles: 
.-. the z " PDF, PDE together = two rt. angles; 
.'. FD and DE are in the same st. line; 
that is, the points D, E, F are collinear. 

[The line FDE is called the Pedal or Simson's Line of the trian^ 
ABC for the point P ; though the tradition attributing the theorem to 
llobert Simson has been recently shaken by the researches of Dr. J. S. 

Mackay. ] 

75. ABC is a triangle inscribed in a circle ; and from any point P 
on tlie circumference PD, PF are drawn perpendicular to BC and AB : 
if FD, or FD produced, cuts AC at E, shew that PE is i)eri)endioalar 
to AC. 

76. Find the locus of a point which moves so that if perpendicii' 
l.ns are drawn from it to the sides of a given triangle, their feet an 

colli near. 

77. ABC and AB'C are two triangles having a common vertical 
angle, and tlie circles circumscribed about them meet again at P : shew 
that the fert of perpendiculars drawn from P to the four lines AB, AC, 

BC, B'C are coUino.iT. 



1.14. 

Q.B.D. 



THEOREMS AND EXAMPLES ON BOOK lit. 



233 



78. A triangle is inscribed in a circle, and any point P on the cir- 
vmferenoe is joined to the orthoeentre of the triangle : shew that this 
nning line is bisected by the pedal of the point P. 



IV. ON THE CIRCLE IN CONNECTION WITH RECTANGLES. 

See Propositious 35, 36, 37. 



1. If from any external, point Ptwo tangents are drawn to a 
iven circle whose centre is O, and if OP meets the chord of contact 
t Q; then the rectangle OP, OQ is equal to the square on tJie radius. 

Let PH, PK be tangents, drawn from 
16 external point P to the g HAK, whose 
entre is O; and let OP meet HK the 
biord of contact at G^ and the o^ at A : 
[len shall the rect. OP, OQ=the sq. on 
)A. 

On H P as diameter describe a circle : 
bds circle mnst pass through Q, since the 
1 HQP is a rt. angle. m. 31. 

Join OH. 
!hen since PH is a tangent to the HAK, 

. *. the z OHP is a rt. angle. 
jid since HP is a diameter of the HQP, 

. -. OH toaches the HQP at H. 
•. the rect. OP, OQ=the sq. on OH, 

=the sq. on OA. 




III. 16. 
III. 36. 

Q. E. D. 



2. ABC is a triangle, and AD, BE, OF the perpendiculars drawn 
rom the vertices to the opposite sides, meeting in the orthoeentre O : 
hew that the rect. AO, OD = the rect. BO, OE=the rect. CO, OF. 

8. ABC is a triangle, and AD, BE the perpendiculars drawn 
'rem A and B on the opposite sides : shew that the rectangle CA, CE 
8 eqnal to the rectangle CB, CD. 

4. ABC is a triangle right-angled at C, and from D, any point in 
>he hypotenuse AB, a straight line DE is drawn perpendicular to AB 
ind meeting BC at E : shew that the square on DE is equal to 
the difference of the rectangles AD, DB and CE, EB. 

6. From an external point P two tangents are drawn to a 
gwen circle whose centre is O, and OP meets the OiYiox^ ol q,qixs.\svkX» 
rt Q: shew that anj circle which passes tVitou^ \\\ft ^qSxiX.'^s, V , ^ 
will cat the given circle orthogonally. [See Dei. p. *2.*l*ii\ 
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6. A seriett of circles pastt through two given pointi, and from i 
fixed point in the common chord produced tangents are drawn to ail Hn^ 
circles : shew that the points of contact lie on a circle which euU ^ 
all the given circles orthogonally, 

7. All circles which pass through a fixed point, and cut a ffhfM 
circle orthogonally, pass also through a second jCced point, 

8. Find the locus of the centres of all circles which pass throned 
a given point and cut a given circle orthogonally. 

9. Describe a circle to pass through two given points and out a 
given circle orthogonally. 

10. A, B, C, D are four points taken in order on a given straigfat 
line: find a point O between B and C such that the reotangle 
OA, OB may be equal to the rectangle OC, OD. 

11. AB is a fixed diameter -o/ a circU, and CD a fi^ed straight 
line of indefinite length cutting AB or AB produced at right angles; 
any straight line is drawn through^ to cut CD at P and the circle at 
Q: shew tJiat the rectangle AP, AQ is constant, 

12. AB is a fixed diameter of a circle, and CD a fixed chord 
at rip^ht angles to AB ; any straight line is drawn through A to 
cut CD at P and the circle at Q: shew that the rectangle AP, AQ 
is equal to the square on AC. 

13. A is a fixed point and CD a fixed straight line of indefinite 
length; AP is any straight line drawn through A to meet CD at P; 
and in AP a point Q is taken such tJiat the rectangle AP, Ad is 

constant: find the locus of Q. 

14. Two circles intersect orthogonally, and tangents are drawn 
from any point on the circumference of one to touch the other : prove 
that the first circle passes through the middle point of the chord of 
contact of the tangents. [Ex. 1, p. 233.] 

15. A semicircle is described on A B as diameter, and any two 
chords AC, BD ai-e drawn intersecting at P : shew that 

AB^ = AC. AP + BD. BP. 

16. Two circles intersect at B and C, and the two direct common 
tangents AE and DF arc drawn : if the common chord is produced to 
meet the tangents at G and H, shew that GH2 = AE3+3C2. 

17. If from a point P, without a circle, PM is drawn perpendicular 
to a diameter AB, and also a secant PCD, shew that 

PM^=pc . PD^^^^ . nv^. 
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18. Three circles intersect at D, and their other points of inter- 
iectioii are A, B, C ; AD cuts the circle BDC at E, and EB, EC cut 
{he circles ADB, ADC respectively at F and G : shew that the points 

' F, Ay Q are collinear, and F, B, C, Q concyclio. 

19. A semidrole is described on a given diameter BC, and from 
B and C any two chords BE, CF are drawn intersecting within 
the semicircle at O; BF and CE are produced to meet at A: shew 
that the sum of the squares on AB, AC is equal to twice the square on 
the tangent from A together with the square on BC. 

90. X and Y are two fixed points in the diameter of a circle 
equidistant firom the centre C : through X any chord PXQ is drawn, 
and its extremities are joined to Y; shew that the sum of the 
Bqnares on the sides of the triangle PYQ is constant. [See p. 147, 
Ex. 24.] 




Pboblemb on Tangency. 

21. To describe a circle to pass through two given points and to 
touch a given straight line. 

Let A and B be the given points, 
and CD the given st. line: 
it is xeqnired to describe a circle to 
pass throngh A and B and to touch 
CD. 

Join BA, and produce it to meet ,^^' 

CD at P. ^''' 

Describe a square equal to the C P Q D 

not. PA, PB; II. 14. 

and firom PD (or PC) cut off PQ equal to a side of this square. 

Throngh A, B and Q describe a circle. Ex. 4, p. 156. 
Then since the rect. PA, PB = the sq. on PQ, 

. '. the ABQ touches CD at Q. iii. 37. 

Q. E. F. 

KoTE. (i) Since PQ may be taken on either side of P, it is 
dear that there are in general two solutions of the problem. 

(ii) When AB is parallel to the given liiiu CD, the above \xi<&\\n.v^^ 
i« not applicable. In this case a simple coiis\,rviGVvoTL ioWsy^^ Vtotsv 
m. 1, Cor. and in It- and i* will bo found t\va.\ oT\\>f v>tv^ ^<:5s.\x\Aa>x 
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22. To describe a circle to pass through two given poii 
to touch a given circle. 

Let A and B be the given 
points, and CRP the given 
circle : 

it is required to describe a 
circle to pass through A and 
B, and to touch the ©CRP. 

Through A and B de- 
scribe any circle to cut the 
given circle at P and Q. 

Join AB, PQ, and pro- "q 

duce them to meet at D. 

From D draw DC to touch the given circle, and let C be th 
of contact. 

Then the circle described through A, B, C will tonch th« 
circle. 

For, from the © ABQP, the rect. DA, DB=the rect. DP, D 
and from the © PQC, the rect. DP, DQ=the sq. on DC; 

.'. the rect. DA, DB = the sq. on DC: 
.'. DC touches the © ABC at C. 
But DC touches the © PQC at C ; 
.*. the © ABC touches the given circle, and it passes throu 
given points A and B. 

Note, (i) Since two tangents may be drawn from D 
given circle, it follows that there will be two solutions of the pi 

(ii) The preneral construction fails when the straight line 
ing AB at right angles passes through the centre of the given 
the problem then becomes symmetrical, and the solution is ob' 



23. To describe a circle to pass through a given point 
touch two given straight lines. 

Let P be the given point, and C 

AB, AC the given straight lines: 
it is required to describe a circle 
to pass through P and to touch 
AB, AC. 



Now the centre of every circle 
which touches AB and AC must 
lie on the bisector of the Z BAC. 

Ex. 7, p. 183. 
Hence draw AE bisecting the 
Z BAC. 

From P draw PK perp. to AE, and produce it to P', 
making KP' equal to PK. 
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Then every oirole which has its centre in AE, and passes through 

P, most also pass through P'. Ex. I, p. 215. 

Henoe the problem is now reduced to drawing a circle through 

P And P' to touch either AC or AB. Ex. 21 , p. 235. 

Produce P'P to meet AC at S. 
Describe a square equal to the rect. SP, SP'; ii. 4. 

and cut off SR equal to a side of the square. 
Describe a circle through the points P', P, R: 
then since the rect. SP, SP' = the sq. on SR, Constr. 

.'. the circle touches AC at R ; in. B7. 

and since its centre is in AE, the bisector of the z BAC, 

it may be shewn also to touch AB. q. e. f. 

Note, (i) Since SR may be taken on either side of S, it follows 
bhat there "^inil be two solutions of the problem. 

(ii) If the given straight lines are parallel, the centre lies on the 
[Mirallel straight line mid-way between them, and the construction 
oroceeds as before. 

24. To describe a circle to touch two given straight lines and a 
fiven circle. 

Let AB, AC be the two given 
3t. lines, and D the centre of the 
given oirole : 

it is required to describe a circle 
to touch AB, AC and the circle Oy' / 
whose centre is D. 

Draw EF, GH par^ to AB 
and AC respectively, on the sides 
remote firom D, and at distances 
Erom them equal to the radius of 
the given circle. 

Describe the 0MND to touch EF and GH at M and N, and 
to pass through D. Ex. 23, p. 236. 

Let O be the centre of this circle. 

Join CM, ON, CD meeting AB, AC and the given circle at P, Q 
uid R. 

Then a circle described from centre O with radius OP will touch 
\B, AC and the given circle. 

For since O is the centre of the o M N D, 

.-. OM=ON = OD. 
ButPM = QN = RD; Constr, 

.\OP=OQ=OR. 
•. a circle described from centre O, with radius OP, will pass through 
Qand R. 

And since the z ■ at M and N are rt. angles, i\i. V%. 

.-. the z • at P and Ql are it. aixgYfta-, ^..'if^i. 

.•* tiie PQR touches AB and kC. 
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And aiace R, the pnint in which the circles meet, is on tt 
centres OD, 

. '. the PQR tonchea the given cii^ile. 
Note. There will be two solutiona ot this ptoblem, i 
circles may be drawn to loach EF, QH and to paea tbron^ D. 






poM through a givin point andtonek* 



Let P be the giveii point, AB the 
given at. line, and DHE the given 
circle, of which C is the centre ; 
it is required to describe a circle to 
pasB through P, and to touch AB 
and the © DHE. 

Through C draw DCEF pcrp. to 
AB, CQiting the circle at the points 
D and E, of which E is between C 
and AB. 

Join DP; „ „ , n 

and hy describing a circle tllrouKh 

F, E, and P, find a point K in DP (or DP prodaced) Booh that the 
tect. DE, DF = the rect. DK, DP. 




For let G be the point at which thia circle toQchee AB. 
Join DG, cutting the given circle DHE at H. 

Join HE. 
Then the i DHE is a rt. angle, being in a semicirole. n 

also the angle at F is a rt. angle; Ct 

.'. the points E, F, G, H are ooncyclio ; 
.'. the rect. DE. DF^the rect. DH, DG : ii 

but the rect. DE, DF = the rect. DK, OP : C< 

.-. the rect, DH, DG = the rect. DK, DP ; 
.'.the point H is on the qPKQ. 

Let O be the centre of the © PHG. 

Join OG, OH,CH. 

Then OQ and DF are par', since they are both perp. to AB ; 

and DG meets them. 

.■. the;iOGD = the/GDC. i 

Bat since OG = OH,and CD = CH, 

.-. thezOGH = thezOHG; and the; CDH = thezCHD: 

.■.the;OHG = the;CHD; 

.-. OH and CH aie in one at. line. 

.-, the©PHQ tovictveaftieftiNfinGiOV.t, <>. 
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Kon. (i) Since two circles may be drawn to pass tlirough 
P, K and to touch AB, it follows that there will be two solutions 
if the present problem. 

(tI) Two more solutions may be obtained by joining PE, and 
proceeding as before. 

The student should examine the nature of the contact between the 
oinslesin each case. 

26. Describe a circle to pass through a given point, to touch 
a given straight line, and to have its centre on another given straight 
line. 

27. Describe a circle to pass through a given point, to touch 
a given circle, and to have its centre on a given straight line. 

28. Describe a circle to pass through two given points, and to 
intercept an arc of given length on a given circle. 

29. Describe a circle to touch a given circle and a given straight 
line at a given point. 

dO. Describe a circle to touch two given circles and a given 
straight line. 



V. ON MAXIMA AND MINIMA. 

We gather from the Theory of Loci that the position of au 
angle, line or figure is capable under suitable conditions of 
ipradual change ; and it is usually found that change of position 
involves a corresponding and gradual change of magnitude. 

Under these circumstances we may be required to note if 

any situations exist at which the magnitude in question, after 

increasing, begins to decrease ; or after decreasing, to increase : 

in such situations the Magnitude is said to have reached a 

Ifffl-Tinimn or a Mitiimiiin value; for in the former case it is 

greater, and in the latter case less than in adjacent situations 

on either side. In the geometry of the circle and straight line 

we only meet with such cases of continuous change as admit of 

one transition from an increasing to a decreasing state — or vice 

versft — so that in all the problems with which we have to deal 

(where a single circle is involved) there can be only one Maximum 

and one Minimum — ^the Maximum being the greatest, and the 

Minimum being the least value that the vaY\^\^ TQA.'^\\.xA'fe\^ 

capable of taking. 
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• 

Tbu8 a variable geometrical magnitude reaches its maxi 
or minimum value at a turning point, towards which the m 
tude may mount or descend from either side : it is natural t 
fore to expect a maximum or minimum value to occur whc 
the course of its change, the magnitude assumes a symm/e 
form or position ; and this is usually fomid to be the case. 

This general connection between a symmetrical form or 
tion and a maximum or minimum value is not exact enouj 
constitute a proof in any particular problem; but by mea 
it a situation is suggested, which on further examination xm 
shewn to give the maximum or minimum value sought for. 

For example, suppose it is required 
to determine the greatest straight line that may be drawn pe. 
dicular to the chord of a segment of a circle and intero 
hetioeen the chord and the arc: 

we immediately anticipate that the greatest perpendicul 
that which occupies a syminetricaZ position in the figure, na 
the perpendicular which passes through the middle point o: 
choni ; and on further examination this may be proved to b 
case by means of i. 19, and i. 34. 

Again we are able to find at what point a geometrical m; 
tude, varying under certain conditions, assumes its Maximu 
Minimum value, if we can discover a construction for dra 
the magnitude so that it may have an assigned value : fo 
may then examine between what limits the assigned value : 
lie in order that the construction may be possible; and 
higher or lower limit will give the Maximum or Mini] 
sought for. 

It was pointed out in the chapter on the Intersection of 
[see page 119] that if under certain conditions existing ai 
the data, two solutions of a problem are possible, and under < 
conditions, no solution exists, there will always be some i 
mediate condition under which o'iie and only one distinct soli 
is possible. 

Under these circumstances this single or limiting soh 
will always be found to correspond to the maximum or mini] 
value of the magnitude to be constructed. 

1. For example, suppose it is required 
to divide a given straight line so that tJie rectangle contained I 
two segments may be a maximum. 

We may first attempt to divide the given straight line so thf 
rectangle contained by its segments may have a given area— th 
be eqaal to the square on a gJLNoxi «\ix«i%\i\i\ixi^. 
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Let AB be the giyen straight line, and K the side of the given 
tqaaxe: 



1 

f 



K 




it JB required to divide the st. line AB at a point M, so that 
the rect. AM, MB may be equal to the sq. on K. 

Adopting a construction suggested by ii. 14, 

describe a semicircle on AB; and at any point X in AB, or AB 
produced, draw XY perp. to AB, and equal to K. 

Through Y draw YZ par' to AB, to meet the arc of the semicircle 
at P. 

Then if the perp. PM is drawn to AB, it may be shewn after the 
manner of n. 14, or by in. 35 that 

the reot. AM, MB=the sq. on PM. 

= the sq. on K. 

8o that the rectangle AM, MB increases as K increases. 

Now if K is less than the radius CD, then YZ will meet the arc 
of the semicircle in two points P, P'; and it follows that AB may be 
divided at two points, so that the rectangle contained by its segments 
may be equal to the square on K. If K increases, the st. line YZ 
will recede from AB, and the points of intersection P, P' will con- 
tinually approach one another ; until, when K is equal to the radius 
CD, the St. line YZ (now in the position Y'Z') will meet the arc in 
two coincident points, that is, will touch the semicircle at D; and 
there will be omy one solution of the problem. 

If K is greater than CD, the straight line YZ will not meet the 
semioirole, and the problem is impossible. 

Hence the great^t length that K may have, in order that the con- 
Btmction may be possible, is the radius CD. 

.*. the rect. AM, MB is a maximum, when it is equal to the square 
on CD; 

that is, when PM coincides with. DC, and consequently when M 
is the middle point of AB. 

Obs. The special feature to be noticed iu this problem is that the 
iTift'giTriiiTn is fouud at the transitional point between two ^<:^^<sSSss^^ 
and no solution; that is, when the two Bol\itio\i% eome\\'& ^uTAXi^o-crccsft. 
identical. 
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The following example illustrates the same point. 

2. To find at lohat point in a given straight line the angle subtended 
hff the line joining two given points ^ which are on the same side of the 
giren straight line, is a maximum. 

Let CD be the given Ht. line, and A, B the given points on tiie 
same side of CD: 

it is required to find at what point in CD the angle subtended by the 
st. line AB is a maximum. 

First determine at what point in CD, the st. line AB subtends a 

given angle. 

This is done as follows: — 

On AB describe a segment of a circle containing an angle equal to 
the given angle. in. 33. 

If the arc of this segment intersects CD, two points in CD are 
found at which AB subtends the given angles but if the arc does not 
meet CD, no solution is given. 

In accordance with the principles explained above, we expect that 
a maximum angle is determined at the limiting position, that is, 
when the arc touches CD; or meets it at two coincident points. 

[See page 213.] 

Tliifi -we may prove to be the case. 

Describe a circle to pass through A and 
B, and to touch the st. line CD. 

[Ex. 21, p. 235.] 

Lot P be the point of contact. 

Then shall the Z APB be greater than 
any oilier angle subtended by AB at a point 
ill CD on the same side of AB as P. 

For take Q, any other point in CD, on 
the same side of AB as P ; 

and join AQ, QB. 

Since Q is a point in the tangent other 
than the point of contact, it must be with- 
out the circle, 

.'. cither BQ or AQ must meet the arc of the segment APB. 
Let BQ meet the arc at K : join AK. 

Then the z APB = the z A KB, in the same segment: 
but the ext. Z AKB is greater than the int. opp. Z AQB. 

.-. the z APB is greater than AQB. 

Similarly the z APB may be shewn to be greater than any other 
angle subtended b}' AB at a point in CD on the same side of AB: 

that is, the z APB is the greatest of all such angles, q. e. d. 

jS'otj:. Two circles may be described to pass through A and B, 
and to touch CD, the points oi coi\lac\.\>c\\\\t otv ciiv^«\Xfc ^\6j3& of AB: 
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« 

henoe two points in CD may be found such that the angle subtended 
■by AB at each of them is greater than the angle subtended at any 
other point in CD on the same side of AB. 

We add two more examples of considerable importance. 

8. In a straight line of indefinite length find a point such that the 
fttvi of its distances from two given points^ on the same side of the given 
Une^ $haU he a minimum. 

Let CD be the given st. line of 
indefinite length, and A, B the given y° 

points on the same side of CD : // 

it is required to find a point P in / / 

CD such that the sum of AP, PB ia A / / 

a minimum. 

Draw AF perp. to CD ; 
and produce AF to E, making FE ._ 
equal to AF. C I 

Join EB, cutting CD at P. 

Join AP, PB. yy^ 

Then of all lines drawn from A ^ 

and B to a point in CD, 

the sum of AP, PB shall be the least. 

For, let Q be any other point in CD. 
Join AQ, BQ, EQ. 

Now in the A" AFP, EFP, 
( AF = EF, Constr. 

Because <and FP is common; 

(and the Z AFP = the z EFP, being rt. angles. 
.-. AP=EP. 1.4. 

Similarly it may bo shewn that 
AQ=EQ. 

Now in the A EQB, the two sides EQ, QB are together greater 
than EB; 

hence, AQ, QB are together greater than EB, 
that is, greater than AP, PB. 

Similarly the sum of the st. lines drawn from A and B to any other 
point in CD may be shewn to be greater than AP, PB. 

.*. the sum of AP, PB is a minimum. 

Q. E.D. 

Note. It follows from the above proof that 

the I APF = tbe z EPF i. 4. 

= the z BPD. \.V^. 

Thus the sum of AP, PB is a minimum, \t\ie\i \.\\<i^fe \\\\^^ v^t^ 
equally inclined to CD, 
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4. Given two intersecting straight lines AB, AC, and a jpoM 1^^ 
hetxceen them; ahew that of all straight lines which pass (ftroiMk fTi 
attd are terminated by AB, AC, that which is bisected at P euU q^ ikA"-! 

triangle of minimum area, 'i 

Let EF be the st. line, terminated 
by AB, AC, which is bisected at P: 
then the A FAE shall be of mini- 
mum area. 

For let HK bo any other st. line 
passing through P : 

through E draw EM par* to AC. 

Then in the A« HPF, MPE, 

( the z HPF=the Z MPE, i. 15. 

Because ' and the z HFP = the z MEP, i. 29. 

( amlFP=EP; JIup. 

.: the A HPF = the A MPE. i. 26, dor. 

But the A MPE is less than the A KPE; 

.-. the A HPF is less than the A KPE: 

to each add the fig. AHPE; 

then the A FAE is less than the a HAK. 

Similarly it may be shewn that the A FAE is less than any other 
triangle formed by drawing a st. line through Pi 

that is, the A FAE is a minimum. 



Examples. 

1 . Two sides of a triangle are given in length ; how must they 
be placed in order that the area of the triangle may be a mazimam? 

2 Of all triangles of given base and area, the isosceles is that 

which has the least perimeter. 

8. Given the base and vertical angle of a triangle; constmotit 
so that its area may be a maximum. 

4. Find a point in a given straight line such that the tangents 
drawn from it to a given circle contain the greatest angle possible. 

5. A straight rod slips between two straight rulers placed at 
right angloa to one another; in what position is the triangle 

intercepted between the rulers auv\. yoA. ». \uv!tTd\\im\Vl 
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:«'j^ Diride a given straight lini; into two imrt.s, so that the sum of 
on tho segments may 

(i) be equal to a given sqimiv, 

(ii) may he a ininiiniim. 

7. Throvxgh a point of intersection of two circlt's <lr;iw a stniight 
Bne.tenninatcd by the circumferences, 

(i) so that it may be of given length, 

(ii) so that it may be a maxununi. 

8. Two tangents to a circle cut one another at riglit angles ; 
find the point on the intercepted arc. such that the sum of the 
perpendiculars drawn from it to the tangents may be a minimum. 

9. Straight lines are drawn from two given points to meet one 
another on the convex . circumference of a given circle : prove that 
their sum is a minimum when they make e([ual angles with the tangent 
at the point of intersection. 

10. Of all triangles of given vertical angle and altitude, the 
iBOBoeles is that which has the least area. 

11. Two straight lines CA, CB of indefinite length are drawn 
from the centre of a circle to meet tho circumference at A and B ; 
then of all tangents that may be .drawn to the circle at points on the 
arc AB, that whose intercept is bisected at the point of contact cuts 
off the triangle of minimum area. 

12. Given two intersecting tangents to a circle, di-aw a tangent to 
the eonvex arc so that the triangle formed by it and the given tan< 
gents may be of maximum area. 

13. Of all triangles of given base and area, the isosceles is that 

which has the greatest vertical angle. 

g 

14. Find a point on the circumference of a circle at which X&r 
straight line joining two given points (of which both are wit. ., 
or both without the circle) subtends the greatest angle. 

15. A bridge consists of three arches, whose spans are 49 ft., 
32ft. and 49ft'. respectively: shew that the point on cither bank 
of the river at which the middle arch subtends the gieatest angle 
is 63 feet distant from the bridge. 

16. From a given point P without a circle whose centre is C, 
draw a straight line to cut the circumference at A and B, so that the 
triangle ACB may be of maximum area. 

17. Shew that the greatest rectangle which can be inscribed 
in a circle is a square. 

18. A and B are two fixed points without a circle : find a point 
P on the droumference such that the sum of the squares on AP^ PB 
may be a minimimi. [See p. 147, Kx. 24.^ 
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22. Of all triangles lliat can tw iiacrWed in a given triangU U. ._ 
trhkh Itua the least perimeter U the triangle formed hy joining tAe /««('■ 
of the perpendicuhtri dratenfrom the verticei on oppoiitt sidet, 

23. Of all tectangles ot given area, the gqiure ^mn the 1bb.) 

24. Describe the triangle of maximnm area, haTin^ iU sngleB 
equal to those of a given triangle, and its sides pasdng through thxao 
given points. 

VI. IIARDEH MISCRI.LANEOITH EXAMPLES. 

1. AB is a diameter of a given circle; and AC, BO, two ohotdt 
uii t)ie BiLiiie Hide of AB, iul^rsect at E : nhew that the mrole iriiioh 
paHScti through D, E, C cuts Ihe given circle oiihogonall;. 

2. Two circles whose centr 
and a straight line PAQ is dra 
circuniferences : prove tliat 

(i) the anglo PBQ=^the angle CAD 
(ii) the annleBPC^ the angle BQD. 

3. Two chorda AB, CD of a circle whose oentn 
•ht angles at P : show that 

--.__ (i) PA«+PB=+PC=+PD' = 4 (radios)*, 

(ii) ABS + CD= + 40P= =8(radinB)'. 

4. Two pai'allel taugcuts to a circle interospt on anjr third 
tangent a poition which is so divided at ita point of contaot that the 
rectangle contained by its tivo parts is equal to the square on the 

5. Two equal circles move between tviO straight liiiM plaoed 
at riglit an{;lus, ho tliat eaoli straight lino is touched by one oinde, 
and the two circles touch one anotlier : find the locus of the point 
of contact. 

G. AB is a given diameter of a circle, and CD is any pamlld 
chord: if any point X in AB is joined to the extremities of CD, 
ebeir that 
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6. Two equal oiroles intersect at A and B; and from C unj point 
, Q the BiTfumfaronce of one of them a iKT|)onJicnlftr in drawn to AB, 
Bieeting tUu other oircle it O and O' ; xhew tliat uitlior O or O' in tlio 
re of Vbo triaoele ABC. Diatinguish between the two caaua. 
9. * Thrds equal oiicles pass throogh the game point A, and their 
.Iher poinW of intersection are B, C. D : shiiw that of the foar 
■oints A, Et, C, D, each is the orthocentru of the triangle fenncd 
W Joining the other ihrse. 

From a given point without a circle dcavf a ra ght n 
■ to the oonaave circamference so ax to lie . bioect^d by h n 
ft-eiroamf«enoe. When is this problem impoBsible? 



ABC is a triangle insoribed in n circle, anil A', B', C aii! tlie 

points of the arcs subhinded by tlie »idvH {ii'iuute fmm tliu 

vertioea); Snd the relation betwoon thu anftlti of the two 

ABC, A'B'C ; and prove that the pedal triangle of A'B'C is 

' to the tri^ielB ABC'. 

U> The oi^wsite aides of a quadrilaleiol inscribed in a circle are 

nodnoed to meet: shew that the bisectors of the tvo angles eo 

RiTmad ue perpendioolor to one another. 

U. If B qtUrdrilftUiral can have one circle inscribed in it, and 
Another (dioamseribed abont it; shew that the straight lincsi joining 
tbe opposite points of contact of the inscribed circle arc pevpondicular 
to one another. 

15. Oiven the base of a, triangle and the sum of the remaining 
rides ; find the locus of the foot of the {lerpendiciilar frniti one 
aztremi^ of the base on the bisector of the exterior vertical angle. 

IB. T»«> oiroles touch each other at C, and straight lines are 
dnwn throtigh C at right angles to one another, meeting tlie 
mides at P, P' and Q, Q' respectively; if tlie straight hne whicit 
jcina the oentres is terminated by tlie circiiniferuneeH at A and A', 
■hew that 

P'P' + Q'Q^ = A' A-". 

17. Two oirdes cut one another ortliogouall; at A and B ; P 
il any point on the arc of one cirale intercepted by the otiior, and 
PA, PB are prodaced (o meet the ciii:umferGnce of the secoiiil clcvXn 
at O ftnd D: ibew that CD is a diametct. 




248 EOCLIS'a EI.GMENtfi. 

IS. ABC is a triangle, aad from any po 
PO, PE, PF ore drawn to tho sides : if S„ 8,, o. an 
tlie circles cireumscribeJ nlwut tli« trinngua tPI 
shew t)>iit the triangle S,S^, is ci[aiang>i1ar to the tq 
aiiJ thnt the sides ot the oti<' nro reniiectlvely half of the 
other. 

19. Two toDgents PA, PB are drawn from an eitsmal paint P torn 
a given circle, and C is the middle point of the chard at cont^cVl 
AB ; if XY is any chord through P, shew that AB binHi ' 
XCY. 

20. Given the sum of two straight lines and the rcctangh 
tained hy them (equal to a given square) : End tho lines. 

21. Given the sum of. the squares on two straight Unas uid the 
rectangle contained by them : find the liaes. 

32. Given the sum of two straight lines and the snm of the 
nquures on them : find the lines. I 



24, Given the sum or dilTcreDce of two straight lines and tlu 
difference of their squares : find the lines. 

2f>. ABC is a triangle, and the internal and eitemal biaeoton of 
the ant^le A meet BC, and BC produced, at P and P': if O ia the 
middle point of PP', shew that OA is a tangent to the oirole eironm- 
Bcribed about the triangle ABC. 

26, ABC is a triani^le, and from P, any point on the oircom- 
ference of the circle circumscribed about it, perpendioalara ttre drawn 
to the BideB BC, CA, AB meeting tlie circle again id A', B', C; 
prove that 

(i) the triangle A'B'C is identically equal to the triiingle ABC. - 
(ii) AA', BB', CC are parallel. 

27. Two equal circles intersect at ilxed points A and B, and ttani 
any point in AB n peipendicular is drawn to meet the oirciiinfersneeB 
on the same side of AB at P and Q : shew that PQ is of eonstaat 
length. 

2y. The straight liues which join the veiticei of a triangle to tha 
centre of its oircunisoribed circle, are perpendicular reapectiyely to tha 
sides of the pedal triangle. 

29. P is any point ou the circumference of a circle circunuoribed 
about a triangle ABC ; and pprpondlculara PD, PE are drawn from P 
to the aides BC, CA. Find tlie locus of the centre of the circle oircnin* 
tcn'bed aboat the triangle PDE. 
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P is any point on the circnmfei-ence of u tin'l»» ciiriimsciilu'tl 
liiont a triangle ABC : shew that the angle iK'twcen Siinson's Line for 
Kka point P and the aide BC, is equal to the iiiiglf liolwccn AP aii<l 
khe aiameter of the circuni8cril)ed circlt> tliroiigh A. 

81. Shew that the circles circuiuscribcd about the four triungleH 
bcilMd by two pairs of intersecting straiglit lin(>s meet in a point. 

82. Shew that the orthocentres of tliu four triangles fornnMl by two 
pain of intersecting straight lines are col linear. 



Os THB Construction op TuianotiEM. 

83. CHven the vertical angle, one of the sides containing it, and 
the length of the perpendicular from the veilex on the base : construct 
the triangle. 

84. Given the feet of the perpendiculars drawn from the vertices 
3n the opposite sides : construct the triangle. 

35. Given the base, the altitude, and the radius of tlie circum- 
aoribed crircle: construct the triangle. 

36. Given the base, the vertical angle, and the sum of the squares 
on the sides containing the vertical angle : construct tlio triangle. 

37. Given the base, the altitude and the sum of the s(iuaros on 
the sides containing the vertical angle: construct the triangl<3. 

38. Given the base, the vortical angle, and the ditTenuico of the 
squares on the sides containing the vertical an^^'b*: construct iho tri- 
angle. 

39. Given the vertical angle, and the lengths of the two medians 
drawn from the extremities of the base : construct tlie triangle. 

40. Given the base, the vertical angle, and the ditTcrcnce of tlie 
angles at the b^^e : construct the triangle. 

41. Given the base, and the position of the 1)isector of the vertical 
angle : construct the triangle. 

42. Given the base, the vertical angle, and the length of tlie 
bisector of the vertical angle : construct the triangle. 

43. Given the perpendicular from tlie vertex on the base, the 
bisector of the vertical angle, and the median which bisects the base : 
oonstmct the triangle. 

44. Given the bisector of the vertical angle, the median bisect- 
ing the baseband the difference of the angles at the base : construct thsi 
tdangle. 
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BOOK IV. 

Book IV. consists entirely of problems, dealing with 
various rectilineal figures in relation to the circles Vhich 
pass through their angular points, or are touched by their 
sides. 

Definitions. 

1. A Polygon is a rectilineal figure bounded by more 
tlian four sides. 

A Polygon of five sides is called a Pentagon, 

six sides „ Hexagon, 

seven sides „ Heptagon, 

eight sides ,, Octagon, 

teni sides ,, Decagon, 

twelve sides ,, Dodecagon, 

fifteen sides „ Quindecagon. 

2. A Polygon is Regular when all its sides are equal, 
and all its angles are equal. 

3. A rectilineal figure is said to be 
inscribed in a circle, when all its angular 
points are on the circumference of the circle : 
and a circle is said to be circumscribed 
about a rectilineal figure, when the circum- 
ference of the circle passes through all the 
angular points of the figure. 

4. A rectilineal figure is said to be 
circumscribed about a circle, when each side 
of tlie figure is a tangent to the circle : 
and a circle is said to be inscribed in a recti- 
lineal figure, when the circumference of the 
circle is touched by each side of the figure. 

5. A straight line is said to be placed in a circle, when 
its ex^»'«»Tiities are on the circuTcAeTetiG^ ol ^Xv^ <iircle. 
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Propositiox 1. Problem. 

/» a given circle to j)^^^ ^ chord equal to a given 
itraiffhi line, which is not greater tfixin the diameter of the 
drcvBrn 



\ 
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Jj&t ABC be the given circlo, and D tlie given straiglit 
Kne not greater than tlie diameter of the circle : 
it is required to place in the O ABC a cliord equal to D. 

DrawCB, a diameter of the 0ABC. 
Then if CB = D, the thing required is don(\ 
But if not, CB must be greater than D. ^^VP- 

From CB cut off CE equal to D : i. 3. 

and from centre C, with radius CE, describe tlie 0AEF, 

cutting the given circle at A. 

Join CA. 

Then CA shall be the chord required. 

For CA = CE, being radii of the O AEF : 

and CE = D : C-onMr. 

:. CA= D. 

Q. E. F. 
EXERCISES. 

1. In a given circle place a chord of given length so as to pass 
through a given point (i) without, (ii) within the circle. 

'^^en is this problem impossible ? 

2. In a given cirole place a chord of given length so that it wvo.^ 
be parallel to a gtvan straight line. 
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Proposition '2. Problem. 

In a given circle to inscribe a triangle equiangular to a 
given triangle. 





Let ABC be the given circle, and DEF the given triangle: 
it is required to inscribe in the ABC a triangle equiangular ; 
to the A DEF. : 

At any point A, on the 0°® of the 0ABC, draw the 
tangent GAH. III. 17. 

At A make the L GAB equal to the L DFE ; i. 23. 
and make the z. HAC equal to the z_ DEF. i. 23. 

Join BC. 
Then ABC shall be the triangle required. 

Because GH is a tangent to the 0ABC, and from A its 
point of contact the cliord AB is drawn, 

.'. the L GAB = the l ACB in the alt. segment: iii. 32. 
.*. the ^ ACB = the a. DFE. Constr, i 

Similarly the z_ HAC = the i. ABC, in the alt. segment: 
.*. the L. ABC = the l DEF. Constr. 

Hence the tliird l BAC ^^ the third l EDF, 

for the three angles in each triangle are together equal to. 

two rt. angles. L 32.1 

.*. the A ABC is equiangular to the A DEF, and it iBJ 
inscribed in the ABC. 1 
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Proposition 3. Problem. 



AbofU a given circle to circumscribe a triangle equi 
,ngvla/r to a given triangle. 




D 
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Let ABC be the given circle, and DEF the given A : 
b is required to circumscribe about tlie ©ABC a triangle 
quiangular to the A DEF. 

Produce EF both ways to G and H. 
Find K the centre of the OABC, iii. L 

and draw any radius KB. 
At K make the L BKA equal to the L DEG ; i. 23. 
and make the L BKG equal to the z. DFH. 
Through A, 8, draw LM, MN, NL perp. to KA, KB, KG. 
Then LMN shall be the triangle required. 

Because LM, MN, NL are drawn perp. to radii at their 
extremities, 

/. LM, MN, NL are tangents to the circle, iii. 16. 

And because the four angles of the quadrilateral AKBM 
ogether = four rt. angles ; i. 32. Cor. 

and of these, the l " KAM, KBM, are rt. angles; Constr. 
.'. the Z-* AKB, AMB, together = two rt. angles. 

But the L* DEG, DEF together = two rt. angles; i. 13. 
/. the iL» AKB, AMB = the Z.«DEG, DEF; 
and of these, the z. AKB = the z. DEG ; Constr, 

.'. the z.AMB=the ^ DEF. 

Similarly it may be shewn that the z_ LNM = the lDFE. 
:. the third l MLN =the third z. EDF. i. 32. 

/. the A LMN is equiangular to the A DEF, vvwd. \\> Ss. 
ircvaaBcrihed about the OABC. c^.^.^ 
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Proposition 4. Problem. 
1*0 inscribe a circle in a given triangle. 




Let ABC be the given triangle : 
it is required to inscribe a circle in the A ABC. 

Bisect the l ^ ABC, ACB by the st. lines Bl, CI, wi 
intersect at I. i 

From I draw IE, IF, IG perp. to AB, BC, CA. i. 

Then in the A^ EIB, FIB, 
C the L EBI = the l FBI ; Con 

Because -<and the z. BEI = the z. BFI, being rt. angles ; 
( and Bl is common ; 

.'. IE=IF. I. 

Similarly it may be shewn that IF = IG. 

.*. IE, IF, IG are all equal. 

From centre I, with radius IE, describe a circle : 

this circle must pass through the points E, F, G ; 

and it will be inscribed in the A ABC. 

For since IE, IF, IG are radii of the EFG ; 

and since the z. ^ at E, F, G are rt. angles ; 

.*. the O EFG is touched at these points by AB, BC, C/ 

III. 
.*. the OEFG is inscribed in the A ABC. 

Q.i 

Note, From page lOS it is seen that if A I be joined, then 
bisects the angle BAC. 
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Hence it follows that the bisectors of the amjlea of a tnamjle are 
co n c u rrent, the point of intersection being the centre of the inscribed 
circle. 

The centre of the circle inscribed in a triangle is sometimes called 
its In-oentre. 
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Definition. 

A circle which touches one side of a triangle and the 
other two sides produced is said to be an escribed circle of 
the triangle. 

To draw an escribed circle of a given triangle. 

Let ABC be the given triangle, of which 
the two sides AB, AC are produced to E 
snd F: 

it is required to describe a circle touching 
BC, and AB, AC produced. 

Bisect the z ■ CBE, BOF by the st. lines 
Blj, Clj, which intersect at l^. i. 9. 

From \i draw I^G, liH, I^K perp. to AE, 
BC, AF. I. 12. 

Then in the a' I.BG, LBH, 

(the Z liBG = the z liUH, Constr, 
also IjB is common ; 
.-. liG = liH. 
Similarly it may be shewn that \^ = L K ; 

.*. IjQ, liH, I^K are all equal. 
From centre h with radius LQ, describe a circle: 

this drole must pass tnrough the points G, H, K : 
and it will be an escribed circle of the a ABC. 

For since liH, I^Q, I^K are radii of the HGK, 
and since tiiie angles at H , G , K are rt. angles, 
.*. the GHK is touched at these points by BC, and by AB, AC 
prodnoed: 

.*. the GHK is an escribed circle of the a ABC. q.e.f. 

It is dear that every triangle has three escribed circles. 

NoTB. From page 104 it is seen that if Al^ be joined, then Al^ 
bifleots the angle BAC : hence it follows that 

The bisectors of two exterior angles of a triangle and the bisector of 
ike third emgle are concurrent, the point of intersection hein(i the cewltc 
9/ an eserib^ circle. 
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Proposition' 5. Problem. 



To circumscribe a circle about a given tricmgle. 






Let ABC be the given triangle : 
it is required to circumscribe a circle about the A ABC. 

Draw DS bisecting AB at rt. angles; i. 11. 

and draw ES bisecting AC at rt. angles; 
then since AB, AC are neither par\ nor in the same. at. line, 
.*. DS and ES must meet at some point S. 

Join SA ; 
and if S be not in BC, join SB, SC. 

Then in the A" ADS, BDS, 
I AD=BD 

Because <and DS is common to both ; 

(and the L ADS =the L BDS, being rt. angles; 
.-. SA = SB. 

Similarly it may be shewn that SC = SA. 
.*. SA, SB, SC are all equal. 

From centre S, with radius SA, describe a circle : 
this circle must pass through the points A, B, C, and is 
therefore circumscribed about the A ABC. Q.E.F. 

It follows that 

(i) when the centre of the circumscribed circle falls 
tvithiii the triangle, each of its angles must be acute, for 
each angle is then in a segment greater than a semicircle : 

(ii) when tlie centre falls on one of the sides of the j 

triangle, the angle opposite to this side must be a right ^ 

angle, for it is tlic angle in a ii\^m\c\Yc\e •. ^ 
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(iii) when the centre falls witliout the triangle, the 
angle opposite to the side beyond which the centre falls, 
must be obtuse, for it is the angle in a segment less than a 
semicircle. 

Therefore, conversely, if tlie given triangle be acute-angled, 
the centre of the circumscribed circle falls tvithin it ; if it be 
a right-singled triable, the centre falls on the hypotenuse : 
if it he an obtuse-angled triangle, the centre falls vnthout tJie 
triangle. 

Note. From page 103 it is seen that if S be joined to the middle 
point of BC, then the joining line is perpendicular to BC. 

Hence the perpendiculars drawn to the sides of a triangle from their 
middle points are concurrent, the point of intersection being the centre 
of the circle circumscribed about the triangle. 

The centre of the circle circumscribed about a triangle is some- 
times called its dream-centre. 



EXERCISES. 

On thr Inscribed, Cibcumscbibed, and Escribed Circles of a 

Triangle. 

1. An equilateral triangle is inscribed in a circle, and tangents 
are drawn at its vertices, prove that 

(i) the resulting figure is an equilateral triangle: 

(11) its area is four times that of the given triangle. 

2. Describe a circle to touch two parallel straight lines and a 
third straight line which meets them. Shew that two such circles 
can be drawn, and that they are equal. 

i 3. Triangles which have equal bases and equal i^ertical angles 
' have equal circumscribed circles. 

4. I is the centre of the circle inscribed in the triangle ABC, and 
Ij is the centre of the circle which touches BC and AB, AC produced: 
ihew that A, I, 1^ are collinear, 

t5. If the inscribed and circumscribed circles of a triangle are con- 
centric, shew that the triangle is equilateral ; and that the diameter of 
the circumscribed circle is double that of the inscribed circle. 

6. ABOi^ A triangle; and I, S are the centxea ol \iXv& m^&ox^^^ 
iadcjromngcrihed circles; if A, I, S are colUneaT, aYie^ ^i^^a.\» k^^KCi, 
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7. The sum of the diameters of the inscribed and ciroamsoribe 
circles of a right-angled triangle is equal to the sum of the iddi 
containing the right angle. 

.8. If the circle inscribed in a triangle ABC tonohes the rides t 
D, E, F, shew that the triangle DEF is acute-angled; and express it 
angles in terms of the angles at A, B, C. 

9. If I is the centre of the circle inscribed in the triangle ABC 
and L the centre of the escribed circle which touches BC ; shew ths 
I, B, t^, C are concyclic. 

10. In any triangle the difference of two sides is equal to the dif 
ference of the segments into which the third side is divided at th 
point of contact of the inscribed circle. 

11. In the triangle ABC the bisector of the angle BAC meets thi 
base at D, and from I the centre of the inscribed circle a perpendicnlu 
I E is drawn to BC : shew that the angle Bl D is equal to the angle CIE 

12. In the triangle ABC, I and S are the centres of the inscribed 
nnd circumscribed circles: shew that IS subtends at A an angle equal 
to half the difference of the angles at the base of the triangle. 

13. In a triangle ABC, I and S are the centres of the inscribed 
and circumscribed circles, and AD is drawn perpendicular to BC: 
shew that A I is the bisector of the angle DAS. 

14. Shew that the area of a triangle is equal to the rectan^ 
contained by its semi -perimeter and the radius of the inscribed circla 

15. The diagonals of a quadrilateral ABCD intersect at O: shew 
that the centres of the circles circumscribed about the four triangles 
AOB, BOC, COD, DOA are at the angular points of a paraJ}elograin. 

IG. In any triangle ABC, if I is the centre of the inscribed cirelB^ 
and if A I is produced to meet the cu'cumscribed circle at O ; shew that 
O is the centre of the circle circumscribed about the triangle BIC. 

* 17. Given the base, altitude, and the radius of the circumscribed 
circle; construct the triangle. 

18. Describe a circle to intercept equal chords of given length on 
three given straight lines. 

19. In an equilateral triangle the radii of the circumscribed and 
escribed circles are respectively double and treble of the radius of thi 
inscribed circle. 

20. Three circles whose centres ate A, B, C touch one anothei 
externally two .by two at D, E, F : shew that the inscribed circle oi 
the triangle ABC is the circumscribed circle of the triangle DEF. 
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PBOPOSiTioy 6. Problem. 
To inscribe a square in a given circle. 




Let A BCD be the given circle : 
it is required to inscribe a square in the 0ABCD. 

Find E the centre of the circle : iii. 1. 

and draw two diameters AC, BD perp. to one another, i. 11. 

Join AB, BC, CD, DA. 

Then the fig. A BCD shall be the square required. 

For in the A" BEA, DEA, 

(BE = DE, 
and EA is common ; 
and the z. BEA = the l DEA, being rt. angles ; 

.'. BA = DA. I. 4. 

Similarly it may be shewn that CD = DA, and that BC - CD. 

.*. the fig. A BCD is equilateral. 

And since BD is a diameter of the 0ABCD, 
.*. BAD is a semicircle ; 
1 .'. the L BAD is a rt. angle. iii. 31. 

I Similarly the other angles of the fig. A BCD are rt. angles. 
t .'. the fig. ABCD is a square, 

and it is inscribed in the given circle. 

q. K. F. 

[For JSxf^rcisea soo pa^o ^ft;\.\ 

M>1 



I 
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Proposition 7. Problem. 
To circutnscribe a square about a given circle. 

G A F 



B 



m 



H 



K 



Let A BCD be the given circle : 
it is required to circumscribe a square about it. 

Find E the centre of the 0ABCD : ill. 1. 

and draw two diameters AC, BD perp. to one another, i. 1 1. 
Through A, B, C, D draw FG, GH, HK, KF perp. to EA, EB, 
EC, ED. 

Then the fig. GK shall be the square required. 

Because FQ, GH, HK, KF are drawn perp. to radii at tlieir 
extremities, 

.*. FG, GH, HK, KF are tangents to the circle, iii. 16. 

And because the l ^ AEB, EBG are both rt. angles, Constr, 

:. GH is par^ to AC. l. 28. 

Similarly FK is par' to AC : 
and in like manner GF, BD, HK are par\ 

Hence the figs. GK, GC, AK, GD, BK, GE are par 

.'. GF and HK each = BD ; 
also GH and FK each = AC : 
but AC = BD ; 
.*, GF, FK, KH, HG are all equal : 
that is, the fig. GK is equilateral. 
And since the fig. GE is a par", 
.'. the L BGA = the L BEA ; 
but the /. BEA is a rt. angle ; 
.'. the z. at G is a rt. angle. 
Similarly the z. ^ at F, K, H are rt. angles. 
.'. the &g. GK is a square, and it has been circumscriM 
about the 0ABCD. Q.] 






,m8 



I. 34. 
Constr, 
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Pboposition 8. Problem. 



To inscribe a circle in a given squa/re. 






B 



H 



K 



Let A BCD be the given square : 
it is required to inscribe a circle in the sq. A BCD. 

Bisect the sides AB, AD at F and E. i. 10. 

Through E draw EH par* to AB or DC : i. 31. 

id through F draw FK par* to AD or BC, meeting EH at G. 

Now AB = AD, being the sides of a square ; 

and their halves are equal ; Constr, 

.*. AF = AE. Ax. 7. 

But the fig. AG is a par™; Constr, 

:. AF = GE, and AE = GF; 
.•. GE = GF. 
Similarly it may be shewn that GE = GK, and GK = GH : 
/. QF, GE, QK, GH are all equal. 

From centre Q, with radius G E, describe a circle ; 
this circle must pass through the points F, E, K, H : 

and it will be touched by BA, AD, DC, CB; iii. 16. 

for QF, GE, GK, GH are radii; 
and the angles at F, E, K, H are rt. angles. i. 29. 
Hence the FEKH is inscribed in the sq. ABCD. 

Q. E. F. 



[For Exercises see p. 263.^ 
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Pkoposition 9. Problem. 



To circuumcribe a circle about a given sqtuire. 




I. Def. 28. 

I. Def. 28. 
I. 8. 



Let ABCD be the given square : 
it is retiuiied to circumscribe a circle about the sq. ABCD. 

Join AC, BD, intersecting at E. 

Then in the A « SAC, DAC, 
( BA = DA, 
Because •< and AC is co jamon ; 
( and BC - DC ; 
.'. the L BAC = the L DAC : 
that is, the diagonal AC bisects the l BAD. 

Similarly the remaining angles of the square are bisected 
by the diagonals AC or BD. 

Hence each of the L^ EAD, EDA is half a rt. angle ; 
.*. the ^ EAD = the L EDA : 

.-. EA = ED. I. 6. 

Similarly it may be shewn that ED -- EC, and EC = EB. 
.'. EA, EB, EC, ED are all equal. 

Prom centre E, with radius EA, describe a circle : 
this circle must pass through the points A, B, C, D, and is 
therefore circuinsciibed about the sq. ABCD. Q.E.F. 
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Dbfinition. a rectilineal figure about which a circle 
may be described is said to be Cyclic. 



EXERCISES ON PROPOSITIONS G — 9. 

1. If t^ circle can be inscribed in a quadrilateral^ tshew that the 
itutn of one pair of opposite sides is equal to the sum of the other pair ^ 

2. If the sum of one pair of opposite sides of a quadrilateral is 
equal to the sum of the other pair, shew that a circle may be inscribed 
in the figure. 

[Bisect two adjacent angles of the figure, and so describe a circle to 
touch three of its sides. Then prove indirectly by means of the 
last exercise that this circle must also touch the fourth side.] 

3. Frove that a rhombus and a square are the only 'parallelograms 
in which a circle can be, inscribed, 

4. AU cyclic parallelograms are rectangular. 

5. The greatest rectangle which can be inscribed in a given circle 
is a square. 

6. Circumscribe a rhombus about a given circle. 

7. All squares circumscribed about a given circle are equal. 

8. The area of a square circumscribed about a circle is double of 
the area of the inscribed square. 

9. ABCD is a square inscribed in a circle, and P is any point on 
the arc AD: shew that the side AD subtends at P an angle three times 
as great as that subtended at P by any one of the other sides. 

10. Inscribe a square in a given square ABCD so that one of its 
ftwig nlftT points should be at a given point X in AB. 

11. In a given square inscribe the square of minimum area. 

12. Describe (i) a circle, (ii) a square about a given rectangle. 

13. Inscribe (i) a circle, (ii) a square in a given quadrant. 

14. ABCD is a square inscribed in a circle, and P is any point on 
tlie circumference ; shew that the sum of the squares on PA, PB, PC, 
PD is double the square on the diameter. [Sec Ex. 24, p. 147.] 
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Proposition 10. Problem, 

To describe an isosceles triangle having each of the atigles 
at the base double of the third angle. 




Take any straight line AB. 
Divide AB at C, so that the rect. BA, BC =the sq. on AC. 

II. 11. 
From centre A, with radius AB, describe the 0BDE ; 
and in it place the chord BD equal to AC. I/. 1. 

Join DA. 
Then ABD shall be the triangle required. 

Join CD ; 
and about the AACD circumscribe a circle. iv. 5. 

Then the rect. BA, BC = the sq. on AC Constr, 

- the sq. on BD. Constr, 
Hence BD is a tangent to the 0ACD : ill. 37. 
and from the point of contact D a chord DC is drawn ; 
.'. the z. BDC = the ^l CAD in the alt. segment. Iii. 32. 

To each of these equals add the /. CDA : 
then the whole z. BDA - the sum of the l ^ CAD, CD A. 

But the ext. z. BCD = the sum of the l ^ CAD, CDA j i. 32. 

.'. the L BCD = the L BDA. 
And since AB = AD, being radii of the BDE, 

.*. the L DBA = the L BDA : I. 5. 

.-. the LDEC = t\ie i.\iCi^\ 



/ 
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.*. DC=DB; I. 6. 

that is, DC = CA : Constr. 

.*. the L CAD = the L CDA ; I. 5. 

.". the sum of the l *• CAD, CDA =^ twice the angle at A. 

But the z. ADB = the sum of the l^ CAD, CDA ; F roved. 

/. each of the l^ ABD, ADB- twice the angle at A. 

(i. K. F. 



EXERCISES ON PROPOSITION lO. 



1. In an isosceles triangle in wliich ^acli of the angles at thu 
base is doable of the vertical angle, shew that the vertical u,ngle is 
one-fifth of two right angles. 

2. Divide a right angle into five equal lyavts. 

3. Describe an isosceles triangle whose vertical augle .shall be 
three times either angle at the base. Point out a triangle of this kind 
in the fignre of Proposition 10. 

4. tn t1i£ fignre of Proposition 10, //* the two circles intersect at F, 
shew that BD = DF, 

5. In the figure of Proposition 10, shetc that the circle ACD is 
equal to the circle circumscribed about the triangle ABD. 

6. In the fignre of Proposition 10, if the two circles intersect at F, 
shew that 

(i) BD, dp are sides of a regular decagon inscribed in the 
circle EBD. 

(ii) AC, CD, DF are sides of a regular pentagon inscribed 
in the cmde ACD. 

7. In the fignre of Proposition 10, shew that the centre of the 
circle circmnscribed about the triangle DBC is the middle point of 
the arc CD. 

8. In the fignre of Proposition 10, if I is the centre of the circle 
inscribed in the triangle ABD, and T, S' the centres of the inscribed 
mnA oixcomaoribed oirdes of the triangle DBC, shew that S'l = ST. 
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Proposition 11. Problem. 
To inscribe a regular pentagon in a given circle. 

A 




Let ABC be a given circle : 
it is required to inscribe a regular pentagon in the 0ABC. 

Describe an isosceles AFGH, having each of the angles 
at G and H double of the angle at F. iv. 10. 

In the ©ABC inscribe the AACD equiangular to. the 
AFGH, IV. 2. 

so that each of the l^ ACD, ADC is double of the l CAD. 

Bisect the l^ ACD, ADC by CE and DB, which meet the 
at E and B. I. 9. 



vJ 



Join AB, BC, AE, ED. 
Then ABCDE shall be the required regular pentagon. 

Because each of the z. ^ ACD, ADC = twice the l CAD ; 

and because the l^ ACD, ADC are bisected by CE, DB, 

.'. the live l^ ADB, BDC, CAD, DCE, ECA are all equal. 

.*. the five arcs AB, BC, CD, DE, EA are all equal, iii. 26. 

.'. the five chords AB, BC, CD, DE, EA are all equal. Iii. 29. 

.*. the pentagon ABCDE is equilateral. 

Again the arc AB = the arc DE ; Proved, 

to each of these equals add the arc BCD ; 
.'. the whole arc A BCD - the whole arc BCDE : 
lieiice the angles at the O^^ which stand upon these 
equal arcs are equal ; III. 27. 

that is, the l AED -- the l BAE. 

In like manner the remaining angles of tlie pentagon 
may be shewn to be equal ; 

.*. the pentagon is equiangular. 
Hence the pentagon, being both equilateral and equi- 
anrrtr ' - ' i-^gular ; and it is iTascxWi^^ \v\ ^i^cv^ Q) tkEC q. b. f . 



{ 
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Proposition 12. Problem. 

To circumscribe a regular pentagon about a given circle, 

G 




Let A BCD be the given circle : 
it is required to circumscribe a regular pentagon about it. 

Inscribe a regular pentagon in the 0ABCD, iv. 11. 
and let A, B, C, D, E be its angular points. 
At the points A, B, C, D, E draw GH, HK, KL, LM, MG, 
tangents to the circle. iii. 17. 

Then shall QHKLM be the required regular pentagon. 

Find F the centre of the ABCD ; in. 1. 

and join FB, FK, FC, FL, FD. 

Then in the two A« BFK, CFK, 

!BF = CF^ being radii of the circle, 
and FK is common : 
and KB = KG, being tangents to the circle from 
the same point K. iii. 17. Cor. 



:. the i. BFK = the _ CFK, 

also the L BKF = the l. CKF. 

Hence the i. BFC - twice the z_ CFK, 

and the ^ BKC = twice the z. CKF. 

Similarly it may be shewn 

that the « CFD - twice the ^ CFL, 
and that the ^ CLD = twice the i. CLF. 

But since tlie arc BC - the arc CD, 

.*. the L BFC = the z. CFD ; 

and the halves of these angles are equal, 

tiiatis, the z.CFK-t\i(i lCVU 



1. 8. 
I. 8. Go7\ 



IV. 11. 
III. 27 
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Then in the A« CFK, CFL, 
the z. CFK = the L CFL, Proved. 

Because \ and the l FCK = the L FCL,beingrt. angles, in. 18. 
and FC is common ; 

.*. CK = CL, I. 26. 

and the L FKC =--the L FLC. 

Hence KL is double of KC; similarly HK is double of KB, 
And since KC = KB, III. 17. Cor, 

.*. KL = HK. 
In the same way it may be shewn that every two con- 
secutive sides are equal ; 

.*. the pentagon GHKLM is equilateral. 

Again, it has been proved that tlie L FKC = the l FLC, 
and that the l ^ HKL, KLM are respectively double of these 
angles : 

.*. the z. HKL = the .L KLM. 
In the same way it may be shewn that every two con- 
secutive angles of the figure are equal ; 

.*. the pentagon GHKLM is equiangular. 

.*. the pentagon is regular, and it is circumscribed about 
the 0ABCD. Q.E.F. 

Corollary. Similarly it may he p7'oved that if tangents 
are drawn at the vertices of any regular polygon inscribed in 
a circle, tliey will forin another regular polygon of the same 
sjyecies circumsciibed about the circle. 

[For Exercises see p. 276.J 
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Proposition 13. Problem. 



To inscribe a circle in a given regular j)entagon. 




Because - 



Let ABCDE be the given regular pentagon : 
it is required to inscribe a circle within it. 

Bisect two consecutive l^ BCD, CDE by CF and DF 
-which intersect at F. i. 9. 

Join FB ; 
and draw FH, FK perp. to BC, CD. i. 12. 

Then in the A» BCF, DCF, 

BC = DC, J^^VP- 

and CF is common to botli ; 

^ and the z. BCF = the z. DCF ; Constr. 

.*. the z.CBF=-the /.CDF. 1.4. 

But the z. CDF is half an angle of the regular pentagon : 

.'. also the lCBF is half an angle of the regular pentagon : 

that is, FB bisects the L ABC. 

So it may be shewn that if FA, FE were joined, these 
lines would bisect the z_ ^ at A and E. 

Again, in the A« FCH, FCK, 
( the z_ FCH = the z. FCK, Constr. 

Because •< and the z. FHC - the z. FKC being rt. angles ; 
( also FC is common ; 

.*. FH = FK. I. 2C). 

Similarly if FG, FM, FL be drawn perp. to BA, AE, ED, 
it may be shewn that the five perpendiculars drawn from F 
to the sides oi the pentagon are all eqaaV. 
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From centre F, with radius FH, describe a circle; 
this circle must pass through the points H, K, L, M, G ; 

and it will be touched at these points by the sides of the 
pentagon, for the z. * at H, K, L, M, G are rt. l *. Constr. 

.'. the OHKLMG is inscribed in the given pentagon. Q.E.F. 

Corollary. The bisectors of the angles of a regular 
j)entagon meet at a point. 

In the same way it may be shewn that the bisectors of the angles 
of any regular polygon meet at a point. [See Ex. 1, p. 274.] 

[For Exercises on Regular Polygons see p. 276.] 



MISCELLANEOUS EXERCISES. 

1. Two tangents AB, AC are drawn from an external point A to 
a given circle: describe a circle to touch AB, AC and the convex arc 
intercepted by them on the given circle. 

2. ABC is an isosceles triangle, and from the vertex A a straight 
line is drawn to meet the base at D and the circumference of the cir- 
cumscribed circle at E: shew that AB is a tangent to the circle 
circumscribed about the triangle BDE. 

3. An equilateral triangle is inscribed in a given circle: shew 
that twice the square on one of its siies is equal to three times the 
area of the square inscribed in the same circle. 

4. ABC is an isosceles triangle in which each of the angles at B 
and C is double of the an^fle at A •. shew that the square on AB is 

equal to the rectangle AB, BC \\VV,\\ Wvft ^cv\\.wt<i oTv^Ci. 
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Proposition 14. Problem. 
To circumscribe a circle about a given regular pentagon. 




Let ABCDE be the given regular pentagon : 
it is required to circumscribe a circle about it. 

Bisect the z.* BCD, CDE by CF, DF intersecting at F. i. 9. 

Join FB, FA, FE. 

Then in the A« BCF, DCF, 

j BC = DC, Hyp. 

Because < and CF is common to both ; 

I and the z. BCF = the z. DCF ; Constr. 

.*. the L CBF = the L CDF. i. 4. 

But the z. CDF is half an angle of the regular pentagon : 

.'. also the z. CBF is half an angle of the regular pentagon : 

that is, FB bisects the z. ABC. 
So it may be shewn that FA, FE bisect the z. '^ at A and E. 

Now the z." FCD, FDC are each half an angle of tlio 
given regular pentagon ; 

.'. the L FCD = the z. FDC, iv. Def. 

.'. FC=FD. 1.6. 

Similarly it may be shewn that FA, FB, FC, FD, FE are 
all equal. 

From centre F, with radius FA describe a circle : 
this circle must pass through the points A, B, C, D, E, 
and therefore is circumscribed about the given pentagon. 

Q. E. F. 

In the same way a circle may be circumscnVjeQi «^\iwx\i wcv^j x^j^oNftst 
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Proposition 15. Problem. 

To inscribe a regular hexagon in a given circle. 




Let ABDF be the given circle : 
it is required to inscribe a regular hexagon in it. 

Find G the centre of the 0ABDF; ill. 1. 

and draw a diameter AGD. 
From centre D, with radius DO, describe the EQCH. 
Join CG, EG, and produce them to cut the O** of the 
given circle at F and B. 

Join AB, BC, CD, DE, EF, FA. 
Then ABCDEF shall be the required regular hexagon. 

Now G E = G D, being radii of the ACE ; J 

and DG = DE, being radii of the EHC : i 

,*. GE, ED, DG are all equal, and the AEGD is equilateral. 
Hence the ^ EG D = one-third of two rt. angles, i. 32. 
Similarly the z. DGC = one-third of two rt. angles. 
But the L^ EGD, DGC, CGB together = two rt. angles ; 1. 13. 

.'. the remaining l CG B = one-third of two rt. angles. 
.'. the three l^ EGD, DGC, CGB are equal to one another. 

And to these angles the vert. opp. l^ BGA, AGF, FGE 
jire respectively equal : 

.'. the z. ^ EGD, DGC, CGB, BGA, AGF, FGE are all equal ; 
.*. the arcs ED, DC, CB, BA, AF, FE are all equal; iii. 26 
.*. tlie chords ED, DC, CB, BA, AF, FE are all equal : iii. 2^ 

.'. the hexagon is equilateral. 

Again the arc FA = the arc DE : Prove 

to each of these equals add the arc ABCD ; 
then the whole arc FA BCD =the whole arc ABCDE : 
hence the angles at tlie Q *^® whicli stand on these equal a 
nrfi equaJ, 
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that is, the z. FED = the Z.A.FE. in. 27. 

In like manner the remaining angles of the hexagon 
may be shewn to be equal. 

.'. the hexagon is equiangular : 
.*. the hexagon is regular, and it is inscribed in the O ABDF. 

Q. E. F. 

Corollary. The side of a regular Jiexagon inscribed in 
» circle is equal to the radius of the circle. 



Proposition 1G. Problem, 

2^0 iiiscribe a regular quindecagon in a giveri circle* 

A 



Let ABCD be the given circle : 
it is required to inscribe a regular quindecagon in it. 

In the 0ABCD inscribe an equilateral triangle, iv. 2. 
and let AC be one of its sides. 

In the same circle inscribe a regular pentagon, iv. JLl. 
and let AB be one of its sides. 

Then of such equal parts as the whole O ^^ contains fifteen, 
the arc AC, which is one-third of tlie O ^*^, contains five ; 
and the arc AB, which is one-fifth of the O*^*^, contams three; 
.*. their difference, the arc BC, contains two. 

Bisect the arc BC at E : iii. 30. 

k then each of the arcs BE, EC is one-fifteenth of the O*^*'. 

I .*. if BE, EC be joined, and st. lines equal to them bo 
. placed successively round the circle, a regular c^uitvdao.ia.'^w 
I ^ be ixiscribed in it ^.. ^. y 
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NOTE ON REGULAR POLYGONS. 

The following propositions, proved by Euclid for a regular p< 
gon, hold good for all regular polygons. 

1. The bisectors of the angles of any regular polygon are 
current. 

Let D, E, A, B, C be consecutive angular 
points of a regular polygon of any number of 
sides. 

Bisect the z " EAB, ABC by AO, BO, which 
intersect at O. 

Join EO. 
It is required to prove that EO bisects the Z DEA. 

For in the A» EAO, BAO, 
TEAs:: BA, being sides of a regular polygon; 
Because •< and AO is common; 

t and the Z EAO = the z BAO; Co 

:. the zOEA = the z OBA. 

But the Z OBA is half the Z ABC ; Co 

also the z ABC = the Z DEA, since the polygon is regular; 
.-. the zOEAishalfthe z DEA: 
that is, EO bisects the Z DEA. 

Similarly if O be joined to the remaining angular points of 
polygon, it may be proved that each joining line bisects the a 
to whose vertex it is drawn. 

That is to say, the bisectors of the angles of the polygon mo 
the point O. q. 

CoBOLLABiES. Siuce the Z EAB^^the zABC; 1 

and since the Z " CAB, OBA are respectively half of the z " EAB, A 

.*. the zOAB = the z OBA. 
.-. OA = OB. 
Similarly OE=OA. 

Hence The bisectors of the angles of a regular polygon are all eq 

and a circle described from the centre O, with radius OA, wi 
circumscribed about the polygon. 

Also it may be shewn, as in Proposition 13, that perpeudici 
drawn from O to the sides of the polygon are all equal ; therefo 
circle described from centre O with any one of these perpendioula: 
radius will be inscribed in Uie "j)o\>f ig,o\\. 
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2. If a polygon inscribed in a circle is equilateral^ it is also 
equiangular, 

Ijet'AB, BC, CD be consecative sides of an 
eqailateral polygon inscribed in the © ADK; 
then shall this polygon be equiangular. 

Because the chord AB=the chord DC, Hyp. 

,'. the minor arc AB = the minor arc DC. in. 28. 

To each of these equals add the arc AKD : 

then the arc BAKD = the arc AKDC; 

.-. the angles at the O^, which stand on these 

equal arcs, are equal ; 

that is, the zBCD=the Z ABC. iii. 27. 

Similarly the remaining angles of the polygon may be shewn to be 
equal: 

.*. the polygon is equiangular. q.e.d. 

3. If a polygon inscribed in a circle is equiangular, it is also 
equilateral, provided that the number of its sides is odd. 

[Observe that Theorems 2 and 3 are only true of polygons inscribed 
in a circle. 

The accompanying figures are sufficient to shew that otherwise a 
polygon may be equilateral without being equiangular. Fig. 1; or 
equiangular without bein^^ equilateral, Fig. 2.] 

Fig. I Fig. 2 





' 

Note. The following extensions of Euclid's constructions for 
Begular Polygons should be noticed. 

By continual bisection of arcs^ we are enabled to divide the 
circumference of a circle, 

% by means of Proposition 6, into 4, 8, 16, ... , 2 . 2»*, . . . equal parts ; 
m. by means of Proposition 15, into 3, 6, 12, ... , 3 . 2'*, . . . equal parts ; 
^t ]^ means of Proposition 11, into 5, 10, 20, ... , 5 . 2", . . . equal parts ; 
V^.l^r means of Proposition 16, into 15, 30, 60,..., 15 . 2",... equal parts. 

Hence ve can inscribe in a circle a "regular polygon the number of 
lioee sides is included in any one of the formulae 2 . 2", 3 . 2», 5 . 2*^^ 
. 2'*, « being any positive integer. In addition to t\ie?>e^,\X.^^^^^'^'^ 
nm that a legular polygon of 2** + 1 sides, ptoNi^^^ ^I'^^V ^-^ ^ 
— nmaber, majr be inscribed in a circle. 
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EXERCISES ON PROPOSITIONS 11 — 16. 

1 . Express in terms of a right angle the magnitude of an angle of 

the following regular polygons : 

(i) a pentagon, (ii) a hexagon, (iii) an octagon, 
(iv) a decagon, (v) a qoindecagon. 

2. The angle of a regular pentagon is trisected by the straight 
lines which join it to the opposite vertices. 

3. In a polygon of n sides the straight lines which join any 
angular point to the vertices not adjacent to it, divide the angle into ^ 
n - 2 equal parts. 

4. Shew how to construct on a given straight line 

(i) a regular pentagon, (ii) a regular hexagon, (iii) a regular octagon. 

5. An equilateral triangle and a regular hexagon are inscribed in 
a given circle ; shew that 

(i) the area of the triangle is half that of the hexagon ; 

(ii) the square on the side of the triangle is thr0e times the 
square on the side of the hexagon. 

C. ABCDE is a regular pentagon, and AC, BE intersect at H: 

shew that 

(i) AB = CH = EH. 

(ii) AB is a tangent to the circle circumscribed about the 
triangle BHC. 

(iii) AC and BE cut one another in medial section. 

7. The straight lines which join alternate vertices of a regular 
pentagon intersect so as to form another regular pentagon. 

8. The straight lines which join alternate vertices of a regnlir 
polygon of n sides, intersect so as to form another regular polygon of ; 
n sides. 

If 71 = 0, shew that the area of the resulting hexagon is oue-thixdof "^ 
the given hexagon. 

0. By means of iv. 10, inscribe in a circle a triangle whose 
angles are as the numbers 2, 5, 8. 

10. Shew that the area of a regular hexagon inscribed iu a circle : 
Is three-fourths of that of the corresponding circumscribed, hexagon. 
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I. ON THE TRIANQLR AND ITS CIRCLES. 



1. D, E, F are the pointu of contact of the inscribed circle of tlie 
triangle ABC, and CX, Ej, Fj the points of contact of the escribed 
eirelef tohieh timehes BC and the other sides produced : a, b, c denote 
tAe lengths of the sides BC, CA, AB; s the semi-perimeter of the 
triangle, and r, r^ the radii of the inscribed and escribed circles. 

A 
Prove the following equalities: — 

(i) AE=AF=«-fl, 
BD=BF=«-6, 
CD=:CE=«-c. 

(ii) AEi=AFi = «. 

(iii) CDi=CEi = «-/.. 
BDj=BFj=«-^-. 

(iv) CDsBD^ and BD^CDj 

(V) EEi=FF,=a. 

(▼i) The area of the a ABC 
=f»=r, (s-a). 




i 



2. In tlu triangle ABC, I is the centre of tlu interibed eireb, Ml 
I,, Ij, I] the cenlrei of the escribed circlei touching reipeeUvtlJi tk 
lidei BC, CA, AB and the other aidei produced. 




Prove the folloieiiiij prnperlift ; — 

(i) The point' A, \, I, nrc coUiiifar; to oTf. B, I, I,; dnrf C, I, I, 

(ii) The poiiiU h. A, 1^ are enlli„ear; jo art I„ B, I,; an. 
'iiC, I,. 

(iii) Tlie trlan/iki Bl,C, CI.A, AljB art rguiangtilar to a» 
another. 

(iv) The Irianiile I1I5I3 i* eijidaniiiilur tn tlu triangle formed If 
joining the pointu of eantact of the. iimcriiieit eircle. 

(v) Of l}ie four poiiilx I, \,, L, \,eiieh it the orthocentre of rt 
triangle whoKt vertices are the other three. 

(vi) The funr cirtltt, each af Khkli passei through three iff tt 
point! I I- I-. Ij,, are all equal. 



f: 
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•• With the notation of page 277, shew that in a triangle ABC. 
ane^e at C la a right angle, • ' 

rasf-c; ri=8-b; r^ = 8-a; r^=8, 

4. "With the figure given on page 278, shew that if the circles 
trhoae centres are I, Ij, l^, Is touch BC at D, Dj, D.», D.), then 

(i) DD,= DjDj=6. (ii) DD3=biD2=c. 

(iii) DjD,=6+c. (iv) DDi = 5~c. 

5. Shew that the ortliocentre and vertices of a triangle are the 
centres of the inscribed and escribed circles of the pedal trianqle, 

[See Ex. 20, p. 225.] 

6. Giveiii the base and vertical angle of a triangle, find the locus of 
the centre of the inscribed circle, [See Ex. 36, p. 228.] 

7. Given the base and vertical angle of a triangle, find the locus of 
the centre of the escribed circle which touches tJie base, 

8. Given the base and vertical angle of a triangle, shew that the 
centre of the circumscribed circle is fixed, 

9. Given the hase BC, and the vertical angle A of a triangle, find 
the loeoa of the centre of the escribed circle which touches AC. 

10. Given the base, the vertical angle, and the radius of the 
ineoribed drde ; construct the triangle. 

11. Given the base, the vertical angle, and the radius of the 
escribed drde, (i) which touches the base, (ii) which touches one 
of the Bides oontaining the given angle ; construct the triangle. 

12. Given the base, the vertical angle, and the point of contact 
with tiie base of the inscribed circle ; construct the triangle. 

18. Given the baser the vertical angle, and the point of contact 
with the base, or base produced, of an escribed circle ; constnict the 
triao^. 

14, From an external point A two tangents AB, AC are drawn to 
a given drde ; and the angle BAC is bisected by a straight line wliich 
in ue tB the drotunference in I and 1^: shew that I is the centre of the 
efade inscribed in the triangle ABC, and I, the centre of one of the 
ewsribed drdes. 

15« I if the centre of the circle imcribed in a triangle, and Ij, L, l.-j 
ike eeiitre$ of the escribed circles; shew that 11^, No, II3 are bisected hg 
the eireumference of the circumscribed circle. 

16. ABC is a triangle, and \^, I, the centres of the escribed 
which toadi AC, and AB respectively: shew that the points 
•- J,, 1^ lie upon a oirde whose centre is on the circumference oC 
«]fi ciroimuBcribed abont ABC. 
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17. With three given points as centres describe three einles 
touching one another two by two. How many solntioiui will theore be? 

18. Two tangents AB, AC are drawn to a given oirole from an 
external point A; and in AB, AC two points D and E are taken 
Ko that DE is equal to the sum of DB and EC: shew that DE tonehee 
the circle. 

19. Given the perimeter of a triangle, and one angle in magnitude 
and position : shew that the opposite side always touches a fixed circle. 

20. Given the centres of the three escribed circles ; constmet the 

triangle. 

21. Given the centre of the inscribed circle, and the centres of 
two escribed circles ; construct the triangle. 

22. Given the vertical angle, perinietcr, and the length of tlie 
bisector of the vertical angle ; construct the triangle. 

23. Given the vertical angle, perimeter, and altitude ; constmot 
the triangle. 

24. Given the vertical angle, perimeter, and radius of the in- 
scribed circle ; construct the triangle. 

25. Given the vertical angle, the radius of the inscribed oirole, 
and the length of the perpendicular from the vertex to the base; 
construct the triangle. 

26. Given the base, the difference of the sides containing the 
vertical angle, and the radius of the inscribed circle ; construct the 
triangle. [See Ex. 10, p. 258.] 

27. Given a vertex, the centre of the circumscribed circle, and the 
centre of the inscribed circle, construct the triangle. 

28. Ill a triangle ABC, I is the centre of the inscribed circle ; shew 
that the contres of tlie circles circumscribed about the triangles BIO, . 
CIA, AIB lie on the circumference of the circle circumscribed about 
the given triangle. 

29. In a triangle ABC, the inscribed circle touches the base BC at 
D ; and ?•, r^ are the radii of the inscribed circle and of the escribed 
circle which touches BC : shew that r . rj^BD . DC. 

30. ABC is a triangle, D, E, F the points of contact of its inscribed 
circle ; and D'E'F' is the pedal triangle of the triangle DEF : shew 
that the sides of the triangle D'E'F' are parallel to those of ABC. 

31. In a triangle ABC the inscribed circle touches BC at D. 
Shew that the circles inscribed in the triangles ABD, ACD touch one 
another. 
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On the Ninr-Points Circle. 



82. In any trimigle the middle points of the sides, the feet of the 
perpendiculars drawn from the vertices to the opposite sides^ and the 
middle points of the lines joining the orthocentre to the vertices are 
eoncyelic. 

In the A ABC, let X, Y, Z be the 
middle points of the sides BC, CA, 
AB ; let D, E, F be the feet of the 
perp" drawn to these sides from A, 
B, C ; let O be the orthocentre, and 
a, p, y the middle points of OA, 
OB, OC: 

then shall the nine points X, Y, Z, 
D, E, F, a, /3, 7 be concyclic. 

Join XY, XZ, Xa, Ya, Za. 

Kowfrom the a ABO, since AZ =■- Z B, 

and Aa=aO, ^^yp- 

/. Za is par^ to BO. Ex. 2, p. 96. 

And from the a ABC, since BZ = Z A, 

andBXsXC, Hyp. 

.'. ZX is par^ to AC. 

Bnt BO makes a rt. angle with AC ; 
.'. the z XZa is a rt. angle. 

Similarly, the z XYa is a rt. anglo. 
.*. the points X, Z, a, Y are concyclic : 

thftt IB, a lies on the O^ of the circle, which passes through X, Y, Z ; 
and Xa is a diameter of this circle. 

Similarly it may be shewn that ^ and y lie on the c*''' of the circle 
which passes through X, Y, Z. 

Again, since aDX is a rt. angle, J^fP- 

.*. the circle on Xa as diameter passes through D. 

Similarly it may be shewn that E and F lie on the circumference 
of the same circle. 

.\ the points X, Y, Z, D, E, F, a, /9, 7 are concyclic. q.e.d. 




Hyp, 



T. 29. 



From this property the circle which passes through the middle 
points of tiie sides of a triangle is called the Nine-Points Circle ; many 
of its properties may be derived from the fact ot \U b^vcv^ \Jcv5i. ^vt^^. 
ftnmimbed ttbout the pedal triangle, 



as. Toprosetkat 

(i) the centre of the nine-pointi circle is i 
(A« etraight line which joitts the orthocenlre to the ci 

(ii) (he radius of the nine-points circle is half the radius of 
ciremnMcribed circle : 

(iii) the centnnd ii cotUnear v>ith the drcuniscriOed centre, 
nine-poiats centre, and the orthoeeatre. 

Id the & ABC, let X, Y, Z be the 

middle points of the Bides; D, E, F 
the Ceet of the perp*; O the ortho- 
centre; 8 and N the centres of the 
circumscribed and nine-points circles 
respectively. 

(i) To prove that N ia the 
middle point of SO. 

It may be shewn that the perp. 
to XD from its middle point bisects 
SO; Ei. 14, p. 98. 

Similar]? the peip. to EY at its 
middle point bisects SO; 

tiiat is, these perp* intersect at the middle point of SO: 

And since XD and EY ore chords of the nine-pointa circle, 

of the lines which bisect XD and EY at rt. ongb 

! centre N is the middle point of SO. 




By the last Proposition, Xa is a dtametei of the nine-points cird' 
/. the middle point of Xa is its centre: 
but the middle point of SO is alao the centre of the nine-points cird' 
(Pnafd 
Hence Xa and SO bisect one another at N. 
Tlien from the A" SNX. ONo 
( SN^ON, 

Because ' and NX = Na, 

andthe zSNX^the ^ ONa; i.l' 

.-. SX = Oa !.■ 

= Aa. 
■■ And SX is also par' to An, 

.-, SA = Xa. (. S 

But SA 13 a radius of the circumscribed circle; 
and Xa is a diameter of the nine-points circle; 
.; the radius of the nine-points circle is half the radins ot the araiu 
fieribed circle. 
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(iii) To prove that the centroid is coUinear with points S, N , O. 

Join AX and draw ag par^ to SO. 
Let AX meet SO at Q. 
Then from the A AGO, since Aa = aO and ag is par* to OG, 

.-. fiig=gG, Ex. 13, p. 98. 

And from the a Xa^/, since aN = NX, and NG is par* to a^, 

^ .-. </G=GX. Ex. 13, p. 98. 

.-. AG =# of AX; 
.'. G is the centroid of the triangle ABC. 
That is, the centroid is collinear with the points S, N, O. q.e.d. 

34. Given tJie base and vertical angle of a triangle, find the locus 
of the centre of the nine-points circle* 

35. The nine-points circle of any triangle ABC, whose orthocentre 
IS O, is also the nine-points circle of each of the triangles AOB, BOC, 
COA. 

36. If I, li, I2. I3 are the centres of the inscribed and escribed 
circles of a triangle ABC, then the circle circumscribed about ABC is 
the nine-points circle of each of the four triangles formed by joining 
three of the points I, Ij, lo, I3. 

37. All triangles which have the same orthocentre and the same 
circumscribed circle, have also the same nine- points circle. 

38. Given the base and vertical angle of a triangle, shew that one 
angle and one side of the pedal triangle are constant. 

39. Given the base and vertical angle of a triangle, find the 
locus of the centre of the circle which passes through the three 
escribed centres. 

Note. For another important property of the Nine-points Circle 
see Ex. 60, p. 382. 



II. MISCELLANEOUS EXAMPLES. 

1. If foiir circles are described to touch every three sides of a 
^nadrilateral, shew that their centres are concyclic. 

2. If the straight lines which bisect the angles of a rectilineal 
%Ure are concurrent, a circle may be inscribed in the figure. 

3. Within a given circle describe three equal circles touching one 
*** other and the given circle. 

4. The perpendiculars drawn from the centres of tko, t\\x^^ 
*^^bed circles of a triansle to the sides yi\i\c\v Wvcn \.cs\vO£v, «x^ «yarcv- 
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5. Given an angle and the radii of the inscribed and circume 
circles; construct the triangle. 

6. Given the base, an angle at the base, and the distance hi 
the centre of the inscribed circle and the centre of the escribed 
which touches the base ; construct the triangle. 

7. In a given circle inscribe a triangle such that two of iti 
may pass through two given points, and the third side be of 
length. ^ 

8. In any triangle ABC, .1, Ij, l^, I3 are the centres of t 
scribed and escribed circles, and S^ , So , S3 are the centres ' 
circles circumscribed about the triangles BIC, CIA, AIB: she^ 
the triangle S^S^Sg has its sides parallel to those of the triangle 
and is one-fourth of it in area: also that the triangles AB< 
SjSoSj have the same circumscribed circle. 

9. O is the orthocentre of a triangle ABC : shew that 

A02+BC2=B02 + CA2=CO*^ + AB2=rf2, 

where d is the diameter of the circumscribed circle. 

10. If from any point within a regular polygon of n sides p 
diculars are drawn to the sides the sum of the perpendiculars is 
to n times the radius of the inscribed circle. 

11. The sum of the perpendiculars drawn from the vertice 
regular polygon of n sides on any straight line is equal to n tim 
perpendicular drawn from the centre of the inscribed circle. 

12. The area of a cyclic quadrilateral is independent of the 
in which the sides are placed in the circle. 

13. Given the orthocentre, the centre of the nine-points eircl 
the middle point of the base ; construct the triangle. 

14. Of all polygons of a given number of sides, which n 
inscribed in a ff,iven circle, that which is regular has the max 
area and the maximum perimeter. 

15. Of all polygons of a given number of sides circums 
about a given circle, that whicli is regular has the minimum are 
the minimum perimeter. 

16. Given the vertical angle of a triangle in position and n 
tudc, and the sum of the sides containing it : find the locus < 
centre of the circumscribed circle. 

17. P is any point on the circumference of a circle circums< 
about an equilateral triangle ABC: shew that PA- + PB- + F 

pomtajiti 



BOOK V. 

Book V. treats of Katio and Propoi-tion. 

INTRODUCTORY. 

The first four books of Euclid deal with the absolute equality 
or inequality of Geometrical magnitudes. In the Fifth Book 
magnitudes are compared by considering their 7*atio, or relative 
greatness. 

The meaning of the words ratio and proportion in their 
simplest arithmetical sense, as contained in the following defini- 
tions, is probably familiar to the student : 

l%e, ratio of one number to another is the multiple, part, or 
parts that the first number is of the second; and it may thei^efoi^e be 
meamared by the fraction of which the first number is the numerator 
and the seamd the denominator. 

four numbers are in proportion when tJie ratio of the first to 
the second is equal to that of the third to the fourth. 

But it will be seen that these definitions are inapplicable to 
Qeometrical magnitudes for the following reasons : 

(1) Pure Geometry deals only with concrete magnitudes, re- 
presented by diagrams, but not referred to any common imit in 
terms of wnich they are measiu*ed : in other words, it makes 
no use of number for the purpose of comparison between difterent 
magnitudes. 

(2) It commonly hapi>ens that (jleometrical magnitudes of 
the same kind ai-e incommensurable, that is, they are such that 
it is impossible to express them exactly in terms of some conmion 
unit. 

For example, we can make comparison between the side and 
diagonal of a square, and we may form an idea of their relative gieat- 
ness, but it can be shewn that it is impossible to divide cither of them 
into equal parts of which the other contains an exact number. And 
as the magnitudes we meet with in Geometry are more often incom> 
mensurable than not, it is clear that it would not always be possible 
to exactly represent such magnitudes by numbers, even if reference to 
a common unit were not foreign to the principles of Euclid. 

It is therefore necessary to establish the Geometrical Theory 
of Proportion on a basis quite indoi)endent of Arithmetical 
prindlueB. This is the aim of Euclid's ¥\ftVi Book. 



1-^ 



286 EUCLID^S ELEMENTS. 

We shall employ the following notation. 

Capital letters, A, B, C,... will be used to denote the magnitadM .] 
themselves, not any numerical or algebraical measures of them, and 
small letters, in, ii, Pf... will be used to denote whole numbers. Also 
it will be assumed that multiplication, in the sense of repeated 
addition, can be applied to any magnitude, so that m . A or mA will 
denote the magnitude A taken m times. 

The symbol > will be used for the words greater than, and < for 
less than. 

Definitions. 

1. A greater magnitude is said to be a multiple of a 
less, when tlie greater contains the less an exact number of 
times. 

2. A less magnitude is said to be a submultiple of a 
greater, when the less is contained an exact number of 
times in the greater. 

The following properties of multiples will be assumed as self-evident. 

(1) ?/tA > = or < mB according as A > = or < B; and 

conversely. 

(2) 7nA + wtB+... = m(A+B+:..). 

(3) If A > B, then mA - mS = m (A - B). 
(■k) ?«A+?iA+... = (»n-7i + ...) A. 

(5) If in > ;t, then 7/iA - /lA = (m - n) A. 

(6) VI . wA = vin . A — nm . A = w . ?;tA. 

3. Tlie Ratio of one magnitude to another of the sau^m® 
kind is the relation which the lirst bears to the second ^^ 
respect of gtca7ituplicity. 

The ratio of A to B is denoted tlius, A : B; and A ^^ 
called the antecedent, B the consequent of the ratio. 

The term quantupUcity denotes the capacity of the first magnitu*-*® 
to contain the second with or without remainder. If the magnitud. ^^^ 
are commensurable, their quantuplicity may be expressed rvu^iericar ^^ 
by observing what multiples of the two magnitudes are equal to oi""™® 
another. 

Thus if A — ma, and B = na, it follows that ?iA = ?nB. In this ca^ 

111 
A — — B, and tlie quantuplicity of A with respect to B is the aiii 

metical fraction — . 

u 
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Bat if the magnitudes are incommensurable, no multiple of the 
i ean be equal to any multiple of the second, and therefore the 
kntuplicity of one with respect to the other cannot exactly be 
ressed numerically: in this case it is determined by exaniiniu<( 
r the multiples of one magnitude are distributed among the 
Itiples of the other. 

Thus, let all the multiples of A be formed, the scale extending ad 
nitum; also let all the multiples of B be formed and placed in their 
per order of magnitude among the multiples of A. This forms the 
tive scale of the two magnitudes, and the (xuantuplicity of A with 
)ect to B is estimated by examining how the multiples of A are 
ributed among those of B in their relative scale. 

[n other words, the ratio of A to B is known, if for all integi'al 
les of m we know the multiples nB and (n + 1) B between which 
lies. 

[n the case of two given magnitudes A and B, the relative scale of 
tiples is definite, and is different from that of A to C, if C differs 
Q B by any magnitude however small. 

Per let D be the difference between B and C ; then however small 
lay be, it will be possible to find a number m such that mD > A. 
his case, mB and mC would differ by a magnitude greater than A, 
therefore could not lie between the same two multiples of A ; so 
: after a certain point the relative scale of A and B would differ 
II that of A and C. 

It is worthy of notice that we can always estimate the arithmetical 
of two inconmiensurable magnitudes within any required degree 
ccuracy, 

for suppose that A and B are incommensurable ; divide B into in 
U parts each equal to j3, so that B = 7nj3, where m is an integer. 
) suppose /3 is contained in A more than n times and less than 
1) times; then 

B m^ 7rtj8 

that is, =z lies between — and ; 

B mm 

f< n 1 

lat •=? differs from — by a quantity less than — . And since we 
B m "^ m 

choose /3 (our unit of measurement) as small as we please, m can 

lade as great as we please. Hence — can be made as small as we 

m 

36, and two integers n and m can be found whose ratio will express 

of a and b to any re(juired degree of accvxtac^f .^ 
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4. The ratio of one magnitude to another is equal to 
that of a third magnitude to a fourth, when if any eqiii- 
multiples whatever of the antecedents of the ratios are 
taken, and also any equimultiples whatever of the con- 
sequents, the multiple of one antecedent is greater than, 
equal to, or less than that of its consequent, according as 
the multiple of the other antecedent is greater than, equal 
to, or less than that of its consequent. 

Thus the ratio A to B is equal to that of C to D when 
7iiC > = 0Y <nD according as mf< > = or < wB, whatever whole 
numbers m and n may be. 

Again, let m be any whole number whatever, and n another whole 
number determined in such a way that either niA is equal to nB, or 
mA lies between rzB and (71 + 1) B ; then the definition asserts that the 
ratio of A to B is equal to that of C to D if mC=nD when mA=fiB; 
or if mC lies between nD and (n + 1) D when mA lies between nB and 
(?i + l)B. 

In other words, the ratio of A to B is equal to that of C to D when 
the multiples of A are distributed among those of B in the same 
manner as the multiples of C are distributed among those of D. 

5. When the ratio of A to B is equal to that of C to D 
the four magnitudes are called proportionals. This is ex- 
pressed by saying " A ts to ^ as C is to D", and the proportioB 
is written 

A : B :: C : D, 

or A : B = C : D. 

A and D are called the extremes, B and C the means; also 
D is said to be a fourth proportional to A, B, and C. 

Two terms iu a proportion are said to be homologous 

when they are both antecedents, or both consequents of the 

ratios. 

[It will be useful here to compare the algebraical and geometrical 
definitions of proportion, and to shew that each may be deduced fronJ 
the other. 

According to the geometrical definition A, B, C, D are in propor- 
tion, when mC> = <nD according as mA> = <nB, m and n being 
any positive integers whatever. 

According to the algebraical definition A, B, C, D are in propoxtibB 
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(i) To deduce the geometrical definition of proportion from 
the algebraical definition. 

Since b = rf » ^y multiplying both sides by — , we obtain 
D u n 

wiA mC 

nB ~ nD ' 

hence from the nature of fractions, 

mC> = <7iD according as wA> = <;iB, 

which is the geometrical test of proportion. 

(ii) To deduce the algebraical definition of proportion from 
the geometrical definition. 

Given that mC> = <;iD according as viA> — < jtB, to prove 

AC 

B~b* 

A C 

If ~ is not equal to — , one of them must be the greater. 

SupT)ose !=>•=:; then it will be possible to find some fraction — 
B D VI 

which lies between them, n and iu being positive integers. 

Hence |>£ (1); 

and ^<:- (2). 

D ?» 

From (1), 7wA>wB; 

from (2), ?mC<wD; 

and these contradict the hypothesis. 

AC AC 

Therefore = and _: are not unequal ; that is, „ = vi » which proves 

the proposition.] 

6. The ratio of one magnitude to another is greater 
than that of a third magnitude to a fourth, when it is 
possible to find equimultiples of the antecedents and equi- 
multiples of the consequents such that while the multiple 
of the antecedent of the first ratio is greater than, or equal 
to, that of its consequent, the multiple of the antecedent 
of the second is not greater, or is less, t\vA,T\. \}cva.\i q1 \\»'5. 
i)0e9O£»3^. 
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This definition asserts that if whole numbers m and n can be found 
such that while rnA is greater than 72 B, mC is not greater than itO, 
or while mA = «B, mC is less than iiDj then the ratio of A to B is 
greater than that of C to D. 

7. If A is equal to B, tlie ratio of A to B is called a 
ratio of equality. 

If A is greater than B, the ratio of A to B is called » 
ratio of greater ineauality. 

If A is less than B, the ratio of A to B is called a rftti0 
of less inequality. 

8. Two ratios are said to be reciprocal when tlie ante- 
cedent and consequent of one are the consequent and ante- 
cedent of the other respectively ; thus B : A is the reciprocal 
of A : B. 

9. Three magnitudes of the same kind are said to be 
proportionals, when the ratio of the first to the second is 
equal to that of the second to the third. 

Thus A, B, C are proportionals if 

• A : B : : B : C. 

B is called a mean proportional to A and C, and C is 
called a third proportional to A and B. 

10. Three or more magnitudes are said to be in con* 
tinned proportion when the ratio of the first to the second 
is equal to that of the second to the third, and the ratio d 
the second to the third is equal to that of the third to the 
fourtli, and so on. 

1 1 . When there are any number of magnitudes of the 
same kind, the first is said to have to the last tlie ratio 
compounded of the ratios of the first to the second, of the 
second to the third, and so on up to the ratio of the last 
but one to the last magnitude. 

For example, if A, B, C, D, E be magnitudes of the same 
kind, A : E is the ratio compounded of the ratios A : B, 
P : Cj C : D, and D : E. 
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This u sometimes expressed by the following notation: 




D: E. 



12. If there are any number of ratios, and a set of 
magnitudes is taken such that the ratio of the first to the 
second is equal to the first ratio, and the ratio of tlio second 
to the third is equal to the second ratio, and so on, then 
the first of the set of magnitudes is sfiid to liave to the 
last the ratio compounded of the given ratios. 

Thus, if A : B, C : D, E : F be given ratios, and if P, Q, 
R, S be magnitudes taken so that 

P : Q : : A : B, 
Q : R :: C : D, 
R : S :: E : F; 

(A : B 
then P : S - -J C : D 

( E : F. 

13. When three magnitudes are proportionals, tlie first 
is said to have to the third tlie duplicate ratio of tliat 
Avhich it has to the second. 

Thus if A : B :: B : C, 

then A is said to have to C the duplicate ratio of tliat whicli 
it has to B. 

Since ^-^^IbIc. 

it is clear that the ratio compounded of two equal ratios is the dupli- 
cate ratio of either of them. 

14. When four magnitudes are in continued proportion, 
the first is said to have to the fourth the triplicate ratio of 
that which it has to the second. 

It may be shewn as above that the ratio compounded of three equal 
»tioB is the triplicate ratio of any one of them. 



\ 
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Although an algebraical treatment of ratio and proportion when 
applied to geometrical magnitudes cannot be considered exact, it will 
perhaps be useful here to summarise in algebraical form the principal 
theorems of propoi*tion contained in Book V. The student will then 
perceive that its leading propositions do not introduce new ideas, but 
merely supply rigorous proofs, based on the geometrical definition of 
proportion, of results already familiar in the study of Algebra. 

We shall only here giv£ those propositions which are afterwards 
referred to in Book VI. It will be seen that in their algebraical form 
many of them are so simple that they hardly requiie proof. 



SUMMAKY OF PRINCIPAL THEOREMS OF BoOK V. 



Proposition 1. 

Ratios which are equal to the same ratio are equal to one another. 

That is, if A : B = X : Y and C : D = X : Y; 
then-.. A : B = C : D. 

Proposition 3. 

If Jour itiagnitudes are proportionals y they are also jMroportioJiali 
when taken inversely. 

That is, if A : B = C : D, 

then B:A=D:C. 

This inference is referred to as invertendo or inversely. 

PKOrOSITION 4. 

(i) Equal maynitudes have the same ratio to the same magnitude. 
For if A = B, 

then A : C=B : C. 

(ii) The same magnitude has the same ratio to equal viaynitudes. 
For if A = B, 

then C:^=C-. B. 



I 



i 
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Pboposition 6. 

(i) Magmtudes which have tJie same ratio to the name magnittide 
are equal to one another. 

That IS, if A:C=B:C, 

then A = B. 

(ii) Those magnitudes to which th^ same vmgnitude Jias the same 
ratio are equal to one another. 



That is, if 


C : A = C : B, 


then 


A=rB. 




Proposition 8. 



Magnitudes have the same ratio to one another ivhich their equi- 
multiples have. 

That is, A : B=wA : mB, 

^here m is any whole number. 



Proposition 11. 

If four m£Lgnitudes of the sam£ kind are proportionalsy they are also 
Proportionals when taken alternately. 



If 


A : B = C : D, 


then shall 


A :C- B : D. 


For since 


A C 
B~D' 



B , A B C B 

•. multiplying by ^ , we have g • q = 5 • q 5 

t w A B 

or A : C = B : D. 

This inference is referred to as altemaxido ox ^IXon^a^xS^ 
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Proposition 12. 

If any number of magnitudes of the same kind are proportia 
then as one of the antecedents is to its consequent^ so is the sum oj 
antecedents to the sum of the consequents. 

Let A: B = C : D = E : F = ...; 

then shall A : B = A + C+E+... : B + D + F + .... 

ACE 

For put each of the equal ratios §5 , 7^, ^ »••• c^util to fc ; 

D U r 



then A=Bk, C = Dk, E = Fk,.. 

A+C+E+ 
B + 

.-. A : B = A + C + E+... : B + D + F + .... 

This inference is sometimes referred to as a4dendo. 



C + Ejf ... _^k+Dk+ Fk + . .. _^ _C _E_ 

dTfT." ~ ~bTdTf+... ~ b"d~ f ' 



Proposition 13. 

(i) If four magnitudes are proportionals ^ tlie sum of the first 
second is to the second as the sum of the third and fourth is to the foh 



Let 


A: B = C: D, 


then shall 


A + B : B = C+D : D. 


For since 


A C 
B^ b' 




A , C , 

.••3+1 = + 1; 


that is, 


A+B C+D 
B ~ D ' 


or 


A + B : B = C + D : D. 



This inference is referred to as componendo. 

(ii) If four magnitudes are proportionals, the difference of the^ 
and second is to the second as the difference of the third and fourth \ 
the fourth. 

That is, if A : B = C : D, 

then A-B;B = C~D:D. 

The proof is similar to that of the former case. 

This inference is referred to as dl'ViOLAiiflLO. 
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Proposition 14. 

If there are two sets of magnitudes^ such that the first is to the 
second of the first set as the first to the second of the other set^ and the 
second to the third of the first set as the second to the third of the other y 
and so on to the la^t viagnitude: then the first is to the last of the first 
set as the first to the last of the other. 

First let there be three magnitudes, A, B, C, of one set, and three, 
P, Q, R, of another set, 



and let 




A : B=P : Q, 


and 




B :C = Q : R; 


then shall 




A :C = P : R. 


For since 




A P ^ B Q 






A B P Q 
• B • C " Q • R ' 


that is. 




A P 
C~R' 


or 




A :C=P: R. 


Similarly if 




A: B=P: Q, 
B : C:=Q : R, 






L: M=Y: Z; 


it can be proved 


that 


A: M = P: Z. 


This inference is referred to as ex sequali. 


Corollary. 


If 


A : B=P: Q, 


and 




B : C=R : P; 


then shall 




A :C = R : Q. 


For since 




A P , B R 
g=-.and^ = p; 

A B PR 
■ B • C ~ Q * P ' 

A R 
• C~Q' 


or 




A ;C = R : Q. 
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and 
then shall 



For since 



Proposition 15. 




A: B = C : D, 




E :B = F :D; 




A+E :B=C+F : 


D. 


AC ^ E 


F 


A+E C+F 




• B ~ D ' 




A+E: B=C+F : 


D. 


Proposition 16. 





that is, 



If two ratios are eqvixil, their duplicate ratios are equa 
conversely . 

Let A ; B = C : D; 

then shall the duplicate ratio of A : B be equal to the duplicat 
of C : D. 

Let X be a third proportional to A, B ; 
so that A : B=B : X; 

B A 



that is, 

But A : X is the dupl 
.*. the duplicate ratio of 

But since 



• ■ 


X" 


B' 




B 


A 


A 


A 


X 


• B~ 


'b* 


B' 




A 


A2 






X~ 


B-- 




,te 


ratio of A : 1 


A 


: B = 


:A2 : 


: B'^. 


A 


: B = 


:C : 


D; 




A 


C 




• i 


B" 


'd' 






A2 


C2 




" • 


B2- 


D2 


» 



or A^ : B2 = C2 : D-; 

that is, the duplicate ratio of A ; B = the duplicate ratio of C : 

Conversely f let the duplicate ratio of A : B be equal to th( 
cate ratio of C : D ; 

then shall A : B = C : D, 

for since A^ : B=^ = C2 : D^, 

. . A -. B=C : D. 
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Proofs of the Propositions of Book V. derived from 

THE GEOMETRICAL DEFINITION OF PROPORTION. 



Ohs. The Propositions of Book V. are all theorems. 

Proposition 1. 

Ratios which are oxiual to tJie saine ratio are eqiml to one 
another. 

Let A : B :: P : Q, and also C : D :: P : Q; then shall 
A: B :: C : D. 

For it is evident that two scales or arrangements of 
Multiples which agree in every respect with a third scale, 
^1 agree with one another. 

Proposition 2. 

1/ two radios are equal, the antecedent of the second is 
9feater tluin, equal to, or less than its consequent according 
^ tke antecedent of tlie first is greater than, equal to, or less 
^n its consequent. 



Let 


A : B :; C : D, 


then 


C > = or < D 


According 


as A > = or < B 



This follows at once from Def. 4, by taking m and n 
iach equal to unity. 
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Proposition 3. 

//* two ratios are eqiial, their reciprocal ratios are equal. 

Let A : B :: C : D, 

then shall B : A : : D : C. 

For, by hypothesis, the multiples of A are distributed 
among those of B in the same manner as the multiples of 
C are among those of D; 

therefore also, the multiples of B are distributed among 
those of A in tlie same manner as the multiples of D are 
among those of C. 

That is, B : A :: D : C. 

Note. This proposition is sometimes enunciated thus 

If four magnitudes are proportionals ^ they are aha proportional 
when taken inversely ^ 

and the inference is referred to as Invertendo or inversely. 



Proposition 4. 

Equal magnitudes have the same ratio to the same moug- 
nitude; and the same magnitude has the same ratio to equal 
7nag7iitudes. 

Let A, B, C be three magnitudes of the same kind, and 
let A be equal to B; 

then shall A : C : : B : C 

and C : A :: C : B. 

Since A = B, their multiples are identical and therefore 
are distributed in the same way among the multiples of C. 

.*. A : C :: B : C, Def. 4.1 

. *. also, mvertendo^ C -. A ; •. C : B. 
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Proposition 5. 

Of two unequal magnitudes^ the greater has a greater 
tio to a third magnitv^le than the less has; and tJie same 
xgfiitude has a greater ratio to the less of two 'magnitudes 
an it has to the greater. 

First, let A be > B; 

len shall A : C be > B : C. 

Since A > B, it will be possible to find m such that mk 
tceeds mB by a magnitude greater than C; 

hence if wiA lies between nC and (n + 1)C, mB <7iC: 

and if mA = nC, then mB <nC', 

.'. A : C>B : C. Def 6. 

Secondly, let B be < A ; 

hen shall C : B be > C : A. 

''or taking m and n as before, 

nO > TwB, while nC is not > mA ; 

.'. C : B > C : A. Def 6. 



Proposition 6, 

Magnitudes which Jiave the same ratio to the same mag- 
lUvde are e^ual to one another; and those to which the same 
Mgnitude has the same ratio are equal to one another. 

First, let A : C : : B : C ; 

•hen shall A=B. 

For if A > B, then A : C > B : C, 

and if B > A, then B : C > A : C, v. 5. 

Msh contradict the hypothesis; 

. . A = D. 
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Secondly, let C : A :: C : B; 

then shall A = B. 

Because C : A : : C : B, 
.*., invertendo, A : C :: B : C, V. 3. 

A-rB, 
by the first part of the proof. 



Proposition 7. 

That magnitude which has a greater ratio than another 
has to the sanie magnitude is the greater of the two; and 
that magnitude to which the same lias a greater ratio than it 
Jwbs to anotJier magnitude is the less of the two. 

First, let A : C be > B : C; 

then shall A be > B. 

For if A = B, tlien A : C : : B : C, v. 4. 

which is contrary to the hypothesis. 

And if A < B, then A : C < B : C ; v. 5. 

which* is contrary to the hypothesis; 

.*. A> B. 

Secondly^ let C : A be > C : B; 

then shall A be < B. 

For if A =^ B, then C : A : : C : B, V. 4. 

which is contrary to the hypothesis. 

And if A> B, then C : A< C : B; v. 5. 

which is contrary to the hypothesis; 
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Proposition 8. 

Jfoffnittifdes have the same ratio to one anotJoer which 
Iieir equimultiples have. 

Let A, B be two magnitudes; 
hen shall A : B :: 7/^A : mB. 

If ^, <7 be any two whole numbers, 

then m . pA > ^ or < 7>i . ^-B 
according as pA > — or < ^'B. 

But m . pA =p . 7mA, and m , qB = q . ?mB ; 
.*. p . 7/iA > — or <:q . mB 
according as pA > - or <qB; 

.'. A : B :: niA : mB. Be/. 4. 

Cor. Let A : B :: C : D. 

Then since A : B : : 7)1 A : mB, 
and C : D :: nC : tiD; 
.'. mA : mB :: 7iC : nO. v. 1. 

Proposition 9. 

I/' two ratios are equal, and any equimultiples of the 
ntecedents and also of the consequents ai^e taken, the multiple 
^ the first antecedent has to that of its consequent the same 
xtio as the multiple of the other antecedent has to that of its 
mseqiLent. 

Let A : B :: C : D; 

:ien shall 7/iA : TiB :: 77iC : 7iD. 

Let p, q be any two whole numbers, 
then because A : B : : C : D, 

pm . C > = or <qn. D 
according as pm . A > = or <qn . B, Def 4 . 

that is, 2^ ' ^'*C > = or <q .nD, 
according as p . mA > ~ or <q .nB; 

.'. mA : 7iB :: niC \ nO. Be-i- ^* 
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Proposition 10. 

If four rrvagnitudes of the same kind are proper tit 
the first is greater than^ equal to, or less than the \ 
according as the second is greater than, equal to, or less 
the fourth. 

Let A, B, C, D be four magnitudes of the same kind 
that 

A : B :: C : D: 
then A > = or < C 
according as B > — or < D. 

If B > D, then A : B < A : D ; 
but A : B :: C : D; 
.*. C : D < A : D; 
.*. A : D> C : D; 
.*. A>C. 

Similarly it may be shewn that 

if B < D, then A < C, 
and if B ^ D, then A = C. 

Proposition 11. 

If four magnitudes of the same kiitd are proportii 
they are also proportionals when taken alternately. 

Let A, B, C, D be four magnitudes of the same kind 
that 

A : B :: C : D; 

then shall A : C : : B : D. 

Because A : B :: mA : mB, 
and C : D :: ife : uD; 

.'. mA : mB :: ?iC : 7iD. 

.'. 7nA > — or <nC 
according as ??iB > — or < nD : \ 

and m and n are any whole numbers; 

.-. A : C :; B : D. I) 

Note. This inference is usually referrecl to as alteman 
alt$raately. 
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Proposition 12. 

If any number of magnitudes of the satne kind are pro- 
rtionah, as one of the antecedents is to its consequent, so 
tlie sum of the antecedejits to the sum of the consequents, 

iMt A, B, C, D, E, F, ... be magnitudes of the same kind 
ch that 

then shall A:B::A+C4-E + ... :B+D+F+.... 

Because A : B : : C : D :: E : F :: ..., 
/. according as mIK > = or < 7iB, 
so is mC > — or <nD, 
and mE > = or < 7iF, 



.'. so is wiA -\-mC + mE+ ... > — or < 2aB + nD + nF + ... 
or m(A+ C + E +...)>- or <?i(B + D + F+ ...); 

id 7n and n are any whole numbers; 

.'. A : B ::A + C + E+... : B+D+F+.... Def. 4. 

^oT£. This inference is usually referred to as addendo. 



Proposition 13. 

If four inagnitudes are pi'oportionais, the sum or differ- 
Yice qf the first and second is to t/te second as the sum or 
ifference of tlie third and fourth is to the fourth. 

Let A : B :: C : D; 
hen shall . A + B : B :: C + D : D, 

and A~B:B::C~D:D. 

If m be any whole number, it is possible to tind another 
Lumber n such that m^ — ?6B, or lies between ?iB and 
n+l)B, 

.". wiA + wB = wiB + wB, or lies between ?mB -f nB and 

wB + {n + 1) B. 
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But mA + mB = m(A + B), and mB + ^B = {m + ?i) B ; 
.'. m(A + B) = (m + 7i) B, or lies between (tn + n) B 

and (711 + n+ 1)B. 

Also because A : B : : C : D, 
.*. mC =7iD, or lies between nD and (74+ 1)D; 2>e/! 
.'. 7/i(C + D) = (m + w) D or lies between {m + n)D and 

(in + n + l)D; 

that is, the multiples of C + D are distributed among the 
of D in the same way as the multiples of A + B amo 
those of B; 

.'. A-f B : B :: C + D : D. 

In the same v/ay it may be proved that 

A - B : B : : C - D : D, 
or B - A : B : : D - C : D, 
according as A is > or < B. 

Note. These inferences are referred to as componendo and dl 
dendo respectively. 

Proposition 14. 

If there are two sets of magnitudes^ such that the first 
to the second of the first set as the first to the second of i 
other set, and the second to the third of th^ first set as i 
second to the third of the other, and so on to the last magi 
t\ide : then the first is to the last of the first set as the first 
the last of the other. 

First, let there be three magnitudes A, B, C, of one s 
and three, P, Q, R, of another set, 



and let A 


: B 


:: P : 


Q, 


and B 


:C 


:: Q : 


R; 


then shall A 


: C 


:: P : 


R. 


Because A 


: B 


:: P : 


Q, 


.*. mA : 


mB 


:: mP 


: mQi\ 


and because B 


: C 


:: Q : 


R, 


.'. mB : 


nC 


:: mQ 


t : nR, 


. '., mveriendo, nO \ 


mB 


\\ uR 


; mOL. 



V. 8, Ci 



V. 
V. 
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Now, if ?/iA > nC, 

then mA : mB> wC : mB; v. 5. 

.'. mP : wiQ> 7iR : 7>iGl, 
and .'. 9iiP> hR. v. 7. 

Similarly it may be shewn that mP - or < 7iR, 
according as wA - or < 7iC, 

.'. A : C :: P : R. Def, 4. 

Seco7idly, let there be any number of ma<?nitudes, A, B, 
C, ... L, M, of one sot, and tlie saino niiinl)er P, Q, R, ...Y, Z, 
of a mother set, sucli tliat 

A : B :: P : Q, 
B : C : : Q : R, 



L : M :: Y : Z: 

tlien shall A : M :: P : Z. 

For A : C :: P : R, Proved, 

and C : D :: R : S; J^yp^ 

/. by the first case A : D : : P : S, 

and so on, until finally 

A : M = P : Z. 

Note. This inference is referred to as ex sequali. 

Corollary. If a : B :: P : Q, ^ ^^'^ •^^'•' ^'^'' "^^ 

and B : C : : R : P ; 






then A : C :: R : Q. ]J^7*tA ^-hC 

,.-n7^: >i Q 7^ yf'P ."m 
Proposition 15. \ . ^y^^ ^q -^ 

If A: B ::C: dA /. A ! C ..' /?'4^ 

and E 

then shall A + E : B : : C + F : D. 



B 


:: C 


: D, 


B 


:: F 


: D; 


B 


:: C+F 


B 


:: F 


: D, 


E 


:: D 


: F. 


B 


:: C 


:D, 


£ 


:: C 


:F, 



For since E : B :: F : D, J^yp- 

/. , invertendo, B : E :: D : F. v. 3. 

Also A 

/, , ex asguaii, A ; E :: C : F , n , \^« 
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.'. , coinponendo^ A4-E:E::C4-F:F. 

Again, E : B :: F : D, 
.'. , ex cequalij A + E : B : : C + F : D. 



Proposition 16. 

If two ratios are equal, tlieir duplicate ratios are 
and conversely, if the duplicate ratios of two ratios ar 
t/ie ratios th£niselves are equal. 

Let A : B : : C : D ; 
then shall the duplicate ratio of A to B be equal to 
C to D. 

Let X be a third proportional to A and B, and Y 
proportional to C and D, 

so that A : B :: B : X, and C : D :: D : Y: 

then because A : B : : C : D^ 

.-. B : X :: D : Y; 

.*. , ex cequali, A : X :: C : Y. 

But A : X and C : Y are respectively the duplicate r 

A : B and C : D, j 

.*. the duplicate ratio of A : B - tliat of C : D. 

Conversely, let the duplicate ratio of A : B = that c 
then shall A : B : : C : D. 



Let P be such that 


A 


: B :: 


C 


: P, 


/. , invertendo, 




B 


: A :: 


P ; 


: C. 


Also, by 


liypothesis, 


A : 


: X :: 


C 


: Y, 


/. , ex mqualij 




B : 


; X :: 


P 


:Y; 




but 


A ; 


: B :: 


B 


:X, 




• 
• • 


A ; 


: B :: 


P 


: Y: 



.-. C : P :: P : Y; 
that is, P is the mean proportional between C an 

.-. P=D, 



BOOK VI. 



Definitions. 

1. Two rectilineal figures are said to be equiangular 
when the angles of the first, taken in order, are equal 
respectively to those of the second, taken in order. Each 
angle of the first figure is said to correspond to the angle 
to which it is equal in tlie second figure, and sides adjacent 
to corresponding angles are called corresponding ^ides. 

2. Rectilineal figures are said to be similar when they 
are equiangular and liave the sides about the equal angles 
proportionals, the corresponding sides being homologous. 

[See Def. 5, page 288.] 

Thus the two quadrilaterals ABCD, EFGH are similar if the 
Ingles at A, B, C, D are respec- d 

tively equal to those at E, F, G, H, 
*nd if the following proportions 
hold 

AB : BC :: EF : FG, A< 

BC : CD:: FG : GH, 

CD: DA:: GH : HE, 

DA: AB :: HE : EF. 

3. Two figures are said to have their sides about two 
oUheir angles reciprocally proportional when a side of the 
first is to a side of the second as tlie remaining side of the 
second is to tlie remaining side of the first. 

4. A straight line is said to be divided in extreme 
8«iid mean ratio when the whole is to tlie greater segment 
*s the greater segment is to the less. 

5. Two similar rectilineal figures are said to be similarly 
Situated with respect to two of their sides when these 
^es are homologous. 
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EUCLTDS ELEMENTS. 



Proposition 1. Theorem. 



i& 



r& 



2^ he areas of triangles of the same altitude are to one ^ 
another as their bases. 




Let ABC, ACD be two triangles of the same altitude, 
namely the perpendicular from A to BD: 

then shall the A ABC : the A ACD : : BC : CD. 

Produce BD both ways, 
and from CB produced cut oft' any number of parts BG, GH, 
each equal to BC; 

and from CD produced cut off" any number of parti DK, 
KL, LM each equal to CD. 

Join AH, AG, AK, AL, AM. 

Then the A^ ABC, ABG, AGH are equal in area, for they 
are of the same altitude and stand on the equal bases 
CB, BG, GH, I. 38. 

.'. the A AHC is the same multiple of the A ABC that HC 
is of BC ; 

Similarly the A ACM is the same multiple of ACD that CM 
is of CD. 

And if HC = CM, 
the A AHC = the A ACM; 

and if HC is greater than CM, 
the A AHC is greater than the A ACM; 

and if HC is less than CM, 
the A AHC is less than the A ACM. 

Now since there are four magnitudes, namely, the 

A* ABC, ACD, and the bases BC, CD; and of the antecedents, I 

any equimultiples have \)ee;Ti \,?vke;tv, ^^x^^A^^ the A AHC J 



1.38. 

I. 38, CffT- 
I. 38, CoT' 
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and the base HC ; and of the consequents, any equi- 
multiples have been taken, namely the A ACM and the 
base CM; and since it has been shewn that the A AHC is 
greater than, equal to, or less than the A ACM, according 
as HC is greater than, equal to, or less than CM; 

.*. the four original magnitudes are proportionals, v. l)ef, 4. 

that is, 

the A ABC : the A ACD :: the base BC : the base CD. q.e.d. 

Corollary. The areas of parallelograms of the same 
altitude are to one another as their bases. 




B 



Let EC, CF be par"' of the same altitude; 
then shall the par™ EC : the par" CF : : BC : CD. 

Join BA, AD. 
Then the A ABC : the AACD :: BC : CD; Proved, 
but the par" EC is double of the A ABC, 
and the par" CF is double of the AACD; 
.*. the par" EC : the par" CF :: BC : CD. v. 8. 

Note. Two straight lines are cut proportionally when the seg- 
ments of one line are in the same ratio as the corresponding segments 
of the other. [See definition, page 131.] 

FIg.l Fig.2 

A X B A B X 



Y D 



Thus AB and CD are cut proportionally at X and Y, if 

AX : XB::CY: YD. 

And the same definition applies equally -wlaetViet X «jv^M ^vn\^^ V^, 
CD internally as in Fig. 1 or externally aa iii'BV^. 1. 
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Proposition 2. Theorem. 

If a straight line be drawn parallel to one side of c 
triangle, it shall cnt the other sides, or those sides produced 
2)roportionally : 

Conversely, if the sides or the sides 2^'^oduced he cut jyro- 
j)ortionally, the straight line which joins tJie points of section^ 
shall he parallel to the remaining side of the triangle. 

A A Y X 





B C 

Let XY be drawn par^ to BC, one of the sides of the 
A ABC: 
then shall BX ; XA : : CY : YA. 

Join BY, ex. 

Then the A BXY = the A CXY, being on the same base XY 
and between the same parallels XY, BC; \. 37. 

and AXY is another triangle; 

.-. the A BXY : the A AXY :: the A CXY : the A AXY. v. ^. 
But the A BXY : the A AXY :: BX : XA, vi. 1. 

and the A CXY : the A AXY : : CY : YA, 



BX : XA : : CY : YA. 



1. 



Conversely, let BX : XA :: CY : YA, and let XY be joined: 
then shall XY be paH to BC. 
As before, join BY, CX. 
By hypothesis BX : XA :: CY : YA; 

but BX : XA :: the A BXY : the A AXY, vi. 1 
and CY : YA :: the ACXY : the AAXY j 

.-. the A BXY : the A AXY :: the A CXY : the A AXY. v. 1 
.'. the A BXY ^ the ACXY; V. C 

and they are triangles on the same base and on the sam' 
side of it. 



.'. XY is par^ to BC. 



1.3$ 
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EXERCISES. 

1. Shew that every quadrilateral is divided by its diagonals into 
jur triangles proportional to each other. 

2. If any two straight lines are cut by three parallel straight liiieSj 
.hey are cut proportionally. 

3. From a point E in the common base of two triangles ACB, 
ADB, straight lines are drawn parallel to AC, AD, meeting BC, BD at 
F, G : shew that FG is parallel to CD. 

4. In a triangle ABC the strai^'ht line DEF meets the sides 
BC, CA, AB at the points D, E, F respectively, and it makes 
equal angles with AB and AG: prove that 

BD :CD:: BF : CE. 

5. If the bisector of the angle B of a trianp^le ABC meets AD at 
right angles, shew that a line through D parallel to BC will bisect 
AC. 

6. From B and C, the extremities of the base of a triangle ABC, 
Unes BE, CF are drawn to the opposite sides so as to intersect on 
the median from A: shew that EF is parallel to BC. 

7. From P, a given point in the side ^B of a triangle ABC, 
draw a straight line to AC produce^l, so that it wiU be bisected 
byBC. 

8. Find a point within a triangle such that, if straight lines be 
drawn from it to the three angular points, the triangle will be divided 
into three equal triangles. 
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Proposition 3. Theorem. 

If the verticaX angle of a triangle he bisected by a atraigM 
line which cuts the base, the segments of the base shall haue 
to one another the same ratio as the remainiiig sides of tJte 
triangle: 

Conversely, if the base be divided so tftat its segments 
have to one another the saine ratio as the remxiinirtg sides of 
the triangle Itave, the straight line drawn from the vertex to 
the point of sectio-u slwU bisect the vertical angle. 




In the A ABC let the l BAG be bisected by AX, wliich 
meets the base at X ; 
then shall BX : XC : : BA : AC. 

Through C draw CE par* to X'A, to meet BA produced 
at E. I. 31. 

Then because XA and CE are par', 

.'. the L BAX = the int. opp. l. A EC, i. 29. 

and the l XAC = the alt. i. ACE. i. 29. 

But the L BAX = the L XAC; Hyp. 
.-. the £.AEC = the ^ACE; 

ACr=AE. I. 0. 

Again, because XA is par* to CE, a side of the A BCE, 

.'. BX : XC :: BA :.AE; VI. 2. 

that is, BX : XC :: BA : AC. 



BOOK VI. PROP. 3. 313 

Corvoersdy^ let BX : XC :: BA : AC; and let AX be joined: 
then shall the l BAX = l XAC. 

For, with the same construction as before, 

because XA is par^ to CE, a side of the A BCE, 

.'. BX : XC :: BA : AE. vi. 2. 

But by hypothesis BX : XC :: BA ; AC; 

.-. BA : AE :: BA : AC; v. 1. 

.'. AE = AC; 
.'. the L ACE = the l AEC. j. 5. 

But because XA is par' to CE, 
.'. the ^ XAC = the alt. l ACE. i. 29. 

and the ext. :. BAX - the int. opp. l AEC; i. 29. 
.'. the - BAX = the L XAC. 



EXERCISES. 

1. The side BC of a triangle ABC is bisected at D, and the angles 
^DBy ADC are bisected by the straight lines DE, DF, meeting AB, 
VC at E, F respectively: shew that EF is parallel to BC. 

2. Apply Proposition 3 to trisect a given finite straight line . 

3. If the line bisecting the vertical angle of a triangle be divided 
into x>art8 which are to one another as the base to the sum of the 
sides, the point of division is the centre of the inscribed circle. 

4. ABCD is a quadrilateral: shew that if the bisectors of the 
angles A and C meet in the diagonal BD, the bisectors of the angles 
B and D will meet on AC. 

5. Construct a triangle having given the hase^ the vertical angle^ 
and the ratio of the remaining sides. 

6. Employ this proposition to shew that the bisectors of the 
uigles of a triangle are concurrent. 

7. AB is a diameter of a circle, CD is a chord at right angles to 
it, and E any point in CD: AE and BE are drawn and produced to 
cut the circle in F and G : shew that the quadrilateral CFDG has any 
two of its adjacent sides in the same ratio as the remaining two. 
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Proposition A. Theorem. 

If one side of a triangle be produced, and the exterior 
angle so formed he bisected by a straight line which cuts thi 
base 'produced, the segments between the bisector and tht 
extremities of the base shall have to one another the sami 
ratio as the remaining sides of the triangle have- 
Conversely, if the segments of the base produced Jiave to 
one another the same ratio as the remaining sides of the tri- 
angle have, the straight line drawn from the vertex to tJu 
point of section shall bisect the exterior vertical angle. 




In the A ABC let BA be produced to F, and let the 
exterior ^ CAF be bisected by AX which meets the base 
produced at X : 
then shall BX : XC :: BA : AC. 

Through C draw CE par^ to XA, I. 31. 

and let CE meet BA at E. 

Then because AX and CE are par', 
.'. the ext. L FAX = the int. opp. L AEC, 

and the l XAC = the alt. l ACE. i. 29. 

But the ^ FAX =^ the L XAC ; IIyf> 

.•.the ^ AEC = the /.ACE; 

.-. AC = AE. I. 6. 

Again, because XA is par' to CE, a side of the A BCE, 

Gonstr. 
.*. BX : XC :: BA ; AE; ' VL 2. 

that is, BX : XC : : BA : AC. 
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Converaely^ let BX : XC :: BA : AC, and let AX be joined: 
then shall the l. FAX = the l. XAC. 

!For, with the same construction as before, 

because AX is par* to CE, a side of the A BCE, 

.*. BX : XC :: BA : AE. vi. 2. 

\xLt by hypothesis BX : XC :: BA : AC; 

.'. BA : AE :: BA : AC; v. 1. 

.'. AE = AC, 
.'. the z_ ACE -the z. AEC. i. 5. 

But because AX is par* to CE, 
.'. the L. XAC = the alt. I.ACE, 
and the ext. l FAX = the int. opp. z. AEC ; i. 29. 
.'. the 1. FAX = the z. XAC. q.e.d. 



Propositions 3 and A may be both included in one enunciation 
bs follows : 

Jf the interior ov exterior vertical amjle of a tHamjle he bisected 
by a straight line which also cuts the hase^ the base shall be divided 
internally or externally into segments which have the same ratio as 
the sides of the triangle : 

Conversely y if the base be divided internally or externally into seg- 
mmUs which have the same ratio as the sides of the triangle, the straight 
Une drawn from the point of division to the vertex will bisect the 
i'oterior or exterior vertical angle. 



EXERCISES. 

r 

I 1. In the circumference of a circle of which AB is a diameter, a 
point P is taken; straight lines PC, PD are drawn equally inclined 
to AP and on opposite sides of it, meeting AB in C and D ; 
shew that AC : CB :: AD : DB. 

2. From a point A straight lines are drawn making the angles 
BAG, CAD, DAE, each equal to half a right angle, and they are cut 
by a straight line BCDE, which makes BAE an isosceles triangle: 
shew that BC or DE is a mean proportional between BE and CD. 

3. By means of Propositions 3 and A, prove that the straight 
iioes bisecting one angle of a triangle internally, and the other two 
extemalljry are concurrent. 
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Proposition 4. Theorem. 

If two triangles he equiangular to one another, the 
about the equal angles shall he proportionals, those 
which are opposite to equal angles heing hotnologous. 




B C E 

Let the A ABC be equiangular to the A DCE, havin< 

L ABC €3qual to the l. DCE, the L BCA equal to the z_ ' 

and consequently the L CAB equal to the l EDC: i 

then shall the sides about these equal angles be pn 

tionals^ namely 



AB : BC 

BC : CA 

and AB : AC 



DC : CE, 
CE : ED, 
DC : DE. 



Let the A DCE be placed so that its side CE ma 
contiguous to BC, and in the same straight line with it 

Then because the l. ^ ABC, ACB are together less 
two rt. angles, i 

and the z. ACB = the ^ DEC; 
.*. the L ^ ABC, DEC are together less than two rt. an 
.*. BA and ED will meet if produced. Ax 
Let them be produced and meet at F. 

Then because the z. ABC = the z. DCE, 

.'. BF is par' to CD; . i 

and because the l. ACB = the L DEC, 

.*. AC is par* to FE, i 

/. FACD is a par""; 
.'. AF = CD, and AC = FD. 
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Ajjaiii, l)ec«ause CD is par' to BF, a side of the AEBF, 

.*. BC : CE :: FD : DE; vi. L>. 

but FD^-- AC; 
.'. BC : CE :: AC : DE; 
and, alternately, BC : CA :: CE : ED. V. 11. 

A.gain, because AC is par* to FE, a side of the A FBE, 

.'. BA : AF :: BC : CE; VI. 2. 

but AF = CD; 
.*. BA : CD :: BC : CE; 
and, aUernatdy, AB : BC :: DC : CE. v. 11. 

Also BC : CA :: CE : ED; Prove,<1. 

.*., ex mquali, AB : AC :; DC : DE. v. 14. 

Q. E. D. 

[For Alternative Proof see Page 320.] 



EXERCISES. 

1. If one of the parallel sides of a trapezium is double the 
>ther, shew that the diagonals intersect one another at a point of 
Tisection. 

2. In the side AC of a triangle ABC any point D is taken : show 
that if AD, DC, AB, BC are bisected in E, F, G, H respectively, 
then EQ is equal to H F. 

3. AB and CD are two parallel straight lines; E is the middle 
point of CD ; AC and BE meet at F, and AE and BD meet at G : 
shew that FG is parallel to AB. 

4. ABCDE is a regular pentagon, and AD and BE intersect in F : 
shew that AF : AE :: AE : AD. 

5. In the figure of i. 43 shew that EH and GF are parallel, and 
that FH and QE will meet on CA produced. 

6. Chords AB and CD of a circle are produced towards B and 
D respectively to meet in the point E, and through E, the line EF is 
drawn parallel to AD to meet CB produced in F. Prove that EF is a 
mean proportional between FB and FG. 
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Proposition 5. Theorem. 



If the sides of two triangles^ taken in order about each 
leir angles, be proportionals, the triangles shall be eq^ 
,ngular to one anotJier, having those angles equal which a 
tpjyosite to the homologous sides. 





lj(^t tlio A'' ABC, DEF have their sides proportional 
so that AB : BC :: DE : EF, 

BC : CA :: EF : FD, 
and consequently, ex cequali, 

AB : CA :: DE : FD. 
Then shall the triangles be equiangular. 

At E in FE make the z. FEG equal to the z. ABC; 

and at F in EF make the l EFG equal to the l BCA; I. 2 
then the remaining z. EG F = the remaining l BAC. i. 3 
.'. the A GEF is equiangular to the A ABC; 

.'. GE : EF :: AB : BC. vi. 

But AB : BC :: DE : EF; 77 

.-. GE : EF :: DE : EF; ^ 

.-. GE= DE. 
Similarly GF ^ DF.' 

Then in the triangles GEF, DEF 
i GE=:DE, 

Because < GF = DF, 

(and EF is common; 
.'. the i. GEF = the L DEF, 
and the z. GFE = the L DFE, 
and the l EGF = the l EDF. 

But the z. GEF = the _ABC; 

.*. the z. DEF = the i. ABC. 

Similarly, the z. EFD = the z. BCA, 
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.*. the remaining L FDE = the remaining u CAB; i. 32. 
that is, the ADEF is equiangular to the A ABC. 

Q. E.D. 



Proposition 6. Theorem. 

If two triangles have one angle of the one equal to one 
igle of the other ^ and the sides about the equal angles pro- 
yrtioirals, the triangles shall he similar. 




In the A« ABC, DEF let the z. BAC = the z. EDF, 
ind let BA : AC :: ED : DF. 

Then shall the A^ ABC, DEF be similar. 

At D in FD make the L FDG equal to one of the L " EDF, BAG : 
at F in DF make the L DFG equal to the L ACB; i. 23. 
.*. the remaining z. FGD - the remaining l ABC. i. 32. 

Then the A ABC is equiangular to the ADGF; 



.'. BA : AC :: GD : DF. 


VI. 4. 


But BA : AC :: ED : DF; 


Hyp. 


.-. GD : DF :: ED : DF, 





.'. GD = ED. 

Then in the A« GDF, EDF, 
GD = ED, 
Because \ and DF is common; 

jand the z. GDF = the z. EDF; Constr. 

the A^GDF, EDF are equal in all respects, i. 4. 
so that the A EDF is equiangular to the A GDF; 
but the A GDF is equiangular to the ABAC; Constr. 
.'. the A EDF is equiangular to the ABAC; 
•'. their sides about the equal angles are proportionals, vi. 4. 
that is, the A* ABC, DEF are simiW. 
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Note 1. From Definition 2 it is seen that two conditi 
necessary for similarity of rectilineal figures, namely (1) th< 
must be equiangular, and (2) the sides about the equal angi 
be proportionals. In the case of triangles we learn from 1 
and 5 that each of these conditions follows from the other : tl 
ever is not necessarily the case with rectilineal figures 6f mc 
three sides. 

Note 2. We have given Euclid's demonstrations of Prop 
4, 6, 6 ; but these propositions also admit of easy proof by the 
of superposition. 

As an illustration, we will apply tliis method to Propositio 

Proposition 4. [Alternative Proof.] 

J/ two triangles be equiangular to one another, the aides a 
equal angles shall be proportionals , those sides which are opj 
eqiLal angles being homologous. 





Let the a ABC be equiangular to the a DEF, having the 
equal to the z DEF, the z BCA equal to the z EFD, anc 
quently the Z CAB equal to the z FDE: 

then shall the sides about these equal angles be proportion 

Apply the a ABC to the a DEF, so that B falls on E 
along ED: 

then BC will fall along EF, since the z ABC = the z DEF 
Let G and H be the points in ED and EF, on which A an( 

JoinGH. 

Then because the z EGH = the z EDF, 

.-. GH isparUo DF: 

.-. DG :GE:: FH : HE; 

.'. , coviponendo, DE : GE :: FE : HE, 

.'. , alternately, DE : FE :: GE : HE, 

that is, DE : EF :: AB : BC. 

Similarly by applying the A ABC to the a DEF, so that tl 
C may fall on F, it may be proved that 

EF: FD :: BC : CA. 
.'. , ex aquali^ DE : DF ;: AB : AC. 
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Proposition 7. Theorem. 

If two triangles have one angle of the one equal to one 
igle of the other and tJie sides about one other angle in each 
'oportional, so that the sides opposite to the equal angles are 
*i)hologous^ then the third angles are either equal or sup- 
eirtentary ; and in tJie former case the triangles are similar. 




Let ABC, DEF be two triangles having the z. ABC equal to 
the z. DEF, and the sides about the angles at A and D pro- 
portional, so that 

BA : AC :: ED : DF; 
then shall the z.* ACB, DFE be either equal or supple- 
mentary, and in the former case the triangles shall be 
similar. 

If the z.BAC = the z. EDF, 
then the z.BCA = the .lEFD; i. 32. 

and the A * are equiangular and therefore similar, vi. 4. 

But if the L. BAG is not equal to the z. EDF, one of them 
must be the greater. 

Let the z. EDF be greater than the z. BAC. 
At D in ED make the z. EDF' equal to the z. BAC. i. 23. 
Then the A* BAC, EDF' are equiangular, Constr. 
.-. BA : AC :: ED : DF'; vi. 4. 

but BA : AC :: ED : DF; ^^yp- 

-'. ED : DF :: ED : DF', v. 1. 

.-. DF=DF', 
.'. the Z.DFF'=the z. DF'F. i. 5. 

But the z.^ DF'F, DF'E are supplementary, i. 13. 
.". the z.* DFF', DF'E are supplementary: 
that is, the z. ■ DFE, ACB are supplemen^abT^ . 

J B. E, ^\ 
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Corollaries to Proposition 7. 




Three cases of this theorem deserve special attention. 

It has been proved that if the angles ACB, DFE are not 
mentary, they are equal : 

and we know that of angles which are supplementary and nn 
one must be acute and the other obtuse. 

Hence, in addition to the hypothesis of this theorem, 

(i) If the angles ACB, DFE, opposite to the two homologoOJ 
sides AB, DE are both acute, both obtuse, or if one o^ 

them is a right angle, 
it follows that these angles are equal ; 
and therefore the triangles are similar. 

(ii) If the two given angles are right angles or obtuse angleSf 
it follows that the angles ACB, DFE must be both acute, 
and therefore equal, by (i) : 
so that the triangles are similar. 

(iii) If in each triangle the side opposite the given angle is not 
less than the other given side ; that is, if AC and DF are 
not less than AB and DE respectively, then 
the angles ACB, DFE cannot be greater than the anglfl* 
ABC, DEF, respectively; 

therefore the angles ACB, DFE, are both acute; 
hence, as above, they are equal ; 
and the triangles ABC, DEF similar. 



\ 
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EXERCISES. 

ON Propositions 1 to 7. 

1. Shew that the diagonals of a trapezium cut one another in 
e same ratio. 

2. If three straight lines drawn from a point cut two parallel 
raight lines in A, B, C and P, Q, R respectively, prove that 

AB : BC :: PQ : QR. 

3. From a point O, a tangent OP is drawn to a given circle, and 
QR is drawn cutting it in Q and R ; shew that 

OQ : OP :: OP : OR. 

4. If two triangles are on equal bases and between the same parallels^ 
iy straight line parallel to their bases will cut off equal areas from the 
t'o triangles. 

5. If two straight lines PQ, XY intersect in a point O, so that 

: OX :: YO : OQ, prove that P, X, Q, Y are concyclic. 

6. On the same base and on the same side of it two equal 
iangles ACB, ADB are described; AC and BD intersect in O, and 
irongh O lines parallel to DA and CB are drawn meeting the base 

1 E and F. Shew that AE= BF. 

7. BD, CD are perpendicular to the sides AB, AC of a triangle 
Be, and CE is drawn perpendicular to AD, meeting AB in E : shew 
lat the triangles ABC, ACE are similar. 

8. AC and BD are drawn perpendicular to a given straight line 
D from two given points A and B ; AD and BC intersect in E, and 
F is perpendicular to CD : shew that AF and BF make equal angles 
ith CD. 

9. A BCD is a parallelogram ; P and Q are points in a straight 
Qe parallel to AB ; PA and QB meet at R, and PD and QC meet at 
: shew that RS is parallel to AD. 

10. In the sides AB, AC of a triangle ABC two points D, E are 
iken such that BD is equal to CE ; if DE, BC produced meet at F, 
lewthat AB: AC :: EF : DF. 

. U. Find a point the perpendiculars from which on the sides of a 
iven triangle shall be in a given ratio. 
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Proposition 8. Theorem. 

In a right-angled triangle if a perpendicular he dravm 
from the right angle to the hypotenuse, the triangles on each 
side of it are similar to the whole triangle and to one another. 




B DC 

Let ABC be a triangle right-angled at A, and let AD l>e 
perp. to BC: 

then shall the A» DBA, DAC be similar to the A ABC and 
to one another. ^ 

In the A 8 DBA, ABC, 
the z_ BDA = the l. BAC, being rt. angles, 
and the z. ABC is common to both; 
.*. the remaining z. BAD = the remaining l. BCA, i. 32. 
that is, the A^ DBA, ABC are equiangular; 

.*. they are similar. VL ^' 

In the same way it may be proved that the A' DAC, 
ABC are similar. 

Hence the A^ DBA, DAC, being equiangular to the same 
A ABC, are equiangular to one another; 

.*. they are similar. vi. 4. 

Q.E.D. 

Corollary. Because the A^ BDA, ADC are similar, 

.'. BD : DA :: DA : DC; 
and because the A* CBA, ABD are similar, 

.'. CB : BA :: BA : BD; 
and because the A^ BCA, ACD are similar, 

.*. BC : CA :: CA : CD. 

EXERCISES. 

1. Prove that the hypotenuse is to one side as the second side is 
to the perpendicular. 

2. Shew that the radius of a circle is a mean proportional between 
the sepmeiit^ of amj tangeut betaoccu its -poiut of contact and a pair 

ofparailel tangents. 
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Definition. A less magnitude is said to be a snb- 
tnnltiple of a greater, when the less is contained an exact 
number of times in the greater. [Book v. Def. 2.] 

Proposition 9. Problem. 

From a given straight liiie to cut off any required svh- 
multiple. 

a 




Let AB be the given straight line. 
It is required to cut off a certain submultiple from AB. 

From A draw a straight line AG of indefinite length making 
any angle with AB. 

In AG take any point D ; and, by cutting off successive 
parts each equal to AD, make AE to contain AD as many 
times as AB contains the required submultiple. 

Join EB. 

Through D draw DF par^ to EB, meeting AB in F. 

Then shall AF be the required submultiple. 

Because DF is par^ to EB, a side of the AAEB, 

.-. BF : FA :: ED : DA; vi. 2. 

.'. , componendoy BA : AF :: EA : AD. v. 13. 

But AE contains AD the required number of times; Constr, 
.*. AB contains AF the required number of times; 

that is, AF is the required submultiple. Q.e,f. 

EXERCISES. 

1, Divide a straight line into five equal parts. 

2. Give a geometrical construction for cutting off two-8eveut,\\9. ol 
i given straight line. 
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Proposition 10. Problem. 

To divide a straight line similarly to a given divided 
straight line, 

A 




Let AB be the given straight line to be divided, and AC 
the given straight line divided at the points D and E. 
It is required to divide AB similarly to AC. 

Let AB, AC be placed so as to form any angle. 

Join CB. 

Through D draw DF par^ to CB, I. 3^* 

and through E draw EG par^ to CB, 

and through D draw DHK par' to AB. 

Then AB shall be divided at F and G similarly to AG. 

For by construction each of the figs. FH, HB is a par*"; 

.*. DH= FG, and HK = GB. 1.3^- 

Now since HE is par^ to KC, a side of the A DKC, 

.*. KH : HD :: CE : ED. vi. 2. 

But KH = BG, and HD = GF; 

.*. BG : GF :: CE : ED. v. I- 

x\.gain, because FD is parVto GE, a side of the A AGE, 

.*. GF : FA :: ED : DA, VL 2. 

and it has been shewn that 

BG : GF :: CE : ED, 
/., ex cequali, BG : FA :: CE : DA : v. U. 

.'. AB is divided similarly to AC. Q.E.F. 



EXERCISE. 

Divide a straight line internally and externally in a given I'atio. /« 
this always possible ? 
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Proposition 11. Problem. 
To find a third proportional to two given straight lines. 




BA D 



Let A, B be two given straight lines. 
It is required to find a third proportional to A and B. 

Take two st. lines DL, DK of indefinite length, containing 
any angle : 

from DL cut off DG equal to A, and QE equal to B; 

and from DK cut off DH equal to B. I. 3. 

Join GH. 
Through E draw EF par' to GH, meeting DK in F. i. 31. 
Then shall HF be a third proportional to A and B. 

Because GH is par' to EF, a side of the A DEF; 

.-. DG : GE :: DH : HF. vi. 2. 

But DG - A; and GE, DH each= B; Constr. 

.-. A : B :: B : HF; 
that is, HF is a third proportional to A and B. 

q. E. P. 

exercises. 

1. AB is a diameter of a circle, and through A any straight line 
is drawn to cut the circumference in C and the tangent at B in D : 
shew that AC is a third proportional to AD and AB. 

2. ABC is an isosceles triangle having each of the angles at the 
bftse double of the vertical angle BAG ; the bisector of the angle BCA 
meets AB at D. Shew that AB, BO, BD are three proportionals. 

3. Two circles intersect at A and B ; and at A tangents are 
irawn, one to each circle, to meet the circumferences at C and D : 
ihew that if CB, BD are joined, BD is a third proportional to CB, 
3A. 



328 



Euclid's elements. 



Proposition 12. Problem. 
To find a fourth proportional to three given straight lines. 



ABC 




G E T. 



Let A, B, C be the three given straight lines. 
It is required to find a fourth proportional to A, B, C. 

Take two straight lines DL, DK containing any angle: 
from DL cut off DG equal to A, GE equal to B; 

and from DK cut off DH equal to C. i. 3. 

Join GH. 
Through E draw EF par^ to GH. L 31. 

Then shall H F be a fourth proportional to A, B, C. 

Because GH is par* to EF, a side of the A DEF; 

.'. DG : GE :: DH : HF. VL 2. 

But DG = A, GE = B, and DH = C; Conslr. 

that is, HF is a fourth proportional to A, B, C. 

Q.E.F. 



EXERCISES. 

1. If from D, one of the angular points of a parallelogram 
A BCD, a straight line is drawn meeting AB at E and CB at F ; shew 
that CF is a fourth proportional to EA, AD, and AB. 

2. In a triangle ABC the bisector of the vertical angle BAG 
meets the base at D and the circumference of the circumscribed circle 
at E : shew that BA, AD, EA, AC are four proportionals. 

3. From a point P tangents PQ, PR are drawn to a circle whose 
centre is C, and QT is drawn perpendicular to RC produced : she^ 

that QT is a fourth proportional to PR, RC, and RT. 
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Proposition 13. Problem. 

To find a mean proportional between two given straight 
Ines. 




Let AB, BC be the two given straight lines. 
It is required to find a mean proportional between them. 

Place AB, BC in a straight line, and on AC describe the 
semicircle ADC. 

From B draw BD at rt. angles to AC. i. 11. 

Then shall BD be a mean proportional between AB and BC. 

Join AD, DC. 

Now the L ADC being in a semicircle is a rt. angle; in. 31. 
and because in the right-angled A ADC, DB is drawn from 
the rt. angle perp. to the hypotenuse, 

.*. the A^ ABD, DBC are similar; vi. 8. 

.'. AB : BD :: BD : BC; 
that is, BD is a mean proportional between AB and BC. 

Q. E. F. 



EXERCISES. 

1. If from one angle A of a parallelogram a straight line be 
drawn cutting the diagonal in E and the sides in P, Q, shew that AE 
is a mean proportional between PE and EQ. 

2. A, B, C are three points in order in a straight line : find a 
point P in the straight line so that PB may be a mean proportional 
between PA and PC. 

3. The diameter AB of a semicircle is divided at any point C, 
and CD is drawn at right angles to AB meeting the circumference in 
D ; DO is drawn to the centre, and CE is perpendveM\«>,T \.o 0\i \ ^^-^ 
that DE is a third proportionaX to AO and DO. 
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4. AC is the diameter of a semicircle on which a point B is tak< 
so that BC is equal to the radius : shew that AB is a mean propo 
tional between BC and the sum of BC, CA. 

5. A is any point in a semicircle on BC as diameter; from D ai 
point in BC a perpendicular is drawn meeting AB, AC, and the ci 
cumference in E, G, F respectively; shew that DG is a third propo; 
tional to DE and DF. 

6. Two circles touch externally, and a common tangent touche 
them at A and B : prove that AB is a mean proportional between th 
diameters of the circles. [See Ex. 21, p. 219. 

7. If a straight line be divided in two given points, determin 
a third point such that its distances from the extremities may b* 
proportional to its distances from the given points. 

8. AB is a straight line divided at C and D so that AB, AC, AC 
are in continued proportion; from A a line AE is drawn in any direc- 
tion and equal to AC; shew that BC and CD subtend equal angles at E. 

9. In a given triangle draw a straight line parallel to one of the 
sides, so that it may be a mean proportional between the segments of 
the base. 

10. On the radius OA of a quadrant GAB, a semicircle ODA is 
described, and at A a tangent AE is drawn ; from O any line ODFEis 
drawn meeting the circumferences in D and F and the tangent in E : 
if DG is drawn perpendicular to OA, shew that OE, OF, OD, and OG 
are in continued proportion. 

11. . From any point A, in the circumference of the circle ABE, as 
centre, and with any radius, a circle BDC is described cutting the 
former circle in B and C ; from A any line AFE is drawn meeting the 
chord BC in F, and the circumferences BDC, ABE in D, E respec- 
tively : shew that AD is a mean proportional between AF and AE. 



Definition. Two figures are said to have their sides 
about two of their angles reciprocally proportional, when 
a side of the first is to a side of the second as the remaining 
side of the second is to the remaining side of the first. 

[Book VI. Dei 3.] 
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Proposition 14. Theorem. 

Parallelograms which are equal in area, ayid which have 
le angle of the one eqtial to one angle of tlie other, have 
eir sides about the equal angles reciprocally proportional: 

Conversely, parallelograms which have one angle of the 
ve equal to one angle of tlie other, and the sides about these 
ngles reciprocally proportional, are equal in area. 



L 



Let the par*"' AB, BC be of equal area, and have the 
L DBF equal to the z. GBE: 

then shall the sides about these equal angles be reciprocally 
proportional, 

that is, DB : BE :: GB : BF. 

Place the par"" so that DB, BE may be in the same straight 
line; 

.'. FB, BG are also in one straight line. i. 14. 

Complete the par"" FE. 

Then because the par™ AB - the par™ BC, Hy]^- 
and FE is another par", 
.'. the par" AB : the par" FE :: the par™ BC : the par™ FE; 
but the par™ AB : the par™ FE :: DB : BE, vi. 1. 

and the par™ BC : the par™ FE :: QB : BF, 

.*. DB : BE :: GB : BF. V. 1. 

Conversely, let the /L DBF be equal to the lGBE, 
and let DB : BE :: GB : BF. 
Then shall the par™ AB be equal in area to the par™ BC. 

For, with the same construction as before, 
by hypothesis DB : BE :: GB : BF; 
but DB : BE :: the par™ AB : the par™ FE, vi. 1. 

and QB : BF :: the par™ BC : the par™ FE, 
• • the par" AB : the par™ FE : : the par™ BC : the par™ FE ; v. 1 . 
.*. the par™ AB :^the par™ BC. 
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Proposition 15. Theorem. 

Triangles which are equal in area, and which have one 
angle of the one equal to one angle of the oilier^ liave their 
sides about the equal a7igles reciprocally proportional: 

Conversely, triangles which have one angle of t/te one 
eqv^l to one angle of the other, and the sides about these 
angles reciprocally proportional, are equal in area. 




Let the A^ ABC, ADE be of equal area, and have the 
^ CAB equal to the z_ EAD : 

then shall the sides of the triangles about these angles be 
reciprocally proportional, 

that is, CA : AD :: EA : AB. 

Place tlie A^ so that CA and AD may be in the same st. line; 
.*. BA, AE are also in one st. line. i. 14. 

Join BD. 

Then because the A CAB = the A EAD, Uyf, 

and ABD is another triangle; 
.'. the A CAB : the A ABD :: the A EAD : the A ABD; 
but the A CAB : the A ABD :: CA : AD, vi. 1. 

and the A EAD : the A ABD : : EA : AB, 

.'. CA : AD :: EA : AB. v. 1. 

Conversely, let the z. CAB be equal to the z. EAD, 
and let CA : AD :: EA : AB. 
Then shall the ACAB= A EAD. 

For, with the same construction as before, 
by hypothesis CA : AD :: EA : AB; 

but CA : AD :: the A CAB : the A ABD, VI. 1 
and EA : AB :: the A EAD : the A ABD, 
.'. tYi'^ A CAB : the A ABD :: the A EAD : the A ABD; v. 1 



\ 
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EXERCISES. 
ON PbOPOSITIONS 14 AND 15. 

1. Parallelograms which are eqtial in area and which liave their 
ides reciprocally proportional^ have tJteir angles respectively equal. 

2. Triangles which are equal in area^ and which have the sides 
ihout a pair of angles reciprocally proportional, have those angles equal 
rr supplementary. 

3. AC, BD are the diagonals of a trapezium which intersect in 
O ; if the side AB is parallel to CD, use Prop. 15 to prove that the 
triangle ADD is equal to the triangle BOC. 

4. From the extremities A, B of the hypotenuse of a right- 
angled triangle ABC lines AE, BD are drawn perpendicular to AB, 
and meeting BC and AC produced in E and D respectively: employ 
Prop. 15 to shew that the triangles ABC, ECD are equal in area. 

5. On AB, AC, two sides of any triangle, squares are described 
externally to the triangle. If the squares are ABDE, ACFG, shew 
that the triangles DAG, FAE are equal in area. 

6. A BCD is a parallelogram; from A and C any two parallel 
straight lines are drawn meeting DC and AB in E and F respectively; 
EG, which is parallel to the diagonal AC, meets AD in G : shew that 
the triangles DAF, GAB are equal in area. 

7. Describe an isosceles triangle equal in area to a given triangle 
i^nd having its vertical angle equal to one of the angles of the given 
triangle. 

8. Proye that the equilateral triangle described on the hypotenuse 
of a right-angled triangle is equal to the sum of the equilateral 
triangles described on the sides containing the right angle. 

[Let ABC be the triangle right-angled at C ; and let BXC, CYA, 
AZB be the equilateral triangles. Draw CD perpendicular to AB ; 
and join DZ. Then shew by Prop. 15 that the a AYC r- the a DAZ ; 
and similarly that the a BXC = the a BDZ.] 
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Proposition 16. Theorem. 

If four straight lines are proporticntal, . the rectangle 
contained by the extremes is equal to tlie rectangle contained 
hy the means: 

Conversely, if the rectangle contained hy the eoctrenies is 
equal to the rectangle contained by tJie means, the four 
straight lines are proportionxul. 




5 e 



I 



Let the st. lines AB, CD, EF, GH be proportional, so that 

AB : CD :: EF : GH. 
Then shall the rect. AB, GH =the rect. CD, EF. 

From A draw AK perp. to AB, and equal to GH. i. 11, 3. 
From C draw CL perp. to CD, and equal to EF. 
Complete the par""" KB, LD. 

Then because AB : CD :: EF : GH ; Hyp. 

and EF - CL, and GH = AK; Constr. 

:. AB : CD :: CL : AK; 
that is, the sides about equal angles of par""' KB, LD are 
reciprocally proportional; 

.•.KB = LD. VI. IL 

But KB is the rect. AB, GH, for AK = GH, Constr. 
and LD is the rect. CD, EF, for CL- EF; 
.'. the rect. AB, GH=--the rect. CD, EF. 

Conversely, let the rect. AB, GH = the rect. CD, EF: 

then shall AB : CD :: EF : GH. 
For, with the same construction as before, 
because the rect. AB, GH =the rect. CD, EF; HyP' 

and the rect. AB, GH = KB, for GH -r AK, Constr. 
and the rect. CD, EF= LD, for EF = CL; 



BOOK VI. PROP. 17. 



335 



at is, the par^ KB, LD, which have the angle at A equal 
to the angle at C, are equal in area; 
.*. the sides about the equal angles are reciprocally 
•oportional : 

that is, AB : CD :: CL : AK; 
.*. AB : CD :: EF : GH. 

Q. E. D. 



Proposition 17. Theorem. 

If three straight lines are proportional the rectangle con- 
fined by the extremes is equal to the squanre on the mean: 

Conversely, if the rectangle contained by the extremes is 
rual to the square on the mean, the three straight lines are 
roportional. 

D 

B 




Let the three st. lines A, B, C be proportional, so that 

A : B :: B : C. 
Then shall the rect. A, C be equal to the sq. on B. 

Take D equal to B. 
Then because A : B : : B : C, and D = B ; 
.*. A : B :: D : C; 
.*. the rect. A, C-the rect. B, D; vi. 16. 

but the rect. B, D = the sq. on B, for D = B; 
.*. the rect. A, C =-- the sq. on B. 

Conversely y let the rect. A, C = the sq. on B : 

then shall A : B :: B : C. 
For, with the same construction as before, 

because the rect. A, C = the sq. on B, Hyp. 

and the sq. on B — the rect. B, D, for D = B; 
.'. the rect. A, C = the rect. B, D, 

.*. A : B :: D : C, vi. 16. 

that is, A ; B : : B : C. 
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EXERCISES. 
ON Propositions 16 and 17. 

1. Apply Proposition 16 to prove that if two chords of a circle 
intersect, the rectangle contained by the segments of the one is equal 
to the rectangle contained by the segments of the other. 

2. Prove that the rectangle contained by the sides of a right- 
angled triangle is equal to the rectangle contained by the hypotenuse 
and the perpendicular on it from the right angle. 

3. On a given straight line construct a rectangle equal to a given 
rectangle. 

4. ABCD is a parallelogram; from B any straight line is drawn 
cutting the diagonal AC at F, the side DC at G, and the side AD pro- 
duced at E : shew that the rectangle EF, FG is equal to the square 
on BF. 

5. On a given straight line as base describe an isosceles triangle 
equal to a given triangle. 

6. AB is a diameter of a circle, and any line ACD cuts the circle 
in C and the tangent at B in D ; shew by Prop. 17 that the rectangle 
AC, AD is constant. 

7. The exterior angle A of a triangle ABC is bisected by a straight 
line which meets the base in D and the circumscribed circle in E: 
shew that the rectangle BA, AC is equal to the rectangle EA, AD. 

8. If two chords AB, AC drawn from any point A in the cir- 
cumference of the circle ABC be produced to meet the tangent at the 
other extremity of the diameter through A in D and E, shew that the 
triangle AED is similar to the triangle ABC. 

9. At the extremities of a diameter of a circle tangents are drawn; 
these meet the tangent at a point P in Q and R : shew that the rect- 
angle QP, PR is constant for all positions of P. 

10. A is the vertex of an isosceles triangle ABC inscribed in a 
circle, and ADE is a straight line which cuts the base in D and the 
circle in E ; shew that the rectangle EA, AD is equal to the square on 
AB. 

11. Two circles touch one another externally in A ; a straight line 
touches the circles at B and Q, and is produced to meet the straight 
line joining their centres at S : shew that the rectangle SB, SC is 
equal to the square on SA. 

12. Divide a triaugle into two equal parts by a straight line at 
right angles to one of tVie &\de^. 
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Dkfinition. Two similar rectilineal ligunis are said to 
be similarly situated with respect to two of their sides 
"when these sides are homologous. [Book vi. Def. 5.] 

Propositiox 18. Pkoblem. 

On a given straight line to describe a rectiliyieal Jiyure 
similar cmd eimilarli/ situated to a given rectilineal Jigure. 




A 



Let AB be the given st. line, and CDEF the given rectil. 
figure: tirst suppose CDEF to be a quadrilateral. 

It is required to describe on the st. line AB, a rectil. 
figure similar and similarly situated to CDEF. 

Join DF. 
At A in BA make the l. BAG equal to the :. DCF, i. 23. 
and at B in AB make the l ABG equal to the ^ CDF; 

/. the remaining /_ AG B = the remaining ^CFD;i. 32. 
and the AAGB is equiangular to the ACFD. 

Again at B in GB make the z. GBH equal to the z. FDE, 

and at G in BG make the z. BGH equal to the z. DFE; i. 23. 

.'. the remaining l BHG = the remaining l DEF ; i. 32. 

and the A BHG is equiangular to the A DEF. 

Then shall ABHG be the required figure. 

(i) To prove tliat tlie quadrilatei'als arc ecjuiangular. 
Because tlie :_ AGB = the _ CFD, 

and the z. BGH ^ the z. DFE; Consir. 

:, the whole z. AG H ^ the whole /_ CFE. Ax. 2. 

Similarly the z_ ABH ^ the z. CDE ; 

and the angles at A and H are respectively e(|ual to the 

angles at C'and E ; Constr. 

/. the fig. ABHG is equiangular to tW. Vv^. C\i^^ , 
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(ii) To prove that the quadrilaterals have the sides about 
their equal angles proportional. 

Because the A^ BAG, DCF are equiangular; 

.'. AG : GB :: OF : FD. vi. 4. 

And because the A^ BGH, DFE are equiangular; 

.*. BG : GH :: DF : FE, 
.'., ex cequali, AG : GH :: CF : FE. v. U. 

Similarly it may be shewn that 



: CD : DE. 

: DC : CF, vi. 4. 

: FE : ED; 



AB : BH 
Also BA : AG 
and GH : HB 
.". the figs. ABHG, CDEF have their sides about the equal 
angles proportional ; 

.'. ABHG is similar to CDEF. Def. 2. 

In like manner the process of construction may be 
ext'^nded to a figure of ^vq or more sides. 

Q.E.F- 



Definition. When three magnitudes are proportionals 
the first is said to have to the tliird the daplica>te ratio of 
that which it has to the second. [Book v. Def. 1'3.J 
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Proposition 19. Theorem. 

Similar triangles are to one another in the dujilicate ratio 
ftJieir Iwirwlogous sides. 





Let ABC, DEF be similar triangles, having the ^ ABC 
equal to the L DEF, and let BC and EF be homologous sides : 
then shall the A ABC be to the A DEF in the duplicate 
ratio of BC to EF. 

To BC and EF take a third proportional BG, 

so that BC : EF :: EF : BG. vi. 11. 

Join AG. 

Then because the A^ ABC, DEF are similar, J^f/J^- 
:, AB : BC :: DE : EF; 
.*., alternately, AB : DE :: BC : EF; v. 11. 

but BC : EF :: EF : BG; Gonstr. 

.*. AB : DE :: EF : BG; v. 1. 

that is, the sides of the A^ ABG, DEF about the equal 
angles at B and E are reciprocally proportional; 

.*. the AABG = the A DEF. vi. 15. 

Again, because BC : EF :: EF : BG, Consir. 

.*. BC : BG in the duplicate ratio of BC to EF. Def, 

But the A ABC : the A ABG :: BC : BG, vi. 1. 

.'. the A ABC : the A ABG in the duplicate ratio 

of BC to EF: v. 1. 

and the AABG=the A DEF; Proved. 

.'. the A ABC : the A DEF in the duplicate ratio 

of BC : EF. Q.E.D. 
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Pkoposition 20. Theorem. 

Similar polygons may he divided into the same number 
of similar triangles, having the same ratio ea^h to each that 
the polygons have; and the polygons are to one another in 
tJie duplicate ratio of their hoTXiologous sides. 




Let ABODE, FGHKL be similar polygons, and let AB be 
the side homologous to FG ; 

then (i) the polygons may be divided into the same number 
of similar triangles; 
(ii) these triangles shall have each to each the same 

ratio that the polygons have; 
(iii) the polygon ABODE shall be to the polygon FQHKL 
in the duplicate ratio of AB to FG. 

Join EB, EO, LG, LH. 

(i) Then because the polygon ABODE is similar to the 
polygon FGHKL, Hy^. 

:. the ^EAB-^the z. LFG, 
and EA : AB :: LF : FG ; vi. Def, 2. 

.'. the A EAB is similar to the A LFG ; vi. 6. 

.*. the z_ABE = the ^ FGU 
But, because the polygons are similar. Hyp' 

:. the z. ABO = the z. FGH, vi. Def,2, 

.*. the remaining z. E BO = the remaining z. LQH. 

And because the A^ ABE, FGL are similar. Proved. 
:. EB : BA :: LG : GF; 
and because the polygons ar^ similar, Hyp- 

.'. AB : BC= FG : GH; vi. Def. 2. 

.'., ex cequali, EB : BO :: LG : GH, V. 14. 

that is, the sides about the equal l * EBO, LG H are 
jDroportionals; 

.*. the AEBC is s\m\\a.T \io\Xvei £^V-<aH^ YI. 6« 



BOOK VI. PROP. 20. 341 

In the same way it may be proved that the AECD is 
similar to the A LHK. 
.*. the polygons have been divided into tlie same number 

of similar triangles. 

(ii) Again, because the A ABE is similar to the AFGL, 
.'. the A ABE is to the A FQL in the duplicate ratio 
of EB : LG; vi. 19. 

ind, in like manner, 

the A EBC is to the A LG H in the duplicate ratio 
ofEBtoLG; 
.'.the A ABE : the AFGL :: the A EBC : the ALGH. v. 1. 
In like manner it can be shewn that 
the A EBC : the ALGH :: the AEDC : the ALKH. 
.-. the A ABE : the AFGL :: the A EBC : the ALGH 

:: the AEDC : the ALKH. 
But when any number of ratios are equal, as each ante- 
^dent is to its consequent so is the sum of all the ante- 
cedents to the sum of all the consequents; v. 12. 
.*. the A ABE : the ALFG :: the fig. ABCDE : the fig. FGHKL. 

(iii) Now the A EAB : the A LFG in ohe duplicate ratio 
of AB : FG, 
mdthe A EAB: the ALFG :: the fig. ABCDE : the fig. FGHKL; 
.*. the fig. ABCDE : the hg. FGHKL in the duplicate ratio 

of AB : FG. q.e.d. 

Corollary 1. Let a third proportional X be taken 
•jO AB and FG, 

then AB is to X in the duplicate ratio of AB : FG ; 

but the ^g, ABCDE : the fig. FGHKL in the duplicate 

ratio of AB : FG. 
Hence, if three straight lines are proportionals , as the first 
Is to the third, so is any rectilineaZ figure described on the 
first to a similar and similarly described rectilineal figure 
on the second. 

Corollary 2. It follows that similar rectilineal figures 
are to one another as the squares on their homologous sides. 
For squares are similar figures and therefore are to one 
another in the duplicate ratio of their sides. 
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Proposition 21. Theore»l 

Rectilineal figures which are shnilar to tJie same recti- 
lineal figure, are also similar to each other. 



dX cc\ zH 



Let each of the rectilineal figures A and B be similar to C: 

then shall A be similar to B. 

For because A is similar to C, i/y;>. 

.*. A is equiangular to C, and the sides about their equal 
angles are proportionals vi. Defi 2. 

Again, because B is similar to C, iT^. 

.'. B is equiangular to C, and the sides about their equal 
angles are proportionals. vi. DeJ. 2. 

.'. A and B are each of them equiangular to C, and have 
the sides about the equal angles proportional to the cor- 
responding sides of C ; 

.*. A is equiangular to B, and the sides about their equal 
angles are proportionals; v. 1. 

.*. A is similar to B. 

Q.E.D. 



I 
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Proposition 22. Theorem. 

J f four straight Ihiea be 2>roportimial and a pair of 
lar rectili'ii/ial Jigures he similarly described on, the first 
secondy and also a pair on the third aiul fourth^ these 
res shall be proportional: 

Conversely y if a rectilineal figure on the first of four 
ight lines be to the similar and siinilarly described figure 
he second as a rectilineal figure on the thii*d is to tite 
Jar aiul similarly described figure on the fourth^ the four 
ight lines shall be ]yro2)ortional. 




^ A 



Let AB, CD, EF, GH be proportionals, 
so that AB : CD :: EF ; GH; 
let similar figures KAB, LCD be similarly described on 
CD, and also let similar tigs. MF, NH be similarly 
ribed on EF, GH: 

L shall ^ 

lie fig. KAB : the fig. LCD :: the fig. MF : the fig. NH. 

To AB and CD take a third proportional X, vi. 11. 
nd to EF and GH take a third proportional O; 

then AB : CD :: CD : X, Constr. 

and EF : GH :: GH : O. 
But AB : CD :: EF : GH; Hyp, 

^ :. CD : X :: GH : O, V. 1. 

."., ex (equaliy AB : X :: EF : O. v. 14. 

But AB : X :: the ^g, KAB : the fig. LCD, vi. 20, Co^. 
and EF : O :: the fig. MF : the fig. NH; 
the ^g. KAB : the fig. LCD :: the fig. MF : the fig. NH. 
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Conversely^ 
let the fig. KAB : the fig. LCD :: the fig. MF : the ^g. NH; 
then shall AB : CD :: EF : GH. 

To AB, CD, and EF take a fourth proportional PR : vi. 12. 
and on PR describe the fig. SR similar and similarly situated 
to either of the figs. MF, NH. VL 18. 

Then because AB : CD :: EF : PR, Comtr. 

.*., by the former part of the proposition, 
the fig. KAB : the fig. LCD :: the fig. MF : the ^g. SR. 
But 
^ the fig. KAB : the fig. LCD :: the fig. MF : the 6,g. NH. Hyf. 
:. the ^g. MF : the lig. SR :: the fig. MF : the fig. NH, v. 1. 

.-. the fig. SR = the Hg. NH. 
And since the figs. SR and NH are similar and similarly 
situated, 

.'. PR = GH* 
Now AB : CD :: EF : PR; Constf- 

:. AB : CD :: EF : GH. 

Q.E.D. 

* Euclid here assumes that if two similar and similarly situated 
figures are equal, their homologous sides are equal. The proof ifl 
easy and may be left as an exercise for the student. 

Definition. When there are any number of magnitudes 

of the same kind, the first is said to have to the last the 

ratio compounded of the ratios of the first to the second, of 

the second to the third, and so on up to the ratio of the 

last but one to the last luagmtvxd^. \Ew>k v. Del 12.] 
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Proposition 23. Theorem. 

Pa/raHelogramM which are equiangular to one another 
we to one anotlier the ratio which is compounded of the 
tics of thfir sides, 

A D H 



^ 




B 



K LM E F 

et the par" AC be equiangulai' to the par™ CF, having the 
. BCD equal to the z. ECG : 

len shall the par" AC have to the par™ CF the ratio com- 
ounded of the ratios BC : CG and DC : CE. 

<et the par"" be placed so that BC and CG are in a st. line; 
then DC and CE are also in a st. line. i. 14. 

Complete the par™ DG. 

Take any st. line K, 
nd to BC, CG, and K find a fourth proportional L; vi. 12. 
and to DC, CE, and L take a fourth proportional M ; 

then BC : CG :: K : L, 
and DC : CE :: L : M. 
^ut K : M is the ratio compounded of the ratios 

K : L and L : M, v. Def 12. 

'hat is, K : M is the ratio compounded of the ratios 

BC : CG and DC : CE. 
Now the par™ AC : the par™ CH :: BC : CG vi. 1. 

:: K : L, Constr, 
and the par™ CH : the par™ CF :: DC : CE vi. 1. 

:: L : M, Constr. 
•'.,ca5 ceqtcali, the par™ AC : the par™ CF :: K : M. v. 14. 

But K : M is the ratio compounded of the ratios of the sides; 
•*. the par™ AC has to the pai*"" CF the ratio compounded 

of the ratios of the sides. q.e.d. 

EXERCISE. 

The areas of two triangles or parallelograms are to one another 
& the ratio compounded of the ratios of their bases and ot iVi's.vt 
•Ititudes. 
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Proposition 24. Theorem. 

ParaUelograms about a diagonal of any parallelogram 
are similar to the whole parallelogram and to one anot/ter. 




Let ABCD be a par™ of which AC is a diagonal; 
and let EG, HK be par"'" about AC : 
then shall the par™* EG, HK be similar to the par™ ABOO, 
and to one another. 

For, because DC is par' to GF, 

.*. the z.ADC=:the ^AGF; L 29. 

and because BC is par' to EF, 
.-. the iLABC = the lAEF; l 29. 

and each of the L^ BCD, EFG is equal to the opp. L BAD, 

.*. the z. BCD = the /.EFQ; [l. 34. 

.'. the par™ ABCD is equiangular to the par™ AEFG. 

Again in the A^ BAC, EAF, 
because the z. ABC = the l. AEF, i. 29. 

and the i. BAC is common; 
.*. A^ BAC, EAF are equiangular to one another; i. 32. 

.'. AB : BC :: AE : EF. vi. 4. 

But BC = AD, and EF = AG ; I. 34. 

.*. AB : AD :: AE : AG; 
and DC : CB :: GF : FE, 
and CD : DA :: FG : GA, 
.'. the sides of the par™* ABCD, AEFG about their equal 

angles are proportional; 
.*. the par™ ABCD is similar to the par™ AEFG. vi. Be/. 2. 

In the same way it may be proved that the par™ ABCD 
is similar to the par™ FHCK, 
.*. each of the par™* EG, HK is similar to the whole par"*; 
/. the par™ EG is similar to the par™ HK. VL 21. 
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Proposition 25. Problem. 

To describe a rectUirjeal figure which sliall he equal to 
and similar to another rectilineal figure. 




Let E and S be two rectilineal figures : 
s required to describe a figure equal to the fig. E and 
ilar to the fig. S. 

AB a side of the fig. S describe a par™ A BCD equal to S, 
I on BC describe a par™ CBGF equal to the fig. E, and 
'ing the L CBG equal to the L DAB: i. 45. 

n AB and BQ are in one st. line, and also DC and CF in 
\ st. line. 

Between AB and BG find a mean proportional HK; vi. 13. 
I on HK describe the fig. P, similar and similarly situated 
the fig. S: VI. 18. 

then P shall be the figure required. 

Because AB : HK :: HK : BG, Constr. 

.'. AB : BG :: the fig. S : the fig. P. vi. 20, Cor. 

But AB : BG :: the par™ AC : the par™ BF; 

the ^g. S : the fig. P :: the par™ AC : the par"» BF; v. i. 

and the fig. S =^the par™ AC; Constr. 

.'. the fig. P = the par™ BF 

= the fig. E. Constr. 

id since, by construction, the fig. P is similar to the fig. S, 
.'. P is the rectil. figure required. 

Q. E. F. 
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Proposition 26. Theorem. 

If two similar parallelograms have a com/mon cmgUf cmi 
be similarly situated^ tJiey are about tJie sajne diagonal. 




Let the par™* ABCD, AEFG be similar and similarly situated, 
and have the common angle BAD: 

then shall these par™" be about the same diagonal. 

Join AC. ' 

Then if AC does not pass through F, let it cut FG, or FG 
produced, at H. 

Join AF; 
and through H draw HK par' to AD or BC. I. 31. 

Then the par"" BD and KG are similar, since they are about 
the same diagonal AHC; VI. 24. 

.*. DA : AB :: GA : AK. 
But l)ecause the par™* BD and EG are similar; Hy^ 
.'. DA : AB :: GA : AE; VI. Def. 2. 

.'. GA : AK :: GA : AE; 

.'. AK = AE, which is impossible; 
.'. AC must pass through F; 
that is, the par'"^ BD, EG are about the same diagonal. 

Q.E.D 
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Obs. Propositions 27, 28, 29 being cumbrous in form and of little 
ilue as geometrical results are now very generally omitted. 



Definition. A straight line is said to be divided in 
ztreme and mean ratio, when the whole is to the greater 
Bgment as the greater segment is to the less. 

[Book VI. Def. 4.] 



Proposition 30. Problem. 
To divide a given straight line in extreme and mean ratio. 



ss 



Let AB be the given st. line: 
it is required to divide it in extreme and mean ratio. 

Divide AB in C so that the rect. AB, BC may be equal to 
the sq. on AC. il. 11. 

Then because the rect. AB, BC = the sq. on AC, 

.*. AB : AC :: AC : BC. vi. 17. 

q. E. F. 



exercises. 

1. ABCDE is a regular pentagon; if the lines BE and AD inter- 
ect in O, shew that each of them is divided in extreme and mean 
atio. 

2. If the radius of a circle is cut in extreme and mean ratio, the 
reater segment is equal to the side of a regular decagon inscribed in 
he circle. 
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Proposition 31. Theorem. 

In a right-angled triangle, any rectilineal figv/re descrUm 
on the hypote^iuse is equal to tJte sum of tJie tivo similar tml 
similarly described figures on t/ie sides containing the rigli 
angle. 




Let ABC be a right-angled triangle of which BC is the 
hypotenuse; and let P, Q, R be similar and similarly described 
figures on BC, CA, AB respectively: 
then shall the fig. P be equal to the sum of the figs. QaiulR. 

Draw AD perp. to BC. 

Then the A^ CBA, ABD are similar; vl8 

.'. CB : BA :: BA : BD; 

.'. CB : BD :: the fig. P : the fig. R,yi,20,Coj 
.'., inversely, BD : BC :: the fig. R : the fig. P. v. 2 

In like manner DC : BC :: the fig. Q : the fig. P; 
.*. the sum of BD, DC : BC :: the sum of figs. R, Q, : tig. P; 

V. 11 
l)ut BC = the sum of BD, DC; 
.'. the fig. P = the sum of the figs. R and Ql, 

Q.E.1 



Note. This proposition is a generalization of the 47th Prop. 
Book I. It will be a useful exercise for the student to deduce t 
general theorem from the particular case with the aid of Prop. S 
Cor. 2. 
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EXERCISES. 



1. In a right-angled triangle if a perpendicular be drawn from the 
right angle to the opposite side, the Begments of the hypotenuse are in 
ihe duplicate ratio of the sides containing the right angle. 

2. If, in Proposition 31, the figure on the hypotenuse is equal 
K> the given triangle, the figures on the other two sides are each equal 
;o one of the parts into which the triangle is divided by the perpen- 
licnlar from the right angle to the hypotenuse. 

3. AX and BY are medians of the triangle ABC which meet in 
3 : if XY be joined, compare the areas of the triangles AQB, XGY. 

4. Shew that similar triangles are to one another in the duplicate 
'atio of (i) corresponding medians^ (ii) the radii of their inscribed 
■ircIeSf (iii) the radii of their circumscHbed circles. 

5. DEF is the pedal triangle of the triangle ABC ; prove that the 
'liangle ABC is to the triangle DBF in the duplicate ratio of A B to 
BD. Hence shew that 

the fig. AFDC : the a BFD :: AD^ : BD^. 

6. The base BC of a triangle ABC is produced to a point D such 
ihat BD : DC in the duplicate ratio of BA : AC. Shew that AD is a 
nean proportional between BD and DC. 

7. Bisect a triangle by a line drawn parallel to one of its sides. 

8. Shew how to draw a line parallel to the base of a triangle so 
is to form with the other two sides produced a triangle double of the 
pven triangle. 

9*. If through any point within a triangle lines be drawn from 
the angles to cut the opposite sides, the segments of any one side will 
kiave to each other the ratio compounded of the ratios of the segments 
:)f the other sides. 

10. Draw a straight line parallel to the base of an isosceles tri- 
ingle so as to cut off a triangle which has to the whole triangle the 
ratio of the base to a side. 

11. Through a given point, between two straight lines containing 
I given angle, draw a line which shall cut off a triangle equal to a 
given rectilineal figure 

Obs, The 32nd Proposition as given by Euclid is de- 
fective, and as it is never applied, we have omitted it. 
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Proposition 33. Theorem. 

In eqy^l circles , angles, whether at the centres or thecif- h 
cutnferences, have the same ratio a^s the arcs on which they fJ 
stand: so also have the sectors. 





Let ABC and DEF be equal circles, and let BGC, EHF be 
angles at the centres, and BAG and EDF angles at the 0"") 
then shall 

(i) the z. BGG : the z. EHF :: the arc BG : the arc EF, 
(ii) the L BAG : the z. EDF : : the arc BG : the arc EF, 
(iii) the sector BGG : the sector EHF :: the arc BG : the 
arc EF. 

Along the Q^^ of the 0ABG take any number of arcs 
GK, KL each equal to BG; and along the Q^ of the 0DEF 
take any number of arcs FM, MN, NR each equal to EF. 

Join GK, QL, HM, HN, HR. 

(i) Then the L^ BGG, GGK, KQL are all equal, 

for they stand on the equal arcs BG, GK, KL: ill. 27. 
.*. the z. BGL is the same multiple of the l BGC that the 
arc BL is of the arc BG. 
Similarly the lEHR is the same multiple of the L EHF 
that the arc ER is of the arc EF. 

And if the arc BL = the arc ER, 

the z. BGL = the ^l EHR; in. 27. 

and if the arc BL is greater than the arc ER, 
the Z- BGL is greater than the z. EHR; 
and if the arc BL is less than the arc ER, 
the L BGL is \es»a \iYvaxv tlc^a c EH R. 
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Now since there are four magnitudes, namely the 
BGC, EHF and the arcs BC, EF; and of the antecedents 
T equimultiples have been taken, namely the z. BQL 
i the arc BL; and of the consequents any equimultiples 
VQ been taken, namely the z. EHR and the arc ER : 
i it has been proved that the z. BGL is greater than, 
lal to, or less than the z. EHR according as BL is greater 
fcn, equal to, or less than ER ; 

.*. the four magnitudes are proportionals; v. Def, 4. 
at is, the z. BGC : the z. EHF :: the arc BC : the arc EF. 

) And since the z. BGC - twice the L BAG, in. 20. 

and the i. EHF = twice the z. EDF; 
the L BAC : the z. EDF : : the arc BC : the arc EF. v. 8. 





(iii) Join BC, CK; and in the arcs BC, CK take any 
nts X, O. 

Join BX, XC, CO, OK. 

Then in the A« BGC, CGK, 
[ BG=CG, 

Because J GC = GK, 

[and the z. BGC =the z. CGK; 

.*. BC = CK; 
and the A BGC = the A CGK. 

And because the arc BC = the arc CK, 
.'. the remaining arc BAC = the remaining arc CAK : 

.*. the >LBXC=the Z.COK; in. 27. 

the segment BXC is similar to the segment COK; in. Def. 
and they stand on equal chords BC, CK; 
.*. the segment BXC = the segment COK. in. 24. 
And the A BGC -^ the A CGK; 
.*. the sector BGC = the sector CCaVv. 



ni. 27. 
I. 4. 

Constr. 



Ht JEm 



^L';s 
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If 



Similarly it may be shewn that the sectors BGC, CGK» 
KGL are all equal; 
and likewise the sectors EHF, FHM, MHN, NHR are all equal 

.*. the sector BGL is the same multiple of the sector BGC 

that the arc BL is of the arc BC; 
and the sector EHR is the same multiple of the sector EHF 

that the arc ER is of the arc EF : 

And if the arc BL = the arc ER, 

the sector BGL = the sector EHR : Proved. 

and if the arc BL is greater than the arc ER, 

the sector BGL is greater than the sector EHR: 

and if the arc BL is less than the arc ER, 

the sector BGL is less than the sector EHR. 

Now since there are four magnitudes, namely, the sec- 
tors BGC, EHF and the arcs BC, EF; and of the antecedents 
any equimultiples have been taken, namely the sector BGL 
and the arc BL; and of the consequents any equimultiples 
have been taken, namely the sector EHR and the arc ER: 
and it has been shewn that the sector BGL is greater than, 
equal to, or less than the sector EHR according as the 
arc BL is greater than, equal to, or less than the arc ER; 

.'. the four magnitudes are proportionals; v. Be/, i 
that is, 
the sector BGC : the sector EHF : : the arc BC : the arc EF. 
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Proposition B. Theorem. 

If the vertical angle of a triangle he bisected by a straight 
line which cuts the ba^e, the rectangle contained by the sides 
of the triangle sludl be equal to the rectangle contained by 
^ segments of the base^ together with the square on the 
^raight line which bisects tJie angle. 




Let ABC be a triangle having the l BAG bisected by AD: 
:hen shall 
the rect. BA, AC = the rect. BD, DC, with the sq. on AD. 

Describe a circle about the A ABC, iv. 5. 

and produce AD to meet the O*^** in E. 

Join EC. 

Then in the A* BAD, EAC, 

because the z. BAD = the z_ EAC, I^yp- 

and the l ABD = the l AEC in the same segment; in. 21. 

.*. the A BAD is equiangular to the A EAC. i. 32. 

.*. BA : AD ;: EA : AC; vi. 4. 

.'. thereof. BA, AC = the rect. EA, AD, vi. 16. 

= the rect. ED, DA, with the sq. on AD. 

II. 3. 

But the rect. ED, DA = the rect. BD, DC; in. 35. 

.*. the rect. BA, AC = the rect. BD, DC, with the sq. on AD. 

Q. E. D. 

EXERCISE. 

K the vertical angle BAC be externally bisected by a straight line 
which meets the base in D, shew that the rectangle contained by BA, 
AC together with the square on AD is equal to the rectangle contained 
by the segments of the base. 
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Proposition B. Theorem. 

If the vertical angle of a triangle be bisected by a straight 

which cuts the base, the rectangle contadrted by the sides 

the triangle sludl be equal to the rectangle contained by 

segments of the base, together with the square on tlie 

light line which bisects tfie angle. 



t 

I 




Let ABC be a triangle having the l BAC himcUA hy AD: 
Lkhen shall 
f* the rect. BA, AC = the rect. BD, DC, with the fii{. on AD. 

Describe a circle about the /-ABC, iv. 5, 

^ and produce AD to meet the O ^ in E. 

I Join EC. 

Then in the A» BAD, EAC, 

because the .1 BAD = the l. EAC, II yp- 

and the l ABD = the z_ AEC in the same w?grn«^jit; \\i. '21. 

.\ the A BAD is equiangular to the /- EAC. 1. Ii2. 

.'. BA : AD :: EA : AC; vi. i. 

/. thereof. BA, AC = the rect. EA, AD, vi. 10. 

= the rect. ED, DA, with iUa hi\. on AD. 

II. :i. 
But the rect. ED, DA = the rect. BD, DC; ill. -i^f, 

/. the rect. BA, AC = the rect. BD, DC, with tli<i 8<j. on AD, 

<i. K, It. 

KXEECISE. 

If the vertieal an^ BAC be eztemaUj hiK^ctexl by a tstmii^ii lin« 
-sh meets the base in D, tbew that the rectan;^ e^^ntiiiaed by BA, 
together with the square on AD is equal Vj ^ife T<:c\am:s^ cmvViAXM&k 
m mgmtn taoftbe Im&e, 



\ 
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Proposition C. Theorem. 

If from the vertical angle of a triangle a straight li 
drawn perpendicular to the hose, the rectangle contains 
the sides of the triangle sliall he equal to tite rectangle 
t-ained hy the perpendicular and the diameter of the c 
described about tJie triangle. 




Let ABC Ije a triangle, and let AD be the perp. fro 
to BC: 

then the rect. BA, AC shall be equal to the rect. contai 
by AD and the diameter of the circle circumscribed al 
the A ABC. 

Describe a circle about the A ABC; i^ 

draw the diameter AE, and join EC. 

Then in the A« BAD, EAC, 

the rt. angle BDA = the rt. angle ACE, in the semicircle A 

and the L ABD = the l. AEC, in the same segment; iii. 

.*. the A BAD is equiangular to the A EAC; I. 

.'. BA : AD :: EA : AC: vi 

.'. the rect. BA, AC ^ the rect, EA, AD. vi. 
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Proposition D. Theorem. 

Tlie rectangle contained hy the diagonals of a quadri- 
lateral inscirihed in a circle is equal to the sum of the two 
rectangles contained hy its opposite sides. 




Let A BCD be a quadrilateral inscribed in a circle, and let 
^C, BD be its diagonals: 

then the rect. AC, BD shall be equal to the sum of the rect- 
singles AB, CD and BC, AD. 

Make the l DAE equal to the l BAG ; i. 23. 

to each add the l EAC, 
then the l DAC = the l BAE. 

Then in the A » EAB, DAC, 
the Z- EAB = the l DAC, 
and the L ABE = the z. ACD in the same segment; in. 21. 
.*. the triangles are equiangular to one another ; i. 32. 

.*. AB : BE :: AC : CD; vi. 4. 

.*. the rect. AB, CD = the rect. AC, EB. vi 16. 

Again in the A^ DAE, CAB, 
the Z- DAE = the L CAB, Constr. 

and the L ADE = the L ACB, in the same segment, iii. 21. 
I .'. the triangles are equiangular to one another ; i. 32. 

.'. AD : DE : : AC : CB ; vi. 4. 

.*. the rect. BC, AD = the rect. AC, DE. vi. 16. 

But the rect. AB, CD = the rect. AC, EB. Proved. 

•'. the sum of the rects. BC, AD and AB, CD =the sum of 

the rects. AG, DE and AC, EB ; 
tUtis, the sum of the rects. BC, AD and AB, CD 

= the rect. kO, ^^. \xA. 
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Note. Propositions B, C, and D do not occur in Euclid, but were 
added by Robert Simson. 

Prop. D is usually known as Ptolemy's theorem, and it is the par- 
ticular case of the following more general theorem: 

The rectangle contained by the diagonals of a quadrilateral is less 
than the sum of the rectangles contained by its opposite sides, unless a 
circle can be circumscribed about the quudrilateralt in which ca^e it is 
equal to that sum, 

EXERCISES. 

1. ABC is an isosceles triangle, and on the base, or base pro- 
duced, any point X is taken : shew that the circumscribed circles of 
the triangles ABX, ACX are equal. 

2. From the extremities B, C of the base of an isosceles triangle 
ABC, straight lines are drawn perpendicular to AB, AC respectively, 
and intersecting at D : shew that the rectangle BC, AD is doable of 
the rectangle AB, DB. 

3. If the diagonals of a quadrilateral inscribed in a circle are at 
right angles, the sum of the rectangles of the opposite sides is double 
the area of the figure. 

4. A BCD is a quadrilateral inscribed in a circle, and the diagonal 
BD bisects AC : shew that the rectangle AD, AB is equal to the rect- 
angle DC, CB. 

5. If the vertex A of a triangle ABC be joined to any point in 
the base, it will divide the triangle into two triangles such that their 
circumscribed circles have radii in the ratio of A B to AC. 

6. Construct a triangle, having given the base, the vertical angle, 
and the rectangle contained by the sides. 

7. Two triangles of equal area are inscribed in the same circle : 
shew that the rectangle contained by any two sides of the one is to 
the rectangle contained by any two sides of the other as the base of 
the second is to the base of the first. 

8. A circle is described round an equilateral triangle, and from any 
point in the circumference straight lines are drawn to the angular 
points of the triangle : shew that one of these straight lines is equal to 
the sum of the other two. 

9. A BCD is a quadrilateral inscribed in a circle, and BD bisects f^ 
the angle ABC : if the points A and C are fixed on the circumference |t 
of the circle and B is variable in position, shew that the sum of AB 
and BC has a constant ratio to BD. 

1*1 



THEOREMS AND EXAMPLES ON BOOK VJ. 



I. ON HARMONIC SECTION. 

1. To divide a given straight line internally and externally so that 
iU segments may be in a given ratio, 

H 



a ' 



\ ^--. ... 



K 






L M A P\ /B Q 



Let AB be the given st. line, and L, M two other st. lines which 
determine the given ratio: it is required to divide AB Internally and 
externally in the ratio L : M. 

Through A and B draw any two par' st. lines AH, BK. 
From AH cut off Aa equal to L, 
and from BK cut off B& and B&' each equal to M, ^h' heing taken in 
the sam£, direction as Aa, and B6 in the opposite direction. 

Join a&, cutting AB in P; 
join ah\ and produce it to cut AB externally at Q. 

Then AB is divided internally at P and externally at Q, 
BO that AP:PB=L:M, 

and AQ : QB=L : M. 

The proof follows at once from Euclid vi. 4. 

Ohs, The solution is singular; that is, only one internal and one 
external point can be found that will divide the given straig^^lvt Vvcnsi 
into segments which have the given ratio. 
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DEFINITION. 

A finite straight line is said to be cut harmonically when it 
is divided internally and externally into segments which have 
the same ratio. 



A P B 

Thus AB is divided harmonically at P and Q, if 

AP : PB = AQ : QB. 
P and Q are said to be harmonic cooJngateB of A and B. 

If P and Q divide AB internally and externally in the same ratio, 
it is easy to shew that A and B divide PQ internally and externally 
in the same ratio: hence A and B are harmonic conjugates of P 
and Q. 

Example. The base of a triangle is divided harmonically by the 
internal and external bisectors of the vertical angle: 
for in each case the segments of the base are in the ratio of the other 
sides of the triangle. [Euclid vi. 3 and A.] 

Ohs. We shall use the terms Arithmetic^ Geometric, and Harmonie 
Means in their ordinary Algebraical sense. 

1. If AB is divided internally at P and externally at Q in the 
same ratio, then AB is the harmonic mean between AQ and AP. 

For hy hypothesis AQ : QB = AP : PB; 
.-., alternately, AQ : AP = QB : PB, 

that is, AQ : AP = AQ-AB: AB-AP, 

which proves the proposition. 

2. 7/ AB is divided harmonically at P and Q, and O is the mddle 
point o/ AB; 

then shall OP . OQ=OA2. 



A 0~T B Q 

For since AB is divided harmonically at P and Q, 
.-. AP : PB = AQ : QB; 
.. AP-PB : AP+PB = AQ-QB :AQ + QB, 
or, 20P : 20A = 20A : 20Q; 

.-. OP.OQ=OA2. 

Conversely, if O P . OQ = O A^, 

it may be shewn that 

AP: PB = AQ:QB; 
that is, that AB is divided \va.xmoii\a«iXV^ «A.V wAQu 
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H. The Arithmetic, Geometric and Harmonic m^ans of two Rtraigh I 
lines may he thus represented graphically. 

In the adjoining figure, two tan- 
gents AH, AK are drawn from any 
external point A to the circle PHQK ; 
HK is the chord of contact, and the 
Bt. line joining A to the centre O cuts 
the o** at P and Q. 

Then (i) AO is the Arithmetic 
mean between AP and AQ : for clearly 
AO=J(AP + Aa). 
(ii) AH is the Geometric mean between AP and AQ: 

for AH2=AP.AQ. iii. 36. 

(iii) AB is the Harmonic mean between AP and AQ: 

for OA . OB = OP2. Ex. 1, p. 233. 

.*. AB is cut harmonically at P and Q. Ex. 1, p. 360. 
That is, AB is the Harmonic mean between AP and AQ. 

And from the similar triangles OAH, HAB, 

OA: AH = AH : AB, 
.-. AO.AB = AH2; VI. 17. 

.*. the Geometric mean between two straight lines is the mean jyropor- 
tional between their Arithmetic and Harmonic means. 



\ 




4. Given the base of a triangle and the ratio of the other sides, to 
find the locus of the vertex. 

Let BC be the given base, and let 
BAG be any triangle standing upon 
it, Buch that BA : AC = the given 
xatio: 
it is required to find the locus of A. 

Bisect the Z BAC internally and 
extemaUy by AP, AQ. 

Then BC is divided internally at P, and externally at Q, 

so that BP : PC= BQ : QC = the given ratio; 

.•. P and Q are fixed points. 

And since AP, AQ are the internal and external bisectors of the 
^BAC, 

.-. the z PAQ is a rt. angle; 
' .*. the locus of A is a circle described on PQ as diameter. 



EzsBOiBE. Given three points B, P, C in a straight line: find the 
^oau of points at which BP and PC subtend equal angles. 
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DEFINITIONS. 

1. A series of points in a straight line is called a rangO. 
If the range consists of four points, of which one pair are har- 
monic conjugates with respect to the other pair, it is said to be 
a harmonic range. 

2. A series of straight lines drawn through a point is called a 
pencil. 

The point of concurrence is called the vertex of the pencil, 
and each of the straight lines is called a ray. 

A pencil of fom* rays drawn from any point to a harmonic 
range is said to be a harmonic pencil. 

3. A straight line drawn to cut a system of lines is called a 
transversal. 

4. A system of four straight lines, no three of which are 
concurrent, is called a complete QuadrilateraL 

These straight lines will intersect two and two in six points, 
called the vertices of the quadrilateral ; the three straight lines 
which join opposite vertices are diagonals. 

Theobems on Habmoxio Section; 

1. If a transversal is drawn parallel to one ray of a harmonic 
pencil, the other three rays intercept equal parts upon it: and con- 
versely. 

2. Any transversal is cut harmonically by the rays of a harmonic 
pencil. 

3. In a harmonic pencil, if one ray bisect the angle between the 
other pair of rays, it is perpendicular to its conjugate ray. Conversely 
if one pair of rays form a right angle, then they bisect internally and 
externally the angle between the other pair, 

4. If A, P, B, Q and a, p, b, q are harmonic ranges^ one on 
each of two given sti'aight lines, and %f Aa, Pp, Bb, the straight lines 
which join three pairs of corresponding points, meet (US', then will Qq 
also pass through S. 

5. If two straight lines intersect at A, and if A, P, B, €t a^id 
A, p, b, q are two harmonic ranges one on ea>ch straight line (tJie points 
corresponding as indicated by the letters), then Pp, Bb, €lq will be eon- 
current : also Pq, Bb, Qp will be concurrent. 

6. Use Theorem 5 to prove that in a complete quadrilateral in 
wMcJi the three diagonals ore drawn, the straigTit Kite ^oininq any pair 

of opposite vertices is cut Tiarmo'ri'icaU'y b-y tlic oilier tuo dAxj^wuxU. 
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II. On CENTRES OP SIMILARITY AND SIMILITUDE. 

1. If any two unequal similar figures are placed so that their 
homologous sides are parallel, the lines joining corresponding points in 
the two figures meet in a pointy whose distances from any two corre- 
iponding points are in the ratio of any pair of homologous sides. 

B' 




■^^ 



C D 

Let ABCD, A'B'C'D' be two similar figures, and let them be placed 
80 that their homologous sides are parallel; namely, AB, BC, CD, 
DA paraUel to A'B', B'C, CD', D'A' respectively: 
then shall AA', BB', CC, DD' meet in a point, whose distances from 
any two corresponding points shall be in the ratio of any pair of 
homologous sides. 

Let A A' meet BB', produced if necessary, in S. 

Then because AB is par^ to A'B'; Hyp. 

.'. the A' SAB, SA'B' are equiangular; 

/. SA : SA' = AB : A'B'; vi. 4. 

.*. A A' divides BB', externally or internally, in the ratio of A B to A'B'. 
Similarly it may be shewn that CC divides BB' in the ratio of 
BC to B'C. 

But since the figures are similar, 
BC : B'C=AB : A'B'; 

.'. A A' and CC divide BB' in the same ratio; 
that is, AAV ^^\ ^^' meet in the same point S. 
In like manner it may be proved that DD' meets CC in the 
point S. 

.*. AA', BB', CC, DD' are concurrent, and each of these lines is. 
divided at S in the ratio of a pair of homologous sides of the two 
figures. Q. E. D. 

Cob. If any line is drawn through S meeting any pair of homolo- 
ffous sides in K and K', the ratio SK : SK' is constant , and equul to tlie 
ratio of any pair of homologous sides. 

Note. It will be seen that the lines joining corresponding points 
are divided externally or internally at S according as the correspond- 
ing sides are drawn in the same or in opposite du'ections. In either 
case the point of concorrence S is called a cqulXx^ ol %\ssJ!^a3^^ ^^^ "^^vm^ 
two £gureB. 
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2. A common tangent STT' to two circles whose centres are C, C, 
meets the line of centres in S. If through S any straight line is 
drawn meeting these tiro circles in P, Q, and P', Q', respectively, 
then the radii CP, CQ shall be respectively parallel to C'P', C'Q'. 
Also the rectangles SQ . SP', SP . SQ' shall each be equal to the 
rectangle ST . ST'. 




Join CT, CP, CQ and CT', CP', CQ!, 
Tlien Rinco each of the Z " CTS, C'T'S is a right angle, ni. 18. 

.-. CTisparUoCT'; 
.-. the A" SCT, SC'T' are equiangular; 
.-. SC : SC' = CT : CT' 
= CP : CP'; 
.-. the A" SCP, SCP' are similar; vi. 7. 

.-. the zSCP = the Z SCP'; 

/. CP is par» to CP'. 
Similarly CQ is par* to CQ'. 

A^ain, it easily follows that TP, TQ are par' to T'P', T'Q' 
rospectivelv ; 

/. the A" STP, ST'P' are similar. 
Now the rect. SP . SQ = the sq. on ST; in. 37. 

.-. SP: ST = ST : SQ, vi. 1«. 

andSP : ST=^SP' : ST'; 
.-. ST : SQ=SP': ST'; 
.-. the rect. ST .ST'=SQ . SP'. 
In the same way it may be proved that 

the rect. SP . SQ' = the rect. ST . ST'. 

Q. K. I'. 

Cor. 1. It has been proved that 

SC : SC'=CP : CP'; 
thus the external common tangents to the two circles meet at a point 
S which divides the line of centres externally in the ratio of the radii* 

Similarly it may be shewn that the transverse common tangents 
meet at a point S' which divides the line of centres internally in the 
ratio of the radii. 

Cor. 2. CC'is divided harmonically at S and S'. 

Definition. The points S and S' which divide externally anil 

intemaily the line of centres of two circles in the ratio of their radii 

are called the external and Vntecnal c«n.\iT«& ol ^AxdK^^qAa T^^ectividy' 



I 
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EXAMPLES. 

1. Inscribe a square in a given triangle. 

2. In a given triangle inscribe a triangle similar and similarly 
situated to a given triangle. 

3. Inscribe a square in a given sector of circle, so that two 
angular points shall be on the arc of the sector and the other two 
on the bounding radii. 

4. In the figure on page 278, if Dl vieets the inscribed circle in 
X, u/icm; tluLt A, X, Dj are collinear. Also i/ Alj meets the base in 
y shew that ll^ is divided harmonically at Y and A. 

5. With the notation on page 282 shew that O and G are respec- 
tively the external and internal centres of similitude of the circum- 
tcrihed and nine-points circle. 

^. If a variable circle touclies two Jixed circles^ the line joining 
their points of contact passes through a centre of similitude. Distinguish 
hetween the different cases, 

7. Describe' a circle which shall touch two given circles and pass 
through a given point. 

8. Describe a circle which shall touch three given circles. 

9. Cj, Cg, Cg are the centres of three given circles ; S'j, Sj, arc the 
internal and external centres of similitude of the pair of circles whose 
centres are Cg, Cg, a7id S'g, Sg, S'g, Sg, have similar meanings with 
regard to the other two pairs of circles : shew that 

(i) S\Ci, S'gCg, S'gCg are con^ncrre^it ; 

(ii) the six points Sj, Sg, Sg, S'l, S'g, S'g, lie three and three on 
four straight lines. [See Ex. 1 and 2, pp. 375, 376.] 



III. ON POLE AND POLAR. 
DEFINITIONS. 

(i) If in any straight line drawn from the centre of a circle 
two points are taken such that the rectangle contained by their 
distances from the centre is equal to the square on the radius, 
each point is said to be the inverse of the other: 

Thus in the figure given below, if O is the centre of the circle, and 
if OP . OQ=(radius)2, then each of the points P and Q is the inverse 
of the other. 

It is clear that if one of these poi^its is within the circle the other 
must be without it. 
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(ii) The polar of a given point with respect to a given drde 
is the straight line drawn through the inverse of the given pomt 
at right angles to the line which joins the given point to the 
centre : and with reference to the polar the given point is called 
the pole. 

Thus in the adjoining figure, if OP . OQ= (radius)^, and if through 
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P and Q, LM and HK are drawn perp. to OP; then HK is the poltf 
of the point P, and P is the pole of the st. line HK: also LM is the 
polar of the point Q, and Q the pole of LM. 

It is clear that the polar of an external point must intersect the 
circle, and that the polar of an internal point must fall without it: 
also that the polar of a point on the circumference is the tangent a* 
that point. 



1. Now it has been proved [see Ex. 1, 
page 233] that if from an external point P 
two tangents PH, PK are drawn to a circle, 
of which O is the centre, then OP cuts the 
chord of contact HK at right angles at Q, 
80 that 

OP.OQ=(radius)2, 
.-. HK is the polar of P with respect to the 
circle. Def. 2. 

Hence we conclude that 

The Polar of an external point with 
reference to a circle is the chord of contact of 
tangents drawn from the given point to the circle. 




The following Theorem is known as the Reciprocal Proper^ of 
Pole and Polar. 
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2. I/^ A and P are any two points f and if the polar of A with 
'spect to any circle passes through P, then the polar of P must pass 
trough A. 

Let BC be the polar of the point A 
ith respect to a circle whose centre is C 

), and let BC pass through P : 
len shall the polar of P pass through A. 

Join OP; and from A draw AQ perp. 
) OP. We shall shew that AQ is the 
olar of P. 




Now since BC is the polar of A, 
.*. the z ABP is a rt. angle; 

Def, 2, page 360. 

nd the z AQP is a rt. angle : Constr. 

. the four points A, B, P, Q are concyclic ; 

.-. OQ.OP=OA.OB III. 36. 

= (radius)2, for CB is the polar of A: 
.-. P and Q are inverse points with respect to the given circle. 

And since AQ is perp. to OP, 

.*. AQ is the polar of P. 

That is, the polar of P passes through A." 



Q. E. i>. 



A similar proof applies to the case when the given point A 
inthout the circle, and the polar BC cuts it. 



IS 



3. To prove that the locus of the intersection of tangents drawn to 
% circle at the extremities of all chords which pass through a given point 
is the polar of that point. 

Let A be the given point within the 
circle, of which O is the centre. 

Let H K be any chord passing through 
^; and let the tangents at H and K 
intersect at P : 

it is required to prove that the locus of 
P is the polar of the point A. 

I. To shew that P lies on the polar 
of A. 

Join OP cutting HK in Q. 
^oin OA : and in OA produced take the 
point B, 

so that OA . OB = (radius)2. ii. 14. 
Then since A is fixed, B is also fixed. 

Join PB. 
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Then since H K is the chord of contact of tangents from P, 

.-. OP . Oa=(radius)«. Ex. i. p. 233. 

But O A . O B = (radius)* ; Garutr, 

.'. OP.OQ=OA.OB: 
.-. the four points A, B, P, Q are concyolic. 
.-. the z " at O. and B together = two rt. angles. in. 22. 

But the z at Gt is a rt. angle ; Cofutr. 

.'. the z at B is a rt. angle. 
And since the point B is the inverse of A ; Constr 

.'. PB is the polar of A ; 
that is, the point P lies on the polar of A. 

II. To shew that any point on the polar of A satisfies the given 
conditions. 

Let BC be the polar of A, and let P be any point on it. Draw 
tangents PH, PK, and let HK be the chord of contact. 

Now from Ex. 1, p. 366, we know that the chord of contact HK 
is the polar of P, 

and we also know that the polar of P must pass through A ; for P is 
on BC, the polar of A : Ex. 2, p. 367. 

that is, H K passes through A. 

.'. P is the point of intersection of tangents drawn at the ex- 
tremities of a chord passing through A. 

From I. and II. we conclude that the required locus is the polar 
of A. 

Note. If A is without the circle, the theorem demonstrated in 
Part I. of the above proof still holds good ; but the converse theorem 
in Part 11. is not true for all points in BC. For if A is without the 
circle, the polar BC will intersect it; and no point on that part of 
the polar which is within the circle can be the point of intersection of 
tangents. 



We now see that 

(i) The Polar of an external point with respect to a circle is the 
cJwrd of contact of tangents drawn from it. 

(ii) The Polar of an internal point is the locus of the intersections 
of tangents drawn at the extremities of all chords which pa^s throv^^ 
it. 

(iiij The Polar of a point on the circumference is the tangent at 
that point. 
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Ex. 1, p. 360. 



following theorem is known as the Harmonic Property of 
. Polar. 

Iny straight line drawn through a point is cut harmonically 
nnt, its polar J and the circumference of the circle. 

MHB be a circle, P the given 
d HK its polar; let Paqb be any 
line drawn through P meeting 
r at g and the o** of the circle at 



&11 P, a, g, & be a harmonic 

le case here considered, P is an 
point. 

P to the centre O, and let PO 
y^ at A and B : let the polar of 
e a» at H and K, and PO at Q. 

Then PH is a tangent to the AHB. 
I the similar triangles OPH, HPQ, 

OP: PH = PH : PQ, 
/. Pa.PO=PH2 

= Pa . P6. 
.*. the points O, Q, a, b are concyclic; 

.-. the ZaQA = the labO 
= the lOab 
= the z OQib, in the same segment. 

And since QH is perp. to AB, 
.-. the zaQH = the z&QH. 
id QP are the internal and external bisectors of the z aOib : 
.'. P, a, g, 5 is a harmonic range. Ex. 1, p. 360. 

itudent should investigate for himself the case when P is an 
point. 

erseli/y it may be shewn that if through a fixed point P any 
dravm cutting the circumference of a given circle at a and b, 
is the harmonic conjugate at P with respect to a, b ; then the 
\ is the polar of P with respect to the given circle, / ^ 

[For Examples on Pole and Polar, see p. 370.] 



I. o. 




DEFINITION. 

•iangle so related to a circle that each side is the polar 
pposite vertex is said to be self-ConjUgate with respect 
ircle. 
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EXAMPLES ON POLE AND POLAR. 

1. The straight line which joins any two points is the polar with 
respect to a given circU of the point of intersection of their polar s, 

2. The point of intersection of any two straight lines is the pole of 
the straight line which joins their poles. 

3. Find the locus of the poles of all straight lines which pass 
through a given point. 

4. Find tlie locus of the poles, with respect to a given circle, of tan- 
gents drawn to a concentric circle. 

5. If two circles cut one another orthogonally and PQ he any 
diameter of one of them; shexo that the polar of P with regard to the 
other circle passes through Q. 

6. If two circles cut one another orthogonally, the centre of each 
circle is the pole of their common chord with respect to the other circle. 

7. Any two points subtend at the centre of a circle an angle equal 
to one of the angles formed by the polars of the given points. 

8. O is the centre of a given circle, and AB a fixed straight line. 
P is any point in AB; find the locus of the point inverse to P with 

respect to tlie circle. 

9. Given a circle, and a fixed point O on its circumference: 9 ii 
any point on the circle : find the locus of the point inverse to P with 
respect to any circle whose centre is O. 

10. Given two points A and B, and a circle xvhose (Centre is 0; 
shew that the rectangle contained by OA and the perpendicular from B 
on the polar of A is equal to the rectangle contained by OB and tlie 
2)erpendicular from A on the polar o/ B. 

11. Four points A, B, C, D are taken in order on the circumference 
of a circle; DA, CB intersect at P, AC, BD at Qiand BA, CD in R: 
sliew that the triangle PQR is self-conjugate with respect to the circle. 

12. Give a linear construction for finding the polar of a given 
point with respect to a given circle. Hence find a linear constructiM 
for drawing a tangent to a circle from an external point. 

13. If a triangle is self -conjugate icith respect to a circle^ the 
centre of the circle is at the orthocentre of the triangle. 

14. The polars, with respect to a given circle, of the four points of 
<t hamumic range form a hanuonlc ^^cucil : aud conversely. 
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IV. ON THE. RADICAL AXIS. 

1. To find the locus of points from which the tangents drawn to 
two given circles are equal. 



Fig. 1. 



Fig. 2. 





^hat is, 



1.47. 
1.47. 



Let A and B be the centres of the given circles, whose radii are a 
and &; and let P be any point such that the tangent PQ drawn to the 
circle (A) is equal to the tangent PR drawn to the circle (B) : 

it is required to find the locus of P. 

Join PA, PB, AQ, BR, AB; and from P draw PS perp. to AB. 

Then because Pa= PR, .-. PQ2=PR2. 

But Pa2=PA2-AQ2; and PR2=PB2-BR2: 

.-. PA2-Aa«=PB2-BR2; 

PS2 + ASa-a2=PS2 + SB2-[;-*; 
AS2-a2 = SB2-62. 

Hence AB is divided at S, so that AS^ - SB«^^/- - //-: 

.*. S is & fixed point. 

Hence all points from which equal tangents can be drawn to the 
•Vro circles lie on the straight line which cuts AB at rt. angles, so 
■h&t the difference of the squares on the segments of A B is equal to the 
Ufference of the squares on the radii. 

Again, by simply retracing these steps, it may be shewn that in 
^ig. 1 every point in SP, and in Fig. 2 every point in SP exterior to 
•he circles, is such that tangents drawn from it to the two circles are 
-qual. 

Hence we conclude that in Fig. 1 the whole line SP is the required 
ocus, and in Fig. 2 that part of SP which is without the circles. 

In either case SP is said to be the Badlcal Axis of the two clrcleav 
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CoBOLLABT. If the circles cut one another as in Fig. 2, it is clear 
that the Radical Axis is identical with the straight line which passes 
through the points of intersection of the circles; for it follows readily 
from III. 36 that tangents drawn to two intersecting circles from any 
point in the common chord produced are equal. 

2. The Radical Axes of three circles taken in pairs are concurrent. 




Let there be three circles whose centres are A, B, C. 
Let OZ be the radical axis of the 0" (A) and (B); 
and OY the Badical Axis of the ©" (A) and (C), O being the point of 
their intersection : 
then shall the radical axis of the ©• (B) and (C) pass through 0. 

It will be found that the point O is either without or within aU 
the circles. 

I. When O is without the circles. 

From O draw OP, OQ, OR tangents to the ©» (A), (B), (0). 

Then because O is a point on the radical axis of (A) and (B) ; Hyp- 

/. OP=OQ. 
And because O is a point on the radical axis of (A) and (0), Hyp. 

.-. OP=OR, 

.-. OQ = OR; 

.'. O is a point on the radical axis of (B) and (C), 

i.e. the radical axis of (B) and (0) passes through O. 

II. If the circles intersect in such a way that O is withii) 
them all ; 

the radical axes are then the common chords of the three cirdtf 
taken two and two ; and it is required to prove that these commoii 
chords are concurrent. This may be shewn indirectly by in. 36. 



Definition. The point of intersection of the radical axes of three 
circles taken in pairs is called t\vQ t^Aical ono^x^. '^ 
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H. To draw the radical axis of two given circles. 




Let A and B be the centres of the given circles : 
t is required to draw their radical axis. 

If the given circles intersect, then the st. line drawn through their 
points of intersection will be the radical axis. [Ex. 1, Cor. p. 372.] 
But if the given circles do not intersect, 

describe any circle so as to cut them in E, F and G, H : 
Join EF and HG, and produce them to meet in P. 

Join AB; and from P draw PS perp. to AB. 
Then PS shall be the radical axis of the ©» (A), (B). 



Definition. If each pair of circles in a given system have 
the same radical axis, the circles are said to be co-axal. 



EXAMPLES. 



1. Shew that the radical axis of two circles bisects any one of their 
common tangents. 

2. If tangents are drawn to two circles from any point on their 
radical axis; shew that a circle described with this point as centre and 
any one of the tangents as radius^ cuts both the given circles ortho- 
gonally. 

3. O is the radical centre of three circles^ and from O a tangent 
OT is drawn, to any' one of them: shexo that a circle whose centre is O 
oM radius OT cuts all tlie given circles orthogonally. 

4. If three circles touch one another^ taken two and two^ sham lKvx\. 
their common tangents at the points of contact are coucuyt«lu\,. 
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5. if circles are described on the three sides of a triangle as 
diameter t their radical centre is tlie orthocentre of the triangle. 

6. All circles which pass through a fixed point and cut a given 
circle ortJiogonally, pass through a secondjixed point, 

7. Find the locus of the centres of all circles which pass through a 
given point and cut a given circle orthogonally, 

8. Describe a circle to pass through two given points and mt a 
given circle orthogonally. 

9. Find tite locus of the centres of all circles which cut two given 
circles orthogonally. 

10. Describe a circle to pass through a given point and cut two 
given circles orthogonally. 

11. The difference of the squares on the tangents drawn from any 
point to two circles is equal to twice the rectangle contained by the 
straight line joining their centres and the perpendicular from the given 
point on their radical axis. 

12. In a system of co-axal circles which do not intersect^ any point 
is taken on the radical axis ; shew tliat a circle described from this 
point as centre with radius equal to the tangent drawn from it to any 
one of the circles^ will meet the line of centres in two fixed poiwte. 

[These fixed points are called the Limitln^^ Points of the system.] 

13. In a system of co-axal circles the tico limiting points and the 
points in which any one circle of the system cuts the line of centres 
form a harmonic range. 

14. In a system of co-axal circles a limiting point has tlie same 
polar with regard to all tlie circles of the system. 

15. If two circles are ortliogonal any diameter of one is cut 
harmonically by the other. 



Obs. In the two following theorems we axe to suppose that 
the segments of straight lines are expressed numerically in 
terms of some conmion unit ; and the ratio of one such segment 
to another will be denoted by the fraction of which the first is 
the numerator and the second tVie dfeiiOYCLma.tor. 
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V. ON TRANSVERSALS. 



Definition. A straight line drawn to cut a gixen bystem ot 
lines is called a transveiiaL 

1. If three concurrent straight lines are drawn from the angular 
points of a triangle to meet the opposite sides^ then the product of three 
ohernate segments taken in order is equal to the product of the otfier 
three segments. 



I 





Let AD, BE, CF be drawn from the vertices of 
intersect at O, and cut the opposite sides at D, E, F: 
then shaU BD . CE . AF= DC . EA . FB. 



D 
tho A ABC to 



By similar triangles it may be shewn that 

BD : DC = the alt. of aAOB : the alt. of a AOC; 

BD aAOB 



and 





DC" 


A AOC 


ilarly, 


CE 
EA" 


aBOC 
A BOA' 


1 


AF 


aCOA 


L 


FB" 


A COB' 


Multiplying 


these ratios, we have 




BD CE 


•FB"^ 




DC* EA 



or, 



BD.CE.AF=DC.EA.FB. 



Q. E. 1). 



. The converse of this theorem, which may be proved indirectly, is 
very important : it may be enunciated thus : 

If three straight lines drawn from the vertices of a triangle cut the 
opposite sides so that tJie product of three alternate segmentsi taken in 
order is equal to the product of the other three^ then the three straight 
lines are concurrent. 

That is, if BD . CE . AF :=DC . ^k . ^^, 

» then AD, BE, CF are coiicurrcnt. 
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2. 1} a transversal is drawn to cut the sides, or the sides produced, 
of a triangle, the product of three alternate segments taken in order is 
equal to the product of the other three segments. 





CD\ B 



Let ABC be a triangle, and let a transversal meet the sides BC, 
CA, AB, or these sides produced, at D, E, F : 

then shall BD . CE . AF= DC . EA . FB. 

Draw AH par^ to BC, meeting the transyersal at H. 

Then from the similar a" DBF, HAF, 

BDHA 
FB ~ AF * 

and from the similar a' DCE, HAE, 

CE EA 



DC ~ HA • 



by multiplication, 



BD CE 
FB • DC 



EA 
AF' 



that is, 



or, 



BD^CE_^AF 
DC.EA .FB~ ' 






BD.CE.AF = DC.EA.FB. 

Q.E.D. 

Note. In this theorem the transversal must either meet two 
sides and the third side produced, as in Fig. 1 ; or all three sides pro- 
duced, as in Fig. 2. 

The converse of this Theorem may be proved indirectly: 

If three points are taken in two sides of a triangle and the third 
side produced, or in all three sides produced, so that tlie product of 
three alternate segments taken in order is equal to the product of the 
other three segments, the three points are collinear. 

The propositions given on pages 103 — 106 relating to the ooncnr- 
rence of straight lines in a triangle, may be proved by the method of 
transversals, and in addition to the^e the following important theoreoifl 
majr be established. 
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DEFINITIONS. 

(i) If two triangles are such that three straight lines joining 
jorresponding vertices are concurrent, they are said to be co- 
M>lax. 

(ii) If two triangles are such that the points of intersection 
3f corresponding sides are collinear, they are said to be co-axial. 

Theorems to be proved by Transversals. 

1. The straight lines which join the vertices of a triangle to tlie 
joints of contact of the inscribed circle (or any of the three escribed 
circles) are concurrent, 

2. The middle points of the diagonals of a complete quadrilateral 
are coUinear, 

3. Go-polar triangles are also co-axial; and conversely co-axial 
triangles are also co-polar. 

4. The six centres of similitude of three circles lie three by three 
an four straight lines. 
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1. Through D, any point in the base of a triangle ABC, 
Bizaight lines DE, DF are drawn parallel to the sides AB, AC, and 
xneeting the sides at E, F: shew that the triangle AEF is a mean 
proportional between the triangles FBD, EDC. 

2. If two triangles have one angle of the one equal to one 
angle of the other, and a second angle of the one supplementary to a 
second angle of the other, then the sides about the third angles are 
proportional. 

3. AE bisects the vertical angle of the triangle ABC and meets 
"file base in E ; shew that if circles are described about the triangles 
ABE, ACE, the diameters of these circles are to each other in the 
same ratio as the segments of the base. 

4. Through a fixed point O draw a straight line so that the 
farki intercepted between O and the perpendiculars dxiv.^^^ \.^ *Csx^ 
-^-* •^'^ line from two other fixed points ma^ \ia.\^ «* ^w!^xix'a.\A». 
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5. The angle A of a triangle ABC is bisected by AD meetiogj 
BC in D, and AX is the median bisecting BC: shew that XD 
the same ratio to XB as the difference of the sides has to their sum. 

6. AD and AE bisect the vertical angle of a triangle intemaUyj 
and externally, meeting the base in D and E; shew that if O is 
middle point of BC, then OB is a mean proportional between 01 
and OE. 

7. P and Q are fixed points; AB and CD are fixed parallel- 
straight lines; any straight line is drawn from P to meet AB at M, 
and a straight line is drawn from Q parallel to PM meeting CD at 
N : shew that the ratio of PM to QN is constant, and thence shew 
that the straight line through M and N passes througk a fixed point 

8. C is the middle point of an arc of a circle whose chord It 
AB ; D is any point in the conjugate arc : shew that 

AD + DB : DC :: AB : AC. 

9. In the triangle ABC the side AC is double of BC. If CD, 
CE bisect the angle ACB internally and externally meeting AB in D 
and E, shew that the areas of the triangles CBD, ACD, ABC, CDE 
are as 1, 2, 3, 4. 

10. AB, AC are two chords of a circle; a line parallel to the 
tangent at A cuts AB, AC in D and E respectively: shew that the 
rectangle A B, AD is equal to the rectangle AC, AE. 

11. If from any point on the hypotenuse of a right-angled 
triangle perpendiculars are drawn to the two sides, the rectangle 
contained by the segments of the hypotenuse will be equal to the 
sum of the rectangles contained by the segments of the sides. 

12. D is a point in the side AC of the triangle ABC, and E is a 
point inAB. IfBD, CE divide each other into parts in the ratio 
■4 : 1, then D, E divide CA, BA in the ratio 3 : 1. 

13. If the perpendiculars from two fixed points on a straight 
line passing between them be in a given ratio, the straight line most 
pass through a third fixed point. 

14. PA, PB are two tangents to a circle; PCD any chord through 
P : shew that the rectangle contained by one pair of opposite sides of 
the quadrilateral ACBD is equal to the rectangle contained by the 
other pair. 

15. A, B, C are any three points on a circle, and the tangent at 
A meets BC produced in D: shew that the diameters of the circles 

circumscribed about ABD, ^CD ate «ta k\i \.o C^. 
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16. AB, CD are two diameters of the circle ADBC at right angles 
to esxh other, and EF is any chord; CE, CF are drawn meeting AS 
produced in G and H : prove that the rect. CE, HG = the rect. EF, CH, 

17. From the vertex A of any triangle ABC draw a line meeting 
DC produced in D so that AD may be a mean proportional between 
the segments of the base. 

18. Two circles touch internally at O; AB a chord of the larger 
drcle touches the smaller in C which is cut by the lines OA, OB in 
the points P, Q: shew that OP : OQ : : AC : CB. 

19. AB is any chord of a circle; AC, BC are drawn to any 
point C in the circumference and meet the diameter perpendicular to 
AB at D, E: if O be the centre, shew that the rect. CD, OE is equal 
to the square on the radius. 

20. YD is a tangent to a circle drawn from a point Y in the 
diameter AB produced ; from D a perpendicular DX is drawn to the 
diameter: shew that the points X, Y divide AB internally and ex- 
ternally in the same ratio. 

21. Determine a point in the circumference of a circle, from 
which lines drawn to two other given points shall have a given ratio. 

22. O is the centre and OA a radius of a given circle, and V 
is the middle point of OA ; P and Q are two points on the circum- 
fisrence on opposite sides of A and equidistant from it; QV is pro- 
dnoed to meet the circle in L: shew that, whatever be the length of 
the arc PQ, the chord LP will always meet OA produced in a fixed 
point. 

23. EA, EA' are diameters of two circles touching each other 
externally at E; a chord AB of the former circle, when produced, 
touches the latter at C, while a chord A'B of the latter touches tbu 
fonner at C : prove that the rectangle, contained by AB and A'B', is 
foar times as great as that contained by BC and B'C. 

2^ If a circle be described touching externally two given circles, 
the straight line passing through the points of contact will intersect 
the line of centres of the given circles at a lixcd point. 

25. Two circles touch externally in C ; if any point D bo taken 
without them so that the radii AC, BC subtend equal angles at D, 
and DE, DF be tangents to the circles, shew that DC U s» laa^w 
proportiosai between DE and DF. 
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26. If through the middle point of the hase of a triangle 
line be drawn intersecting one side of the triangle, the other prodi 
and the line drawn parallel to the base from the vertex, it wi 
divided harmonically. 

27. If from either base angle of a liriangle a line be d 
intersecting the median from the vertex, the opposite side, anc 
line drawn parallel to the base from the vertex, it will be di 
harmonically. 

« 

28. Any straight line drawn \o cut the arms of an angle ai 
internal and external bisectors is cut harmonically. 

29. P, Q are harmonic conjugates of A and B, and C 
external point : if the angle PCQ is a right angle, shew that CP 
are the internal and external bisectors of the angle ACB. 

30. From C, one of the base angles of a triangle, draw a str 
line meeting AS in G, and a straight line through A parallel t 
base in E, so that CE may be to EG in a given ratio. 

31c. P is a given point outside the angle formed by two given 
AB, AC: Bhew how to draw a straight line from P such tha 
parts of it intercepted between P and the lines AB, AC may hi 
given ratio. 

32. Through a given point within a given circle, draw a str 
line such that the parts of it intercepted between that point an< 
circumference may have a given ratio. How many solutions 
the problem admit of? 

33. If a common tangent be drawn to any number of c 
which touch each other internally, and from any point of 
tangent as a centre a circle be described, cutting the other cii 
and if from this centre lines be drawn through the intersectio 
the circles, the segments of the lines within each circle shall be e 

34. APB is a quadrant of a circle, SPT a line touching it i 
C is the centre, and PM is perpendicular to CA: prove that 

the A SCT : the A ACB : : the A ACB : the A CMP. 

35. ABC is a triangle inscribed in a circle, AD, AE are 
drawn to the base BC parallel to the tangents at B, C respecti' 
shew that AD- AE, jind BD : CE :: AB- : AC2. 

36. AB is the diameter of a circle, E the middle point OJ 
radius OB; on AE, EB as diameters circles are described ; PQL 
common tangent meeting the circles at P and Q, and AB prod 

at L: shew that BL is equal lo t\ift xftdixi's. ot Ihe smaller circle. 
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37. The vertical angle C of a triangle is bisected by a straight 
.fine which meets the base at D, and is produced to a point E, such 

that the rectangle contained by CD and CE is equal to the rectangle 
contained by AC and CB: shew Ihat if the base and vertical angle 
be given, the position of E is invariable. 

38. ABC is an isosceles triangle having the base angles at B 
^.ud C each double of the vertical angle: if BE and CD bisect the 

base angles and meet the opposite sides in E and D, shew that DE 
divides the triangle into figures whose ratio is equal to that of AB 
ioBC. 

39. If AB, the diameter of a semicircle, be bisected in C and on 
AC and CB circles be described, and in the space between the three 
dicmnferences a circle be inscribed, shew that its diameter will be 
io that of the equal circles in the ratio of two to three. 

40. O is the centre of a circle inscribed in a quadrilateral A BCD ; 
aline EOF is drawn and making equal angles with AD and BC, and 
meeting them in E and F respectively : shew that the triangles AEO, 
BOF are similar, and that 

AE: ED = CF : FB. 

41. From the last exercise deduce the following: The inscribed 
, circle of a triangle ABC touches AB in F; XOY is drawn through 

the centre making equal angles with AB and AC, and meeting them 
in X and Y respectively: shew that BX : XF = AY : YC. 

42. Inscribe a square in a given semicircle. 

43. Inscribe a square in a given segment of a circle. 

44. Describe an equilateral triangle equal to a given isosceles 
triangle. 

45. Describe a square having given the difference between a 
diagonal and a side. 

46. Given the vertical angle, the ratio of the sides containing it, 
and the diameter of the circumscribing circle, construct the triangle. 

47. Given the vertical angle, the line bisecting the base, and the 
angle the bisector makes with the base, construct the triangle. 

V 48. In a given circle inscribe a triangle so that two sides may 
pass through two given points and the third side be parallel to a 
given straight line. 

\/ 49i In a given circle inscribe a triangle so that the sides may 
pass throui^ii three given points. 
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50. A, B, X, Y are four points in a straight line, and C 
a point in it that the rectangle OA, OY is equal to the rectao 
OX: if a circle be described with centre O and radius eqi 
mean proportional between OA and OY, shew that at every ] 
this circle AB and XY will subtend equal angles. 

51. O is a fixed point, and OP is any line drawn to meet 
straight line in P; if on OP a point Q is taken so that OQ t 
a constant ratio, find the locos of Q. 

52. O is a fixed point, and OP is any line drawn to n 
circumference of a fixed circle in P; if on OP a point Gt is 1 
that OQto OP is a constant ratio, find the locus of Q. 

53. If from a given point two straight lines are drawn ii 
a given angle, and having a fixed ratio, find the locus of thee? 
of one of them when the extremity of the other lie^ on a fixed 
line. 

54. On a straight line PAB, two points A and B are mai 
the line PAB is made to revolve round the fixed extremity P. 
fixed point in the plane in which PAB revolves; prove tha 
and OB be joined and the parallelogram CADB be comple 
locus of D will be a circle. 

55. Find the locus of a point whose distances from t\ 
points are in a given ratio. 

56. Find the locus of a point from which two given circ 
tend the same angle. 

57. Find the locus of a point such that its distances fi 
intersecting straight lines are in a given ratio. 

58. In the figure on page 364, shew that QT, P'T' meel 
radical axis of the two circles. 

59. ABC is any triangle, and on its sides equilateral triai 
described externally : if X, Y, Z are the centres of their i 
circles, shew that the triangle XYZ is equilateral. 

60. If S, I are the centres, and R, r the radii of the circur 
and inscribed circles of a triangle, and if N is the centre of i 
points circle, 

prove that (i) SI- = R--2Rr, 

(ii) NI = iR-r. 

EstabUsh corresponding properties for the escribed circles, an 
prove that the nine-points circle touches the inscribed and 
cmdea of a triangle. 
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Definitions. . 

From the Definitions of Book I. it will be remembered 
hat 

(i) A line is that which has length, without breadth 
)r thickness. 

(ii) A surface is that which has length and breadth, 
without thickness. 

To these definitions we have now to add : 

(iii) Space is that which has length, breadth, and 
thickness. 

Thus a line is said to be of one dimension ; 

a surface is said to be of two dimensions ; 
and space is said to be of three dimensions. 

The Propositions of Euclid's Eleventh Book here given 
establish the first principles of the geoinetry of space, or 
»olid geometry. They deal with the properties of straight 
lines which are not all in the same plane, the relations 
which straight lines bear to planes which do not contain 
those lines, and the relations which two or more planes 
bear to one another. Unless the contrary is stated the 
straight lines are supposed to be of indefinite length, and 
the planes of infinite extent. 

Solid geometry then proceeds to discuss the properties 
of solid figures, of surfaces which are not planes, and of 
lines which can not be drawn on a plaiie sMxi^a.^^.. 
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Lines and Planbg. 



1. A straight line is perpeBdicnlar to a jdane -whe 

t is perpendicular to every straight line which meets i 
n that plane. 




Note. It will be proved in Proposition 4 thai if a straieht Um 
is perpendicular to t«io straight lines vhich meet it in a pluie, it it 
also perpendicular to every straiglit line which meets it in tharplans. 

A straight line drawn perpendicular to a plane is sftid to bet 
nonnsl to that plane. 

2. The foot of the perpendicular let fall from a given 
point on a. plane is called the projection of tliat point on 

the plane. 



3. The projection of aline c 

the feet of perpendiculars drawi 
given line to the plane. 



I a plane is the locus of 
from all points in tha 




Thus in the above figure the line 06 is the proieotioa of the lino ' 
AB on the plane PQ. 

It will be proved hereafter {see page 420) that the projection of a 
straight line on a plane is bIbo a at-wi^V&it, ' 
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4. The inclination of a Btralght line to a plane is the 
ACQte angle contained by tliat line and another drawn from 
the point at which the first line meets t)i6 plane to tlie 
point at wliicli a perpendicular to tlie plane, It^t fall from 
any point of the first line meets the plane. 




ThuB in the Bbove fignre, if from anj point X in the given 
rtraight line AB, which intereecta the plane PQ at A, a perpen- 
dioalar Xx is let fall on the plane, and the straight line AJ6 is drawn 
from A through z, Uien the inclination of the straight line AB to the 
pUne PQ is measared b; the acute angle BA2>. In other words :— 

a plane is the acute angle 
apnijection on tli^ pliiiie. 

Axiom. If two surfaces intersect one aiiotlier, tliey 
meet in a line or lines. 

5, ■ The conunon section of two intersecting surfaces 
is the line (or lines) in which they meet. 




"Sorts. It is proved in Proposition '^ that 
two planea la a straight line. 

Thai AB, the common section of the two p\an^?Qi,'».'^ \ 
I tobem alraigbt line. 
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C. One plane ia perpendicular to another plane when 
any straight line drawn in one of the planes perpendiciilar 
to the common section is also perpendicular to the other 




Thus in ths adjoining figure the plane EB is perpendicnlw la the 
plane CD, if any Btraight line PQ, drawn in the plane EB at right 
angles to the common Bectiou AB, is also at right angles to the 
plane CD. 'i 

7. The inclinstioa of a ^ane to a plane is the acute \ 

angle contained by two straight lines drawn from any point I 
in the common section at right angles to it, one in one i 
plane and one in the other. 



Thus in the ailjoining figare, 
the straiRht tine AB is the com- 
mon section of the two inter- 
secting planes BC, AD; and 
horn Q, any potnf in AB, two 
straight lines QP. QR arediaivn 
perpendicular to AB, one in each 
plane: then the inclination of 
the two planes ia measured by 
the acute angle PQR. 






NoiB. This dcUnition assumes that the angle PQR is of constant 
magnitude whatever point Q is taken in AB : the tmth of which 
assumption is proved in Proposition 10. 

The angle formed by the intersection of two planes is called % 
dUiedial angle. 

Itmaj be proved that two planea Kie 'per^ti^nUi ia one anotlter 
when the dihedral angle formeib^ ftremw^TU^mujut. 



DEFINITIONa 

Parallel planes are Buch as < 



9. A straight line is parallel to a plane if it does not 
meet the plane when produced. 

10. The angle between two straight lines which do not 
meet is the angle contained by two inlereecting straight 
lines respectively parallel to the two non-intersecting lines. 



Thus if AB and CD are two 
straight lines which do not taeet, 



11. A Bolid angle is that which is made by three o 
more plane angles which have a common vertex, but ar 
not in the same plane. 




A solid angle made by three 
plane angks i% said to be trlliedTal ; 
if made by more than three, it is 
said to be polyhodral. 

A solid angle is Hometimes called 




12. A solid figure is any portion of space bounded by 
one or more surfaces, plane or curved. 

These surfaces sre called the bees of the solid, aod the inter- 
sections of adjacent faces are called adKos. 
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]3. A polyhedron i 



solid figure bounded 



068, A pliiDe rectilineal figure must at least have tJ 
OT four, it two of the Bides are parallel. A polyhedron mn 
have /our faces; or, if two faces are parallel, il must at 
five faces. 

14. A prism is a solid figure bounded by pla 
of which two that »re opposite are similar ai 
polygons in parallel planes, and the other faces an 
lograms 




The polygons are called the ends of the prism. A 
said to be right if the edges formed by each pair of adjaoer 
ograms are perpendicular to the two ends ; if otherwise tt 
oblique. 

15. A parallelepiped is a solid figure bou 
three pairs of parallel plane faces. 



3 '"^ 



A parallelepiped may he tectaagular as in fag 1. or ob 
£g 2 



DEPINrnONS. 



16. A PTTamid is a solid figure bounded by place 
faces, of which one is a polygon, and the rest are triangles 
having as bases the sides ot the polygon, and as a com- 
mon vertex some point not in the plane o£ the polygon. 




The polygon is oalled the bus of the pjramid. 

A pyramid having for its base a regular polygon is said \o be 
ilirht when the vertex lies in the straight hne drawn perpendicular 
' " '' e from its central point (the oentre of its inscribed or cir- 



17. A tetrahedron is -.i, pyramid 
on a triangular base: it is thus ion 
buned hy four triangular faces. 



""^•■^^^r 



18. Polyhedra are classilied according to the number 
of theip^fflcea .* 

thas a iMzahedron has six faces ; 
on octahedron has eight faces ; 
a dodecabedion hau hc^lv^ faces. 

19. Similar polyhedra are sucli as iiave all their solid 
•nglos equal, each to each, and ivre bounded by the same 
HQmber of similar faces. 

20. A Polyhedron is regular when its faces ».v>i. ■s.v\\\v>sw: 
*ad equsJ regular polygons. 
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21. It will be proved (see ptige 425) that there c 
only bejice regular polyhedra. 

They are defined as follows. 



(t) A Tegnlar tatialiedron is a 
solid figure bounded by Jour plane 
faces, which are equal and equi- 
lateral triangles. 



(ii) A cube is a solid figure 
bounded by six plane faces, which 
are equal squares. 




;iii) A regular octahedron is a 
solid figure bounded by eight plane 
faces, which are equal and equilateral 
triangles. 



(iv) A regular dodecahedron ii 

I solid figure bounded by twelve plant 
'aces, which are equal and regulai 



(v) A Tegnlar icoealiedroii 
i, solid £gure bounded by tioenty 
plane facea, which are equal and 
sqoilateral trianglt 



BEriNlTtONB. 3 

coBaliedroii is ^ ^^^^fc fc 

:d by tiD&tity W^^^^B^ 

:e equal and ^^^^SB^^^M 



SoLiDB OP Revolutiok. 



s the fixed straight line abonl which the 
B of the Bphere is the ssme us the centre of the semi- 



. . . sphere ie any straight line which passes thtonRh 

the centrs, and is terminated both ways by the stlrface of the 
iphere. 



23. A right cylinder is » solid 
Qgure described by the revolution of 
a rectangle about one of its sides 
which remains iixed. 
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24. A right Goae is » solid figure 
described by the revolution of a right- 
jingled triangle about one of the sides 
containing the right angle which re- 



▲ 



The axla of the cone is the fiied Gtioight line about which tht 
triangle revolves. 

The baae of the cone is Ihe ciroular face deBOribed b; that adt 
which revolves. 

The liypotennse of the r^ht-angled triangle in any one of ill 
positions is called a geuer&Uug line of the cone. 

25. Similar cones and CTlinders are thos& which have 
their axes and the diameters of their bases proportionals, f 
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Proposition 1. Theorem. 



One part of a straight line cannot he in a plane and an- 
other part outside it. 




If possible, let AB, part of the st. Hue ABC, be iu the 
plane PQ, and the part BC without it. 

Then since the st. line AB is in the plane PGl, 

.'.it can be produced in that plane, i. Post. 2. 

Produce AB to D; 
and let any other plane which passes through AD be turned 
about AD until it passes also through C. 

Then because the points B and C are iu this plane, 

.'. the st. line BC is iu it: i. Def. 5. 

.'. ABC and ABD are in the same plaue and are both 

St. lines ; which is impossible. i. Def. 3. 

/. the st. line ABC has not one part AB iu the plane PQ, 
and another part BC outside it. q. e. d. 



Note. This proposition scarcely needs proof, for the truth of it 
follows almost immediately from the definitions of a straight line 
and a plane. 

It should be observed that the method of proof used in this and 
the next proposition rests upon the following axiom. 

If a plane of unlimited extent turns about a fixed straight line as 
an axis, it can he made to pass through any point in space. 
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Proposition 2. Theorem. 

Any two straight lines which cut one another are in ons 
plane: and any three straight lines, of which each pair inter- 
sect one another, are in one plane. 




Let the two st. lines AB and CD intersect at E; 
and let the st. line BC be drawn cutting AB and CD at B 
and C: 

then (i) AB and CD shall lie in one plane. 

(ii) AB, BC, CD shall lie in one plane. 

(i) Let any plane pass through AB ; 

and let this plane be turned about AB until it passes | 
through C. I 

Then, since C and E are points in this plane, 
.*. the whole st. line C ED is in it. i. Def. 5 and xi. 1. 
That is, AB and CD lie in one plane. 

(ii) And since B and C are points in the plane which 
contains AB and CD, 

.*. also the st. line BC lies in this plane. q.e.d. 

Corollary. One, and only one, plane can he made to 
pass through two given intersecting straight lines. 

Hence the position of a plane is fixed, 

(i) if it passes through a given straight line and a given point ; 
outside it; Ax. p. 393. 

(ii) if it passes through two intersecting straight lines ; xi. 2. 

(iii) if it passes through three points not collinear ; xi. 3. 

(iy) if it passes ihrougja t^o Tpa£«Xi^\ «»\.x^\!^\.\«xssi. \, d</. 36. 
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Proposition 3. Theorem. 

If two planes cut one another their common section is a 
straight line. 




Xet the two planes XA, CY cut one another, and let BD be 
their common section : 

then shall BD be a st. line. 

IFor if not, from B to D in the plane XA draw the st. line 
BED; 

and in the plane CY draw the st. line BFD. 

Then the st. lines BED, BFD have the same extremities; 

.'. they include a space; 
but this is impossible. 

.'. the common section BD cannot be otherwise than a st. 
line. Q. E. D. 



Or, more briefly thus — 

Xet the planes XA, CY cut one another, and let B and D be 
two points in their common section. 

Then because B and D are two points in the plane XA, 

.'. the st line joining B, D lies in that plane, i. Def. 5. 

. Arid because B and D are two points in the plane CY, 

.*. the st. line joining B, D lies in that plane. 

Hence the st. line BD lies in both planes, 

and is therefore their common section. 

That is, the common section of the two planes is a straight 
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Proposition 4. Theorem. [Alternative Proof.] 

If a straight line is perpendicular to ea>ch of two straigitt 
lines at their point of intersection, it sJiall also be perpen- 
dicular to tJie plane in which they lie. 




Let the straight line AD be perp. to each of the st. 
lines AB, AC at A their point of intersection: 
then shall AD be perp. to the plane in which AB and 
AC lie. 

Produce DA to F, making AF equal to DA. 

Draw any st. line BC in tlie plane of AB, AC, to cut 
AB, AC at B and C; 

and in the same phinedraw tlirougli A any st. line AEtocut 
BC at E. 

It is required to prove that AD is perp. to AE. 
Join DB, DE, DC ; and FB, FE, FC. 

Then in the A« BAD, BAF, 

because DA = FA, Constr. 

and the common side AB is perp. to DA, FA : 

.'. BD - BF. I. 4. 

Similarly CD = CF. 

Now if the A BFC be turned about its base BC untH 
the vertex F comes into the plane of the A BDC, 

then F will coincide with D, 
since the conterminous sides of the triangles are equal, i. 7. - 

.*. EF will coincide with ED, 
that IS, E^ «i^^. 
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Hence in the a ■ DAE, FAE, 
since DA, AE, ED = FA, AE, EF respectively, 
.'. the L DAE = the L FAE. 



I. 8. 



That is, DA is perp. to AE. 

Similarly it may be shewn that DA is perp, to every 
st. line which meets it in the plane of AB, AC ; 

.*. DA is perp. to this plane. q.e.d. 



Proposition 4. Theorem. [Euclid's Proof.] 

If a straight line is p&rpendicvlar to each of two straight 
lines at their point of intersection^ it shall also he jjerpen- 
dicidar to the plane in which they lie. 




Let the st. line EF be perp. to each of the st. lines 
AB, DC at E their point of intersection : 
then shall EF be also perp. to the plane XY, in which 
AB and DC lie. 

Make EA, EC, EB, ED all equal, and join AD, BC. 
Through E in the plane XY draw any st. line cutting 
AD and BC in Q and H. 

Take any pt. F in EF, and join FA, FG, FD, FB, FH, FC. 



} 



Then in the a » AED, BEC, 
because AE, ED = BE, EC respectively, 
and the L AED = the L BEC ; 
.*. AD=BC, and the l DAE = tVie lC^^. 



Consir. 
1.15. 
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In the A « AEG, BEH, 
because the L GAE = the L HBE, 
and the l AEG = the z. BEH, 
and EA = EB; 

.-. EG = EH, and AG = BH. 

Again in the a ■ FEA, FEB, 
because EA = EB, 
and the common side FE is perp. to EA, EB; 
.'. FA=FB. 
Similarly FC = FD. 



I. 
Com 

I. : 



I. 



Again in the A* DAF, CBF, 
because DA, AF, FD = CB, BF, FC, respectively, 

.*. the L DAF = the l CBF. I. 

And in the a « FAG, FBH, 
because FA, AG, = FB, BH, respectively, 

and the z. FAG =the l FBH, Frm 

:. FG = FH. I. 

Lastly in the a « FEG, FEH, 
because FE, EG, GF = FE, EH, H F, respectively, 

.-. the L FEG = the z. FEH; I, 

that is, FE is perp. to GH. 

Similarly it may be shewn that FE is perp. to «t' 
st. line which meets it in the plane XY, 

.'. FE is perp. to this plane. xi. 1 

Q.I 
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Proposition 5. Theorem. 

If a straight line is perpendicular to each of three con- 
i/rr&nt straight lines at their point of intersection^ these 
\Tee straight lines shall be in one plane. 



.--'•; 




Let the straight line AB be perpendicular to each of 
he straight lines BC, BD, BE, at B their point of inter- 
ection : 

then shall BC, BD, BE be in one plane. 

Let XY be the plane which passes through BE, BD ; xi. 2. 
and, if possible, suppose that BC is not in this plane. 

Let AF be the plane which passes through AB, BC ; 
ind let the common section of the two planes XY, AF be the 



t. line BF. 



XL 3. 



Then since AB is perp. to BE and BD, 
and since BF is in the same plane as BE, BD, 

.'. AB is also perp. to BF. xi. 4. 

But AB is perp. to BC; ^yp- 

'. the L * ABF, ABC, which are in the same plane, are 
K)th rt. angles ; which is impossible. 

.*. BC is not outside the plane of BD, BE : 
that is, BC, BD, BE are in one plane. 

Q.E.D. 
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Proposition 6. Theorem. 

If two straight lines are perpendicular to tJie sameph 
they shall he parallel to one another. 




Let the st. lines AB, CD be perp. to the plane XY 
then shall AB and CD be par\* 

Let AB and CD meet the plane XY at B and D. 

Join BD; 
and in the plane XY draw DE perp. to BD, makin; 
equal to AB. 

Join BE, AE, AD. 

Then since AB is perp. to the plane XY, 
.*. AB is also perp. to BD and BE, which meet it in tl 
plane ; xi. D 

that is, the l^ ABD, ABE are rt. angles. 

Similarly the l.^ CDB, CDE are rt. angles. 

Now in the a ^ ABD, EDB, 
because AB, BD = ED, DB, respectively, Ci 
and the z. ABD = the z. EDB, being rt. angles ; 

.'. AD = EB. 

Again in the a ^ ABE, EDA, 
because A B, BE -ED, DA, resp'ectively, 
and AE is common ; 
.-. the z. ABE = the /.EDA. 



* Note. In order to shew that AB and CD are parallel 
necessary ix> prove that (i) they are in the same planet (ii) the ; 
ABDf CDB, are supplementaiy. 
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But the z. ABE is a rt. angle ; Proved, 

.*. the L EDA is a rt. angle. 
But the z. EDB is a rt. angle by construction, 
ftnd the l EDC is a rt. angle, since CD is perp. to the 
plane XY. Hyp. 

Hence ED is perp. to the three lines DA, DB, and DC; 

.'. DA, DB, DC are in one plane. xi. 5. 

But AB is in the plane which contains DA, DB ; xi. 2. 

.'. AB, BD, DC are in one plane. 

And each of the z. ^ ABD, CDB is a rt. angle ; Hyp, 

.'. AB and CD are par\ i. 28. 

Q.E.D. 



Proposition 7. Theorem. 

If two straight lines are parallel^ the straight line which 
01718 any point in one to any point in the other is in the 
mne plane as the parallels. 



B 



Let AB and CD be two par' st. lines, 
and let E, F be any two points, one in each st, line : 
then shall the st. line which joins E, F be in the same 
lane as AB, CD. 

For since AB and CD are par', 

.'. they are in one plane. i. Def, 25. 

And since the points E and F are in this plane, 
'. the st. line which joins them lies wholly in this plane. 

I. Def. 5. 
That is, EF is in the plane of the par^ AB, CD. 

H, E. ^^ 
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Phoposition 8. Theorem. 

If two straight lines are parallel^ and if one of then 
is perpendicula/r to a plane, then the other shall also be per 
pendicular to tlie same plane. 




Let AB, CD be two par' st. lines, of which AB is perp 
to the plane XY: 

then CD shall also be perp. to the same plane. 

Let AB and CD meet the plane XY at the points B, D. 

Join BD ; 
and in the plane XY draw DE perp. to BD, making DE equa 
to AB. 

Join BE, AE, AD. 

Then because AB is perp. to tlie plane XY, Hyp 

:, AB is also perp. to BD and BE, which meet it in that 
plane ; xi. Def 1 

that is, the :_^ ABD, ABE are rt. angles. 

Now in the A« ABD, EDB, 
because AB, BD — ED, DB, respectively, Constr 

and the L ABD ■- the l EDB, being rt. angles; 

.*. AD= EB. I. 4. 

Again in the A^ ABE, EDA, 
because AB, BE= ED, DA respectively, 
and KE. is comiivow •, 
.-.the L^BE = ^o\v^ L^Ok. v^ 
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But the z. ABE is a rt. angle : Proved, 

.'. the L EDA is a rt. angle : 
that is, ED is perp. to DA. 

But ED is also perp. to DB : ConBtr. 

.'. ED is perp. to the plane containing DB, DA. xi. 4 
And DC is in this plane ; 
3r both DB and DA are in the plane of the par*^ AB, CD. 

XI. 7 
.*. ED is also perp. to DC ; xi. Def, 1. 

that is, the z. CDE is a rt. angle. 

Again since AB and CD are par', JJ^yP' 

and since the z. ABD is a rt. angle, 
.*. the Z- CDB is also a rt. angle. i. 29. 

.'. CD is perp. both to DB and DE ; 
.*. CD is also perp. to the plane XY, which contains 
DB, DE. XI. 4. 

Q.E.D. 



EXERCISES. 



1. The perpendicular is the least straight line that can be drawn 
from an external point to a plane. 

2. Equal straight lines drawn from an external point to a plane 
are equally inclined to the perpendicular drawn from that point to 
the plane. 

3. Shew that two observations with a spirit-level are sufficient to 
determine if a plane is horizontal : and prove that for this purpose 
the two positions of the level must not be parallel. 

4. What is the locus of points in space which are equidistant 
from two fixed points ? 

5. Shew how to determine in a given straight line the point 
^hich is equidistant from two fixed points. When is this im- 
possible ? 

6. If a straight line is parallel to a plane, shew that any plane 
Passing through the given straight line will have with the ^-^^tv^Nja^a. 
* common section which is parallel to ib«> "*"»'"" «^^.x«J\'^\.\va^. 
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Proposition 9. Theorem. 

Two straight lines which are parallel to a third straight 
line are parallel to one another. 




Let the st. lines AB, CD be each par' to the st. line PQ : 
then shall AB be par' to CD. 

I. If A B, CD and PQ are in one plane, the proposition has 
already been proved. i. 30, 

II. But if AB, CD and PQ are not in one plane, 

in PQ take any point G ; 
and from G, in the plane of the par^ AB, PQ, draw GH 

perp. to PQ ; L 11. 

also from G, in the plane of the par*" CD, PQ, draw 

GK perp. to PQ. L 11. 

Then because PQ is perp. to G H and G K, Constr- 

.*. PQ is perp. to the plane HGK, which contains them. 

XI. 4. 

But AB is par* to PQ; Hyp- 

.'. AB is also perp. to the plane HGK. xi. 8. 

Similarly, CD is perp. to the plane HGK. 

Hence AB and CD, being perp. to the same plane, are par 
to one another. xi. 6- | 



Q.E.D> 



( 
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Proposition 10. Theorem. 

If two intersecting straight lines are respectively parallel 
> two other intersecting straight lines not in the same plane 
rith them, then the first pair and the second pair shall con- 
%in equal angles. 




Let the st. lines AB, BC be respectively par' to the st. 
lines DE, EF, which are not in the same plane with them : 
then shall the z. ABC = the l DEF. 

In BA and ED, make BA equal to ED ; 

and in BC and EF, make BC equal to EF. 
Join AD, BE, CF, AC, DF. 

Then because BA is equal and par' to ED, 

Hyp. and Constr. 
I. 33. 



.*. AD is equal and par' to BE. 
And because BC is equal and par' to EF, 
.*. CF is equal and pai*' to BE. 
.*. AD is equal and par^ to CF ; 
hence it follows that AC is equal and par' to DF. 

Then in the A« ABC, DEF, 
because AB, BC, AC = DE, EF, DF, respectively, 
.'. the z. ABC = the z. DEF. 



I. 33. 
XI. 9. 
I. 33. 



I. 8. 
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Proposition 11. Problem.. 

To draw a straight line perpendicular to a given plane 
from a given point outside it. 




Let A be the given point outside the plane XY. 
It is required to draw from A a st. line perp. to the 
plane XY. 

Draw any st. line BC in the plane XY ; 

and from A draw AD perp. to BC. i. 12. 

Then if AD is also perp. to the plane XY, what was 
required is done. 

But if not, from D draw DE in the plane XY perp. 



to BC ; 



L 11. 

1.12. 



and from A draw AF perp. to DE. 
Then AF shall be perp. to the plane XY. 

Through F draw FH par^ to BC. i. 31. 

Now because CD is perp. to DA and DE, Coiutr- 

.'. CD is perp. to the plane containing DA, DE. xi. 4. 

And HF is par* to CD ; 

HF is also perp. to the plane containing DA, DE. xh^- 

And since FA meets HF in this plane, 

.'. the ^ HFA is a rt. angle; xi. J)ef. 1- 

that is, AF is perp. to FH. 
And AF is also perp. to DE; Coiistr. | 

.'. AF is perp. to t\\e pVaive coTLt^aiwin^ FH, DE ; t 



that is, AF is perp. ^o t\v^ p\».\\^ Y.^ 



^:«»J^' 
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Proposition 12. Problem. 

To draw a straight line perpendicular to a given plane 
from a given point in the plane. 

D B 



Let A be the given point in the plane XY. 
It is required to draw from A a st. line perp. to the 
plane XY. 

From any point B outside the plane XY draw BC perp. 
to the plane. xi. 1 1 . 

Then if BC passes through A, what was required is 
done. 

But if not, from A draw AD par* to BC. i. 31. 

Then AD shall be the perpendicular required. 

For since BC is perp. to the plane XY, Constr. 

and since AD is par* to BC, Constr. 

.'. AD is also perp. to the plane XY. xi. 8. 

Q.E.F. 



EXERCISES. 

1. Equal straight lines drawn to meet a plane from a point 
without it are equally inclined to the plane. 

2. Find the locus of the foot of the perpendicular drawn from a 
given point upon any plane which passes through a given straight 
line. 

3. From a given point A a perpendicular AF is drawn to a plane 
XY; and from F, FD is drawn perpendicvAot \.o ^^, ^w-^ ^^^sa "vcs. 
that pJAne: shew th&t AD is also peipendicviVat \.o ^C. 
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Proposition 13. Theorem. 

Only one perpendicular can he drawn to a given plant 
from a given point either in the plane or outside it. 




Case I. Let the given point A be in the given plane XY \ 
and, if possible, let two perps. AB, AC be drawn from A to 
the plane XY. 

Let DF be the plane which contains AB and AC ; and 
let the st. line DE be the common section of the planes DF 
and XY. xi. 3. 

Then the st. lines AB, AC, AE are in one plane. 

And because BA is perp. to the plane XY, Hyp- 

.*. BA is also perp. to AE, which meets it in this plane ; 

XI. Def. 1 . 
that is, the z. BAE is a rt. angle. 
Similarly, the z. CAE is a rt. angle. 
.'. the z- ^ BAE, CAE, which are in the same plane, are equal 
to one another. 

Which is impossible. 
/. two perpendiculars cannot be drawn to the plane 
XY from the point A in that plane. 

Case II. Let the given point A be outside the plane XY. 
Then two perp^ cannot be drawn from A to the plane ; 
for if there could be two, they would be par', xi. 6. 

w\\ic\i is abswYd. q.E.D, 
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Plane» to which the same tiraiglU line is perjiendicvJw 
e parallel to one another. 



u 



Irfit the 3t. line AB be perp. to each of the planes CD, EF : 

then shftll these planes be par. 

For if not, they will meet when produced. 

If possible, let the two planes meet, and let the St. 

line QH be their common section. xi. 3. 

In QH take any point K ; 

and join AK, BK. 

Then because AB is perp. to the plane EF, 

.'. AB is also perp. to BK, which meets it in this plane; 

XI. Def. 1. 
that is, the l ABK is a rt. angle. 
Similarly, the l BAK is a rt. angle. 
.'. in the A KAB, the two l ' ABK, BAK are together equal to 
two rt. angles ; 

which is impossible. i, IT. 

.". the planes CD, EF, though produced, do not meet : 

that is, they are par". Q.E.D. 
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Proposition 15. Theorem. 
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Let the st. lines AB, BC be respectively par' to the 
st. lines DE, EF, which are not in the same plane as 
AB, BC: 

then shall the plane containing AB, BC be par' to the 
plane containing DE, EF. 

From B draw BG perp. to the plane of DE, EF; xi. 11. 
and let it meet that plane at G. 
Through G draw GH, GK par' respectively to DE, EF. i. 31. 

Then because BG is perp. to the plane of DE, EF, 
.*. BG is also perp. to GH and GK, which meet it in that 
plane : xi. Def. 1. 

that is, each of tlie z. ^ BGH, BGK is a rt. angle. 



If two intersecting atraigJd lines are parallel respectively 
to two otiter intersecting straight lines which are not in ' 
tJie same plane with them, then Hie plane containing the 
first pair shall he parallel to the plane containirvg the second 
2)air. 



Now because BA is par' to ED, 
and because GH is also par' to ED, 
.*. BA is par' to GH. 

And since the z. BG H is a rt. angle ; 

.*. the L ABG is a rt. angle. 
Similarly the l. CBG is» a tt. a\\^^. 



Constr. 
XI. 9. 

Proved 
1.29. 



Then Giace BG is perp. to each of tlie st. lines BA, BC, 
.'. BQ is perp. to the plane containing them. xi. 4. 
But BG is also perp. to the plane of ED, EF ; Gonatr. 
that is, BG is perp. to the two planes AC, DF : 

.'. these planes are par'. xi. 14. 



q.E.E 



Propositios 16. Theorem. 



If tieo parallel plcmes are cut by a third plane their 
sections with it shall be parallel. 






Let the par' planes AB, CD be cut by the plane EFHQ, ■ 
jid let the st. lines EF, GH he their common sections 

then shall EF, GH be pai^. 

For i£ not, EF and GH will meet if produced. 

If possible, let them meet at K. 

Tlipn since the whole st. line EFK is in the plane AB, \\. 1 . 

and K is a point in tliat line, 

.'. the point K is in the plane AB. 

Similarly the point K is in the plane CD. 

Hence the planes AB, CD when produced meet at K ; 

which is impossible, since they are par'. Hy}'- 

.'. the St. lines EF and GH do not meet; 
and they are in the same plane EFHQ ; 
^ ■ .■. they are par'. \. BrJ, I"^. 
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Proposition 17. Theorem. 

Straight lines which a/re cut by parallel planes are en 
proportionally. 



'A 




H 



Let the st. lines A B, CD be cut by the three par* planei 
GH, KL, MN at the points A, E, B, and C, F, D : 
then shall AE : EB :: CF : FD. 

Join AC, BD, AD ; 
and let AD meet the plane KL at the point X : 

join EX, XF. 

Then because the two par* planes KL, MN are cut b} 
the plane ABD, 

.*. the common sections EX, BD are par'. xi. 16. 

and because the two par' planes GH, KL are cut by the 
plane DAC, 

.*. the common sections XF, AC are par'. xi. 16. 

And because EX is par' to BD, a side of the A ABD, 

.*. AE : EB :: AX : XD. VL 2. 

Again because XF is par' to AC, a side of the A DAC, 

.'. AX : XD :: CF : FD. VI. 2. 

Hence AE : EB : : CF : FD. V. 1. 

Q.E.D. 

Definition. One plane is perpendicular to another 

plane, when any straight line drawn in one of the planes 

joerpendicular to their common section is also perpendicular 

to the other plane. \^^0^^\, Def, 6.] 



Pkoposition ]8. Theorem. 

Jf a siraiglU line i# perpendicular to a pi 
flane which paasee through the straight line 
dieular to the given plane. 



■,ne, then every 
g also perpen- 




Let the st. line AB be perp. to the plane XY ; 
and let DE be ftny plane passing through A8 : 
then shall the plane DE be perp. to the plane XY. 
Let the st. line CE be the common section of the planes 
XY, DE. XL 3. 

From F, any point in CE, draw FG in the plane DE 
perp. to CE, T. 11. 

Then because AB is perp. to the plane XY, JTyp. 
.'. AB is also perp, to CE, which meets it in that plane, 

xr. Def. 1. 

that is, the L ABF is a rt. angle. 

But the L GFB is also a rt. angle ; Constr. 

.-. QFispar' to AB. I. 28. 

And AB is perp. to the plane XY, Ifyp- 

.'. OF is also perp. to the plane XY. xl. 8. 

Hence it has been shewn tliatany st. line GF drawn in 

tte plane DE perp, to the common section CE is also perp. 

to the plane XY. 

.'. the plane DE is perp. to the plane XY. xi, Def. 6. 



E aTO)l.\i«T mVuid V\i* 
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Proposition 19. Theorem. 

If two intersecting planes a/re ea^sh perpendicular to a 
third plane^ their common section shall also bs perpendicular 
to that plane. 




Let each of the planes AB, BC be perp. to the plane 
ADC, and let BD be their common section : 

then shall BD be perp. to the plane ADC. 

For if not, from D draw in the plane AB the st. line DE 
perp. to AD, tlie common section of the planes ADB, ADC : 

I. 11. 

and from D draw in the plane BC the st. line DF perp. 
to DC, the common section of the planes BDC, ADC. 

Then because the plane BA is perp. to the plane ADC, 

Hyp. 

and DE is drawn in the plane BA perp. to AD the common 

section of these planes, Constr. 

.'. DE is perp. to the plane ADC. xi. Def. 6. 

Similarly DF is perp. to the plane ADC. 

.". from the point D two st. lines are drawn perp. to the 

plane ADC ; which is impossible. xi. 13. * 

Hence DB cannot be otherwise than perp. to the plane ADC. | 

r\ V r\ I 
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Proposition 20. Theorem. 



Of the three 'plane angles which form a trihedral angle, 
vny two are togetJier greater than the third. 




Let the trihedral angle at A be formed by the three 
plane l^ BAD, DAC, BAC : 

bhen shall any two of them, such as the z. * BAD, DAC, be 
together greater than the third, the l BAC. 

Case I. If the l BAC is less than, or equal to, either 
of the z« BAD, DAC; 

it is evident that the l^ BAD, DAC are together greater 
than the l BAC. 

I Case II. But if the l BAC is greater than either of the 
L " BAD, DAC ; 

then at the point A in the plane BAC make tlie /_ BAE equal 
to the L BAD ; 

and cut off AE equal to AD. 
Through E, and in the plane BAC, draw the st. line BEC 
eatting AB, AC at B and C : 
I join DB, DC. 

Then in the a « BAD, BAE, 

since BA, AD = BA, AE, respectively, Oonsir. 

and the z. BAD =the L BAE : Constr. 

.*. BD = BE. I. 4. 

Again in the A BDC, since BD, DC are together greater 
than BC, I. 20. 

and BD = BE, Proved. 

, .*. DC is greater thaiv EC 
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And in the &' DAC, EAC, 

because DA, AC = EA, AC respectively, Cotutr, 

but DC is greater than EC ; Pnmi- 

.'. the L DAC is greater than the l EAC. L K. 

But the L BAD ^the L BAE ; Coiufr. 

.'. the two i. ' BAD, DAC are together greater than Ae 

L BAC. 4IJ). 



Proposition 21. Theorem. 



x) solid angk is formed by j 
r less tkanjbvr right angles. 




Lettlie solid angle at S be formed by the plane l'- — . .- 
BSC, CSD, OSE, ESA: '"' 

then shall the sum ot tbe»e i^laue angles be less than fmf t' 
rt angles. x 
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or let a plane XY intersect all the arms of the plane 
s on the same side of the vertex at the points A, B, C, 
and let AB, BC, CD, DE, EA be the common sections 
^ plane XY with the planes of the several angles. 
Within the polygon ABCDE take any point O ; 
md join O to each of the vertices of the polygon. 

hen since the :_ ^ SAE, SAB, EAB form the trihedral 

A, 

e L ^ SAE, SAB are together greater than the L EAB ; 

XI. 20. 
is, 
. ^ SAE, SAB are together greater than the l ^ OAE, OAB. 

imilarly, 

^ SBA, SBC are togetlier greater than the l ^ OBA, OBC: 
so on, for each of the angular points of the polygon. 

hus by addition, 

um of the base angles of the triangles whose vertices 
! at S, is greater than the sum of the base angles of 
; triangles whose vertices are at O. 

; these two systems of triangles are equal in number ; 
; sum of all the angles of the one system is equal to the 
n of all the angles of the other. 

: follows that the sum of the vertical angles at S is 
han the sum of the vertical angles at O. 

But the sum of the angles at O is four rt. angles ; 
the sum of the angles at S is less than four rt. angles. 

Q.E.D. 

te. This proposition was not given in this form by Euclid, who 
ished its truth only in the case of trihedral angles. The above 
istration, however, applies to all cases in which the polygon 
>E is convex, but it must be observed that without this condition 
oposition is not necessarily true. 

5olid angle is conyex when it lies entirely on one side of each 
infinite planes which pass through its plane angles. If this is 
se, the polygon ABCDE will have no re-entrant angle. And it 
ir that it would not be possible to apply xi. 20 to a vertex at 
a re-entrant angle existed. 



K. 
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KxERCisES OX Book XT. 



1. Equal straight lines drawn to a plane from a point without 
it have equal projections on that plane. 

2. If S is the centre of the circle circumscribed about the triangle 
ABC, and if SP is drawn perpendicular to the plane of the triangle, 
shew that any point in SP is equidistant from the vertices of the 

triangle. 

3. Find the locus of points in space equidistant from three given 
points. 

4. From Example 2 deduce a practical method of drawing a < 
perpendicular from a given point to a plane, having given nUer, 
compasses, and a straight rod longer than the required perpen- 
dicular. 

5. Give a geometrical construction for drawing a straight line*^ 
equally inclined to three straight lines which meet in a point, but are" 
not in the same plane. 

0. In a gauche quadrilateral (that is, a quadrilateral whose sides' 
are not in the same plane) if the middle points of adjacent sides are! 
joined, the figure thus formed is a parallelogram. 

7. AB and AC are two straight lines intersecting at right angles, 
.ind from B a perpendicular BD is drawn to the plane in which they 
iire : shew that AD is perpendicular to AC. 

8. If two intersecting planes are cut by two parallel planes, the 
lines of section of the first pair with each of the second pair contain 
equal angles. 

9. If a straight line is parallel to a plane, shew that any plane 
passing through the given straight line will intersect the given plane 
in a line of section which is parallel to the given line. 

10. Two intersecting planes pass one through each of two 
parallel straight lines ; shew that the common section of the planet 
is parallel to the given lines. 

11. If a straight line is parallel to each of two intersecting planefl, 
it is also parallel to the common section of the planes. 

12. Through a given point in space draw a straight line to inter- 
sect each of two given straight lines which are not in the same 
plane. 

13. If AB, BC, CD are straight lines not all in one plane, Bhewi 
that a plane which passes through the middle point of each one of them I 
is parallel both to AC and BD. f 

14. From a given point A a perpendicular AB is drawn to »* 
plane XY; and a second perpeivdlcular AE is drawn to a straight | 
line CD in the plane XV ; ?k\\e^ \\v?kX^^\^^\:^%»xv^\^\i^36x^CD, 1 
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15. From a point A two perpendiculars AP, AQ are drawn one 
o each of two intersecting planes : shew that the common section of 
hese planes is perpendicular to the plane of AP, AQ. 

16. From A, a point in one of two given intersecting planes, 
VP is drawn perpendicular to the first plane, and AQ perpendicular 
o the second : if these perpendiculars meet the second plane at P 
knd Q, shew that PQ is perpendicular to the common section of the 
.wo planes. 

« 

17. A, B, C, D are four points not in one plane, shew that the 
our angles of the gauche quadrilateral A BCD are together less than 
our right angles. 

18. OA, OB, OC are three straight lines drawn from a given 
x>int O not in the same plane, and OX is another straight line 
vithln the solid angle formed by OA, OB, 00 : shew that 

(i) the sum of the angles AOX, BOX, COX is greater than 
lalf the sum of the angles AOB, BOO, CO A. 

(ii) the sum of the angles AOX, COX is less than the sum of 
lie angles AOB, COB. 

(iii) the sum of the angles AOX, BOX, COX is less than the 
mm of the angles AOB, BOO, CO A. 

19. OA, OB, OC are three straight lines forming a solid angle 
it O, and OX bisects the plane angle AOB; shew that the angle 
KOC is less than half the sum of the angles AOC, BOO. 

20. If a point be equidistant from the angles of a right-angled 
triangle and not in the plane of the triangle, the line joining it with 
the middle point of the hypotenuse is perpendicular to the plane of 
the triangle. 

21. The angle which a straight line makes with its projection on 
% plane is less than that which it makes with any other straight line 
irhich meets it in that plane. 

22. Find a point in a given plane such that the sum of its 
distances from two giyen points (not in the plane but on the same 
Bide of it) may be a minimum. 

23. If two straight lines in one plane are equally inclined to 
another plane, they will be equally inclined to the common section 
of these planes. 

24. PA, PB, PC are three concurrent straight lines each of 
which is at right angles to the other two : PX, PY, PZ are perpen- 
diculars drawn from P to BC, CA, AB respectively. Shew that 
XYZ is the pedal triangle of the triangle ABC. 

26. PA, PB, PC are three concurrent straight lines each of which 
is at right angles to the other two, and from P a perpendicular PO is 
drawn to the plane of ABC : shew that O is the orthocentre of the 
triangle ABC. 
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EUCLID'S ELEMENTS. 



THEOREMS AND EXAMPLES ON BOOK XI. 



Definitions. 

(1) Lines which are drawn on a plane, or through which a 
plane may be made to pass, are said to be co-planar. 

(ii) The projection of a line on a plane is the locns of the feet 
of peiT)endicnlara drawn from all points in the given line to the 

plane. 

Theorem 1. The projection of a straight live on a plane is itself a 
Ktraiffht line. 




Let AB be the given st. line, and XY the given plane. 

From P, any point in AB, draw Pp perp. to the plane XY : 
it is required to shew that the locus of ^ is a st. line. 
From A and B draw Aa, B6 perp. to the plane XY. 

Now since Art, Pp, Bh are all perp. to the plane XY, 

/. they are par'. 
And since these par'" all intersect AB, 
.'. they are co-planar, 
tlie point p is in the common section of the planes A/>, XY : 
that is, p is in the st. line ah. 

But p is any point in the projection of A 8, 
.*. the pro)ect\OTv ol k^ \^ \Sv^ ^\.Avafe a\i, q.ia 



' 



XI. (i. 
XI. 7. 
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Theokkm 2. Draw a perpendicular to each of two straight lines 
[- which are not in the same plane. Prove tJiat this perpendicular is the 
shortest distance between the two lines. 



I 
I 




Let AB and CD be the two straight lines, not in the same plane. 

(i) It is required to draw a st. line perp. to each of them. 

Through E, any point in AB, draw EF par^ to CD. 
Let XY be the plane which passes through AB, EF. 

From H, any point in CD, draw HK perp. to the plane XY. xi. 11. 
And through K, draw KQ par' to EF, cutting AB at Q. 

Then KQ is also par' to CD ; xi. 0. 

and CD, HK, KQ are in one plane. xi. 7. 

From Q, draw QP par' to HK to meet CD at P. 
Then shall PQ be perp. to both AB and CD. 

For, since HKis perp. to the plane XY, and PQ is pai' to HK, 

Coufitr. 
.'. PQ is perp. to the plane XY ; 
.'. PQ is perp. to AB, which meets it in that plane. 
For a similar reason PQ is perp. to QK, 
.'. PQ is also perp. to CD, which is par' to QK. 

(ii) It is required to shew that PQ is the least of all st. lines 
drawn from AB to CD. 

Take HE, any other st. line drawn from A B to CD. 

Then HE, being oblique to the plane XY is greater than the 
perp. HK. p. 403, Ex. 1. 

.'. H E is also greater than PQ. q e.d. 



XI. 8. 
Def, 1. 
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I>KiriNiTioN. A parallelepiped is a solid figure bounded by three 
pairs of parallel faces. 

Theorem 3. (i) The faces of a parallelepiped are parallelograms ^ 
of which those lohich are opposite are identically equal, 

(ii) The four diagonals of a parallelepiped are concurrent and 
bisect one another. 




Let ABA'B' be a parP"-*^, of which ABCD, C'D'A'B' are opposite 

faces. 

(i) Then all the faces shall be par"", and the opposite faces 
shall be identically equal. 

For since the planes DA', AD' are par', Def. 

and the plane DB meets them, 
.'. the common sections AB and DC are par'. xi. 16. 

Similarly AD and BC are par'. 
/. the tig. ABCD is a par"», 
andAB = DC; also AD = BC. i. 34. 

Similarly each of the faces of the parP<^ is a par™ ; 
Ko that the edges AB, CD', B'A', DC are equal and par' : 
so also are the edges AD, C'B', D'A', BC ; and likewise AC, BD', 
CA', DB'. 

Tlien in the opp. faces ABCD, CD'A'B', 

we have AB = CD' and BC = D'A' ; Proved. 

and since AB, BC are respectively par' to C-D', D'A' , 

.-. the zABC = the z'CD'A'; xi. 10. ^ 

.-. the par>« ABCD = the par™ CD'A'B' identically. P. 64, Ex. 11. | 

(ii) The diagonals A A', BB', CC, DD' shall be concurrent and 
bisect one another. 

Join AC and A'C. 
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Then since AC is equal and par' to A'C, 
.-. the fig. ACA'C is a par™ ; 
.*. its diagonals AA', CC bisect one another. 
That is, A A' passes through O, the middle point of CC. 

Similarly if BC and B'C were joined, the fig. BCB'C would be a 
par"*; 

.*. the diagonals BB', CC bisect one another. 
That is, BB' also passes through O the middle point of CC. 

Similarly it may be shewn that DD' passes through, and is 
bisected at, O. q.e.d. 



Theorem 4. The straight lines ichich join the vertices of a tetra- 
hedron to the centroids of the opposite faces are concurrent. 




Let A BCD be a tetrahedron, and let </i, //.,, ^3, (j^ be the centroids 
of the faces opposite respectively to A, B, C, D. 

Then shall A^^, B^g* ^^3> ^9^ ^^ concurrent. 
Take X the middle point of the edge CD ; 
then g^ and g^ njust lie respectively in BX and AX, 

so that BX = 3 . Xr/i, P. 105, Ex. 4. 

and AX = 3 . \g^ ; 
•'• 0\02 ^^ P^^* *o AB. 
And A(/i , 8,^2 must intersect one another, since they are both in 
the plane of the "a AXB : 

let them intersect at the point G. 

Then by similar a^,. AG : G/;i = AB : g.g.^ 

= AX : At/., 
= 3 : 1." 
.*. B(jf2 cuts A^i at a point G whose distance from </j = J . A^j. 

Similarly it may be shewn that Cg.^ and D g^ cut kg^ at the iiajoia 
H)int; 

.'. these lines are eoncuxieii^.. v^.^.^- 
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Let SABCD be b, pyramid, and abed the iuictioa foinitd bj > 
plane drawn pari jg (he base ABCD. 

(i) Then the hge. ABCD, abed sbaU be similar. 

, Because the planes abed, ABCD are par', 

and the plane ABba meets them, 

.-. the common aectione ab, AB are par'. 

Similarly he is pari to BO; f<I to CD; and f/u to DA. 

And since iid, be are respectively par' to AB, BC, 

.-. the z (idt^the /. ABC. xi. 10. 

Hiuiiliirly the remaiuiuB angles of the fig. iilicd are ci|uhI to ihe 
corresponding angles of the lig. ABCD. 

And since the a' Sab, SAB are similar, 
.'. ab : AB = Sb : SB 

-be : BC, [or the a' Sbc, BCc aic i^iniilar. 
Or. ab : fcc = AB : BC. 

In like manner, be : cd^BC : CD. 

And so on. 
.'. the fig^, abed, ABCD are eiiuiangular, and have their sidei 
about the equal angleti proportional. 

.■. they are similar, 
(iij From S draw SxX perp. to the planen abed, ABCD am 
meeting them at x and X. 

Then shaU fig. abed : fig. ABOD = Sji^ : SX'. 

Join ai, AX. 

Then it is clear that the a* Sox, SAX are similar. 

And the fig. abed : fig. ABCD^uJ.- : AB- vi. 20 

--US' •, ^?>5, 



DEFlNn'lo^^ 425 



Definition. 



A polyhedi'ou is rajular when its faces ure similar and e«]ual 
regular polygons. 

Theorem G. lliere cannot he viore than five regular poly hedr a. 

This is proved by examining the number of ways in which it is 
possible to form a solid angle out of the plane angles of various 
regular polygons; bearing in mind that three plane angles at least 
are required to form a solid angle, and the sum the plane angles 
forming a solid angle is less than four right angles. xi. 21. 

Suppose the faces of the regular polyhedron to be equilateral 
triangles. 

Then since each angle of an equilateral triangle is f of a right 
angle, it follows that a solid angle may be formed (i) by three, (ii) by 
Jmr, or (iii) hy Jive such faces; for the sums of the plane angles 
would be respectively (i) two right angles, (ii) f of a right angle, 
(iii) -i^ of a right angle ; 

that is, in all three cases the sum of the plane angles would be less 
than four right angles. 

But it is impossible to form a solid angle of six or more equilateral 
triangles, for then the sum of the plane angles would be equal to, or 
greater than four right angles. 

Again, suppose that the faces of the polyhedron are squares, 

(iv) Then it is clear that a solid angle could be formed of three, 
but not more than three, of such faces. 

Lastly, suppose the faces are regular pentagons, 

(v) Then, since each angle of a regular pentagon is f of a right 
augle, it foUows that a solid angle may be formed of three such faces ; 
but the sum of more than three angles of a regular pentagon is greater 
than four right angles. 

Further, since each angle of a regular hexagon is equal to ^ of a 
right angle, it follows that no solid angle could be formed of such 
faces ; for the sum of three angles of a hexagon is equal to four right 
angles. 

Similarly, no solid angle can be formed of the angles of a polygon 
of more sides than six. 

Thus there can be no more than^i?^ regular polyhedra. 



NoTK OS THE Requi^b Polyhedra. 
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It Ima iiylit tiuxs, HI 




It iias twenty faces, li4:ftie -vui 



NOTE ON THE RUQULAR FOLYHEDRA. 



It luuj tix tu^ea, 

eight vertiws, 
taetve ed^a, 




It JittB ticeitie faces, taenty vertiuea, thirty e» 
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Theokkm 7. If F denote tlie number of facets, E of edyes, and V of 
vertices in any polyhedron^ then will 

E + 2 = F + V. 

Suppose the polyhedron to be formed by fitting together the faces 
in succession : suj^pose also that E^ denotes the number of edges, and 
V^ of vertices, when r faces have been placed in position, and that the 
polyhedron has n faces when complete. 

Now when one face is taken there are as many vertices as edges, 
that is Ei = Vi. 

The second face on being adjusted has two vertices and one edge in 
common with the first; therefore by adding the second faoe we 
increase the number of edges by one more than the number of 
vertices; /. E2-V2 = l. 

Again, the third face on adjustment has three vertices and two 
ed^es in common with the foimer two faces ; therefore on adding the 
third face we once more increase the number of edges by one more 
than the number of vertices ; 

Similarly, when all the faces but one have been placed in position, 

En-l-Vn-i = »t-2. 

But in fitting on the last face we add no new edges nor vertices ; 
.-. E=E„.i, V^V„_i, and F=n. 

So that E-V=F-2, 
or, E + 2=F + V. 

This is known as Enlrr^s llteorem. 



Miscellaneous Examples on 8olid Gteometry. 

1. The projections of parallel straight lines on any plane are 

parallel. 

2. If ah and cd are the projections of two parallel straight lines 
AB, CD on any plane, shew that AB : CD = ah : cd. 

3. Draw two parallel planes one through each of two straight 
lines which do not intersect and are not parallel. 

4. If two straight lines do not intersect and are not parallel, on 
what planes will their projections be parallel?* 

5. Find the locus of the middle point of a straight line of constant 
Ipngtli whose extremities lie ouc on viacXwil \.\\q \xQ\vA\i\.«t?a»w^v5\^^t\'aigUt 

fines, having directions at n^\. ang\es\-o oTaa «»ft>tNL\^\. 
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6. Three points A, B, C are taken one on each of the conter- 
minons edges of a cube: prove that the angles of the triangle ABC 
are all acnte. 

7. If a parallelepiped is cut by a plane which intersects two pairs 
of opposite faces, the common sections form a parallelogram. 

8. The square on the diagonal of a rectangular parallelepiped is 
equal to the sum of the squares on the three edges conterminous with 
the diagonal. 

9. The square on the diagonal of a cube is three times the square 
on one of its edges, 

10. The sum of the squares on the four diagonals of a parallele- 
piped is equal to the siim of the squares on the twelve edges. 

11. If a perpendicular is drawn from a vertex of a regular tetra- 
hedron on its triangular base, shew that the foot of the perpendicular 
will divide each median of the base in the ratio 2:1. 

12. Prove that the perpendicular from the vertex of a regular 
tetrahedron upon the opposite face is three times that dropped from 
its foot upon any of the other faces. 

13. If A P is the perpendicular drawn' from the vertex of a reguTar 
[tetrahedron upon the opposite face, shew that 

3AP2=2a2, 
I where a is the length of an edge of the tetrahedron. 

14. The straight lines which join the middle points of opposite 
ledges of a tetrahedron are concurrent. 

16. If a tetrahedron is cut by any plane parallel to two opposite 
^eilges, the section will be a parallelogram. 

16. Prove that the shortest distance between two opposite edges 
of a zegnlar tetrahedron is one half of the diagonal of the square on 
an edge. 

17. In a tetrahedron if two pairs of opposite edges are at right 
:angles, then the third pair will also be at right angles. 

18. In a tetrahedron whose opposite edges are at right angles in 
pairs, the four perpendiculars drawn from tlie vertices to the opposite 
faces and the three shortest distances between opposite edges are 
concurrent. 

19. In a tetrahedron whose opposite edges are at right angles, 
he sum of the squares on each pair of opposite edges is the same. 

20. The sum of the squares on the edges of any tetrahedron is 
our times the sum of the squares on the straight lines wKicVv YNvos.\3wfe. 
Diddle pmnta ot-oppoBiie edges. 
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21. lu any tetrahedron the plane which biBects a dihedral angle \ 
divides the opjx)aite edge into segments which are proportional to the ^ 
areas of the faces meeting at that edge. 

22. If the angles at one vertex of a tetrahedron are all right 
angles, and the opponite face is equilateral, shew that the sum of the 
perpendiculars dropi>ed from any point in this face upon the other 
three faces is constant. 

23. Shew that the polygons formed by cutting a prism by parallel 
planes are equal. 

24. Three straight lines in space OA, OB, OC, aie mutually at 
right angles, and their lengths are a, ?>, c: express the area of the 
triangle ABC in its simplest form. 

25. Find the diagonal of a regular octahedron in terms of one of 

its edges. 

26. Shew how to cut a cube by a plane so that the lines of section 
may foiTn a regular hexagon. 

27. Shew that every section of sphere by a plane is a circle. 

28. Find in terms of the length of an edge the radius of a sphere .; 
inscribed in a regular tetrahedron. 

29. Find the locus of points in a given plane at which a straight 
line of fixed length and position subtends a right angle. 

80. A fixed point O is joined to any point P in a given ]*lane 
wliich does not contain O; on OP a point Q is taken such that the 
rectangle OP, OQ is constant: shew that Q lies on a fixed sphere. 
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